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POSITION OF FOCAL LINES. 

Hence if the prism be in the position of mimmuin deriM 
tion = if- and i^' = i^', and we have 

, _ I cos' 1^ 

/iCOS''^" 
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The image is nearer the edge of the prism than 1 
object, but its definition in the position of minimuiB 
deviation is as good as that produced by a plate of 
glass of corresponding thickness (i.e. I). This result u of 
fundamental importance in spectrum analysis, for if the , 
prism of the spectroscope be placed in the position of I 
minimum deviation, it is possible to obtain a definite i: 
of the slit, and hence a pure spectrum. With the j 
in any other position the coloured images of the slit will 
overlap and consequently the spectrum will be impure .,_____^ 
When a collimating lens ia used and is properly adjuste^^^ 
it has the effect of virtually removing the slit to infinity, ^ ^ 
the light coming from the slit after traversing the collims^ 
presents a plane wave-front. In that c&s^e u = 
distance v, — u,' becomes practically negligible. Thus :< 
a collimator is used and the prism or train of pri 
in the position of minimum devia tion, the effeq| 
increase the breadth of the 
increase the length of that 

K the prism is so t' 
neglected, v, = u = zi,' t 
that both image and oil 
distance from the prir 

From the considers 
of thin oblique pencj 
of a thin direct p( 
obliquity, in other 
the I'efracted i 
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PREFACE. 



r I IHIS book is designed primarily for the use of ophthalmic 
students. There are many excellent manuals on the 
diseases of the eye, but in them the subject of Optics is 
relegated to a single chapter where it is necessarily dealt 
with in only a cursory way. 

The student who refers to the standard works on Optics 
will probably not find them exactly adapted to meet his 
requirements. With a great deal of information about 
rainbows and halos they will not tell him what is the 
actual size of a retinal image, or what is the eflfect of a 
decentred lens on the incident light. 

Feeling the importance of a more accurate knowledge 
of Optical principles than is at present attainable by those 
who cannot afford to devote much time to the subject, 
I have endeavoured to place at the reader's disposal within 
reasonable compass such a knowledge of Optics as would be 
of use to an ophthalmic surgeon in his daily practice. 

I am not without hope that this book may also be of 
use to mathematical students as an introduction to more 
advanced works on Geometrical Optics such as that by 
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12 1. 15. For it vibrate less quickly read its vibrations travel less 
quickly. 

112 1. 6 from bottom. Read PQRRi represents the cross section of the 

reflected pencil in the neighbourhood of the mirror. 

113 1. 9. Omit reflecting. 

123 1. 7 from bottom. Fori?— ^^y^, read U ^^ 



193 1.21. ReadVi=fM 
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197 In Fig. 65 the caustic is incorrectly drawn. It should be more acute 
as represented in Fig. 64. The lower limb of the caustic should 
touch RT produced at a point about 3^ ins. from P. 

200 1. 6. Read (p'=0,p=0. 

215 1.8. Read- = ^. 

o BC 

247 1. 17. F&r read 10. 

253 1. 31. For mutually the image of each other read mutually each the 
image of the other. 

269 Question (1) read Show that incident parallel rays will emerge 
parallel, that when the convex surface is turned towards a radiant 
point it will act as a diverging lens, and when turned the reverse 
way at what finite distance it will act as a converging lens. 
Question (3) 1. 3. Read '*as long as the radiant point does not lie at 
the centre of curvature." Omit the latter half of the question. 

341 1. 20. For ^ read ^^ . 

p p — r 

343 1. 13. In order that two points may be distinguished as such by the 
eye, their retinal images must be separated by at least one unexcited 
retinal cone. Practically the minimum visual angle is therefore 
^ = 2a = 53"-235. 

355 1. 10 and p. 360, 1. 11. For punctum proximum xesiA prwnctam remotum- 

385 1. 8 from bottom. For anisometropic read ametropic and anisometropic. 

398 Chap.Xm. Readp> ^'^\^^^^~'^^^ , 

399 1. 7. Far 3' 6-1" read V 33"-05 which is greater than 63"-235. 
Last line read (14) r:;:^ *0106 nun. 
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CHAPTER I. 



INTEODUCTION. 



When we say that we see the sun or a tree, we really 
mean that we see the light that comes from them. The 
BUn of coui-se sends out light of its own, whereas the tree 
merely p^aes on or reflects the light which it receives from 
something else. 

It is obvious that in neither case do we see the thing 
itself; we are only conscious of a certain sense -impression 
derived from it. The nature of this sense-impression, the 
way in which it is developed from a physical stimulation of 
the retina, and the question as to which parts of the brain 
are engaged in this development are problems that are still 
engaging the attention of physiologists and anatomists. 

The science of Optics however deals with none of these 
questions ; it is in fact confined to a study of the nature of 
this physical stimulus called light, and the investigation of 
ita laws and properties. Now although it is the latter branch 
of the subject that chiefly demands our attention at present, 
a brief .'sketch of the nature of light will not be out of place, 
as it may serve to render these laws aud properties more 
intelligible. 

phenomena of light can only be explained on the 
1 



2 INTRODUCTION. 

hypothesis that they are due to some sort of wave motion, 
though the actual kind of wave is not definitely established. 

Let us consider first the kind of waves most familiar to 
us, namely water-waves. If a stone be thrown into the 
centre of a tranquil pool, the surface of the water becomes 
mapped out into a series of concentric circles, which steadily 
increase in size until finally they reach the margin of the 
pool. The immediate disturbance produced by the &lling 
stone sets up a further disturbance of the water which takes 
the form of surface waves. Two points are specially worthy 
of notice : 

(1) The circles always remain concentric, with their 
circumferences separated from each other by the same 
distance. This shews that the disturbance is propagated 
in all directions along the surface of the water at the same 
rate. 

(2) It is the wave that moves forwards not the water. 
If a cork be floating on its surface it will be noticed that 
as each wave passes it, it merely bobs up and down, and 
is not carried along with the wave. The particles of water 
merely rise and fall in succession as the wave passes over 
themS the extent or amplitude of their movement de- 
termining the height of the wave. 

Waves of course may differ from each other in frequency 
and wave-length, as well as in height. The wave-length or 
distance from crest to crest of two successive waves depends 
both on their frequency, and the velocity with which they 
are moving. Let us suppose the particles of water occupy 
one second in rising and one second in falling; after the 

^ The statement in the text is not quite accurate. The motion of an 
individual particle of water that is subject to waves depends on the depth of 
the water and other factors. If the particle considered be far removed from 
the bottom, its motion is circular. 



lapse of two seconds any one particle is then in precisely 
the same phase of its motion as that in which it was at 
first. A wave crest will then be formed once in every two 
seconds and if we further imagine these waves to be travel- 
ling forwards with a velocity of 1(J feet per second, the 
length of the wave or distance from crest to creat must be 
20 feet'. 

But further, waves may differ from each other in a 
still more essential way. We have been considering waves 
that are due to the medium heaving up and down; a 
periodic to and fro movement in a series of particles will 
produce a wave of quite a different nature; in fact this 
is the kind of movement that gives rise to sound. There 
may indeed be no motion at all, and yet, if it be periodic 
in space and time, the disturbance in the medium is rightly 
called a wave, for instance if the same conditions of tem- 
perature or of electrical state recur regularly at equal 
intervals of distance at the same time, and also present 
themselves at equal intervals of time at the same place, 
a wave of heat or a wave of electrical displacement may 
be said to pass over the medium. A given medium then 
may be quite competent to transmit some kinds of waves 
though absolutely impenetrable to others. Sound-waves for 
instance will travel readily through air, but not through 
a vacuum, though this is quite transparent to light-waves. 

> ItuB relation is eipreBsed bj the aimple formula 
1T=X, 
where \ denotes the wave-length. V the rate at which the waves are moving, 
and T the time it takes for one complete undulation to pass a given point. 
This tune T is sometimes called the nndnlation period, for it is the period 
which a given particle occupies in boSuk throngh the complete cycle of 
changes that constitutes one undulation, from the crest of one wave to the 
ores! of the nest. The period ('/') is therefore the reciprocal of the wavu 
Irequeney, so the frequency may be denoted by ^ . 
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Fur uur present purpose huweTer it irill be suf 
to I'fgard light &s Aae to an ap and down motioo sometfaifl 
liko bhnt of the surface of the sea. 

We have further to consider the nature of the m«diiq 
in which these light-waves are formed. It must obvioui 
exist in what is called a vacuum, as well as i; 
parent bodies. Indeed from several considerations we i 
driven to regard it as a continuous substance permeati 
all space and filling up the intei-stices of all matter, 
is so subtle that it can flow freely through the pores of t 
most solid objects without resistanco, and yet it ] 
a certain rigidity, inasmuch as it can transmit transverse 
vibrations. We may regard it as a kind of continuous jelly 
or pitch, which, while it is so fluid that it offers no resistance 
to bodies moving about in it, is yet capable of quivering 
under the influence of a luminoua object. Now this property 
of quivering we ordinarily associate with rigid solids, for 
it implies a resistance to change of shape. The two pro- 
perties are not however absolutely antagonistic. Pitch, for 
instance, is a semi-fluid, and yet it can be made to vibrate 
like a tuning-fork, provided that vibrations of suflBcient. 
frequency are set up. The nature of the ether, as this 
luminiferous medium is called, may appear a little more 
intelligibte when it is remembered that the wave frequency 
of Ugh t-vibrat ions \aries from 400 billions to 700 billions 
a second according to the colour ol' the light. As far then 
as the Ininsmission of light is concerned, the ether may 
be regarded as an extremely fluid kind of pitch capable 
of being made to quiver billions of times in a second. 

Let us now consider a luminous object, or rather, a 

luminous point in free space. It is a source of energj' and 

laay be regarded as a vibrating point causing the ether 

whidi fiUs ihe space to quiver. When a disturbance is 

tueh as that duo to a falling stone, a 
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series of concentric circular waves appears to be formed on 
the surface of tlie water. The light vibrations of ether -Jt 
however are not limited to one plane, but are transmitted 
equally in all directions throughout its substance, so that 
a series of concentric spherical waves is formed which 
spi*eada out and out through space. They always remain 
concentric, and always preserve their spherical form as long 
as the medium ia homogeneous and isotropic', for all the 
waves will be moving on at exactly the same rate. The 
laws of wave-propagation are well known ; the rate at which 
waves travel through a perfectly homogeneous medium 
depends solely on the nature of the medium and not at 
all on the properties of the wave, provided of course that 
the wave is of a kind which can be transmitted by the 
medium considered ; sound waves for instance cannot be 
transmitted by ether. The velocity of all the waves that 
can be propagated through ether is equal to the square 
root of the ratio of its elasticity to its density 
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The direction in which a wave travels is obviously at righ t 
a^glesjii. the wave front, so that the light waves that we 
are considering m\ist travel in the direction of the radii of 
their spher es, these radii being in fact called rays of light. 

When we are merely considering the direction in which 
light is ti-avelling we may therefore confine our attention 
to the direction of these rays, and it ia chiefly to the con- 
sideration of rays under varied conditions, or in other words, 

' If B medium be not iaotropio, i.e. if its elasticity in diSerent directions 
be uDeqaal, waves due to vibrMionn in tbe direction in which the elasticity 
1e greater will travel quicker than those due to vibratjous ia the direction in 
which it is less. Such conditions obtain in man; crystals and produce the 
(b lefraelioii. 
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make this more clear. Let 8 represent the source of light 
emitting light of a wave-length (X) S I. Then i( T he the 
undulation period, after the lapse of T the phase of 8 will 
occur throughout the circle of particles denoted by I. For 
instance, a crest will be formed at S at periodic intervals 
of time T. Similarly crests will be formed at periodic in- 
tervals of space \. The circles I, II, III will represent 
crests. 

Now, according to Huygens' principle, each particle in 
these circles will set up a new and independent wave 
system. 

Let us consider circle II, which will have been formed 
by S in the time 2T. In the time ST a crest due to S will 
have been formed at IIL Meanwhile each particle in II 
will have set up an independent disturbance which will 
have extended in all directions a distance X. It will be 
seen that the external envelope common to all these small 
circles is continuous with III. The internal envelope is also 
continuous with I. Therefore the crests due to these inde- 
pendent wave systems originating from II correspond to 
two wave-crests (I and III) originating from 8. 

In a similar way it can be shewn that all the crests 
originally formed by 8 are reinforced by the new and inde- 
pendent wave systems that are originated by each particle 
on these crests. 

T 
Now in time x- 8 will be in the trough of a wave, 

therefore in time 22' this trough will have extended IJX 
outwards. In time 3T all the particles in the circle IJ 
will have set up a trough-disturbance which will have 
extended a distance X from the circle 1^. It will be seen 
that the external envelope of these elementary trough-dis- 
turbances will be oontintiout with the circle 2^, representing 
the tror"* internal envelope 
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will be continuous with the ti-ougha formed by S in time T. 
i.e. the circle of radius „ , 

Mathematical inveatigation confirms Huygens' theory 
completely : by taking into account the effect produced by 
each elementary wave, the form of the principal wave 
system can be exactly foretold. Finally the phenomena of 
diffraction shew that this ia undoubtedly the real mechanism 
of the undulatory movement. The simple conception of 
the direct propagation movement from a single centre out- 
wards is then en-oneous. It is the innumerable elementary 
wave systems which, here reinforcing, there interfering with 
each other, produce those expanding concentric circles of 
the resultant wave system that we see. When the propa- 
gation of the wave movement is free, the individual ele- 
mentary waves withdraw themselves from observation, the 
result of their combination being the only evidence of their 
existence. In such cases the simple view of wave move- 
ment as an expanding sphere or circle of disturbance (1) 
is allowable. When however the transmission of light is 
interfered with, should an obstacle occur which suppresses 
any of the elementary waves, the adjoining ones immediately 
assert them.selves and may give rise to phenomena that 
were never understood before the appearance of Huygens' 
famous tract. 

From a consideration of Huygens' principle it will be 
seen that the idea of an isolated ray of light in the sense 
of a single line of light is inconceivable, and the only in- 
telligible meaning that can be given to the term ray i.-^ 
the direction in which light is travelling. 

We are now in a position to consider some of the laws 
of light and from the conception we have gained of wave 
oent, we shall find that they ineWtably follow as a 
r consequence of its nature. The radiation of light 



10 ISTfcOIfTCTi- X 



^- * 'z^jiijx^*iz^:f/z.^, iCi^iiiLt ZLAT r.-r c^i-MdcKd finom the first 

/y^v }. In ft b^yrri-vzec-e^^c*" m^om light firom a luminous 
jxAf/*v iA pfr^^^^t^d in er^Ernr directi«>o in «tnigfat lines. As 
hA* f>3^j ^\tfzwu abore, a laminoas p>int in free space gives 
rj^ V/ a ^sffiif^ of concentric 5pherical waves which spread 
^An a#jd oat in the direction of the radii of the spheres. 
In '/th^r words, liglit travel* awav from its source in every 
fiir*:f^.'um in straight Hn«. 

/yAw 2, The amount of illumination ^-aries inversely 
*»• tb^r *^{tiAre of the distance from the source of light. 

Til*: luminous object is obviously to be regarded as a 
^ftxtf-M of ^rnerg}', inasmuch a<5 it creates a wave disturbance 
in l\uz surrounding medium. These waves will travel on 
and on through the medium, and so convey away the energy 
that irmtigatf^ them, until they meet with some absorbing 
o\misu:U: which quenches them, when the energy will re- 
ajijKjar in sf^me other form, such as heat. 

Now, sinc^i the light waves in free space have a spherical 
(UftiUfUr, the energy of the source of light must be distributed 
ov<rr thf; surface of these spheres. As is well known the 
Hurfsuui of a sphere is proportional to the square of its radius 
(A •»47rr*); and as the total energy of each sphere is the 
sarn*?, it follows that the part which is distributed over a 
givijfi an^a must vary inversely as the square of the radius 
>f IIm! Hph^jrcj. For instance, if the radius of the sphere be 
doM})l(!(l, its surface will be quadinipled; the light then 
whicJi falls on a given area of the large sphere will be one- 
fonrUi of that which falls on an equal area of the small 
Mplh'n?. For oxaniplo, we find experimentally that the 
illiitnination produced by one candle at a given distance is 
«M|nal to that produced by four candles at twice the distance. 
I Jp to this point we have been considering light travelling 
in a homo)j[en(Mms medium so that its veloo" *« 
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constant throughout its course. The problems that will 
now occupy our attention demand some knowledge of tho 
velocity of light and the conditions which modify it^ 

The velocity of light has been measured in several ways ; 
one of the most exact is that of Foucault. A narrow bi^arn 
of light is allowed to enter a dark room by a small hole and 
is then received on a rotating plane mirror (R) that in 
placed in its course (Fig. 2). In one part of the revolntum 




the reflected beam is directed towstrri^ a rxAieave itnm/r 
(HX so placed at the other end of the room that it i» 
r^ected back again V> the rotating mirror, and tbeoee W;k 
to the hole at which it first etjuend. Now, wen: the tr»ft^ 
missioa of fight absolutely iiettatttan^j^M, hr^w^^er r^Mj 
the plane mirror rocasted, the light wortU be reA<!et^ btkdc 
to the hole. When hf/w^fit^ xhe Tairr^jp k ma^ to Ter<Ar^ 
exceedingly f^nickLj, r: ^»in» zkrrjn^ x n^^aeieiiJi^ ^ang^ dtrrafi^ 
the interval ^has die Li^it; it 'iratT^ilmg' fSrom it v^ the flbs^ 
mirror and OBui again, CV>iU¥5rineti;ri-r ^ie ?»&i53>>»i beam 
does nijC recira *i«niT ^wvo^ itvi •^irtjpiai 'y^mae % ^he 
hole bm h ia defo!i>^ v* -ne -^rfe:. By ^yniaq ^ie *i3<mt:: 

I Ocfimrj «mli(ps momffci i^ -vw^i -i£ -mtj -TweanM yaUid». ituMn -vt 
wTurTipi [j jon^ ^Ecas^ j^tttiu^ % ':iii( HKMrnsr :lie wfiiMrfirii if agil Jti». -wtuUt 
tfuae of iiuicasr ysui^ ^ixesxA :ii« «suMSiini if ^wics i^u: 

Bl daue SftiLA Jc Ji 5vuui :Siac .iqnc ^wvat if iImk:; ^isrtni ..^ if i|p>!Sks: 
iyt lasFi^. ic «. 4Aiw!r jae^ iiAmi iaomt if ^ai^ octane TIuiii ^>i>^ 
Mgwwr J juw ';faam»t iigto: gpcJaeaflgLB y^rmratf amp;: ^ 
rinfW! wrj ^nm^iusuUmm, "taut %es. jam -rnKSi .imigarwet — «r> 
3^iir ai dttJt 'SM if :li# ^suonr siac je iiiih iiijii, ^ ^sfsfisr v^ 
'H^flE^ ..^ '*«y»*«' if i^mVf' 
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of this deflection and the number, of revolutions of the 
mirror per second, the time taken in travelling firom the 
rotating to the fixed miiTor and back again can be cal- 
culated. 

The velocity of light in air is thus found to be about 
186379 miles per second. If, however, a tube of water 
be interposed between the two mirrors, the deflection of 
the light is found to be greater. Light must therefore 
travel more slowly through water than through air: indeed 
its velocity in water is about three-fourths of that in air, 

Knowing that it is the ether in the water that transmits 
the vibrations of light through it, we are naturally led to 
enquire what is the matter with the ether in the water 
that should make it vibrate less quickly. Is it less elastic, 
or is it more dense ? It must be one or the other, for 

K= ^J J (p. 5), Fresnels view is that part of the ether 

in such sxibstances as glass or water is in some way bound 
to the molecules of the matter, so that it moves about with 
thorn and behaves as if it were more dense'. 

I^^t us now consider what will happen if light travelling 

* In Romd HubRUnces however the elasticitr of the ether iqipeani to be 
Affected aUo. Thus the ether in doubly reftmeting orstftls behaves as if it 
were) more el Antic in 8ome direotionii than others. Fnither, although we 
cannot nicAHure the velocit^y of light in metallic substanoes, there are certain 
Ct>nniderati()nR, Imned on their electrical condnetiTity, which lead us to 
believe timt in ntetaU the elasticity or rigidity of the ether ii enonnoasly 
diminished (nee )>. n'2). Consequently the ralae of fi (see p. 18) for metals, 
if it eo\)ld be determinetl, would probably be found exceedingly high. This 
indeetl miitbt almowt \\n\^. been antici|>at«d from their characteristic lustre, 
f(>r it in fo\ind that the Amount of light i^ected from a surfiMX 
with itn i-ehiieiiN-e index, ah will be explained more fully in diapter m. 



in one medium with fi velocity Vj, enters a different medium 
in which its velocity is gi-eater, V.^, 

Let us suppose that the source of light is at a very 
gi-eat distance ; the contour surface of the light waves may 
then be regarded as plane if a relatively small area be under 
consideration. We may consequently say that all portions 
of this area of the wave surface are travelling in the same 
directioD, in other words, the rays corresponding to this area 
are all parallel. 

On applying Huygens' principle to this case we easily 
find oat what must occur. Let MN be the bounding surface 




between the two media, the plane of the surface being at 
right angles to the plane of the paper, and let CI) represent 
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the portion of the wave front under consideration. The 
direction in which it is moving is that of the lines AC^ BD, 
which are drawn at right angles to the wave front. We 
may, if we prefer it, regard AC and BD as representing 
a beam of parallel rays of light, provided that we carefully 
bear in mind the meaning that is to be assigned to the 
term ray. In the figure, part of the wave front, that 
indicated by the point (7, has already reached the boundary 
of the two media. The particle at C will then in accordance 
with Huygens' principle give rise to a disturbance or ele- 
mentary wave, which will travel outwards in all directions, 
but with different velocities in the two media. By the 
time that the part of the wave front indicated by D has 
reached the point -ff, two hemispherical waves will have 
been formed by C. That in the first medium will of course 
have travelled outwards with the velocity of light in the 
first medium Fj, in other words the radius of this hemi- 
sphere will be equal to DE. The disturbance in the second 
medium will however travel at a greater pace, viz. V2, the 
velocity of light in the second medium ; the hemispherical 
disturbance in the same time will therefore have extended 
further, and its radius will consequently be greater than 
DE. In like manner all the particles between C and E 
will have produced elementary hemispherical waves the 
radii of which are smaller in proportion as they are nearer 
to the point E which is still at rest. Let us consider those 
in the first medium. If from the point E the tangent EF 
be drawn to the first elementary wave, it can be shewn 
that it will also touch all the other intermediate elementary 
waves. For let P represent any point in the wave front 
CD intermediate between G and D. Draw Pp parallel to 
DE, and pK parallel to CD, and pR parallel to CF, Since 
Pp = DK, the disturbance at P will have reached p when 
that from D has reached K. During the time that the 
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distmbance is pjissing from K to E, p in otiginating an 
elementary hemispherical wave the radius of which is equal 
to EK when the disturbance at K ha^ arrived at E. 



Xow 



pF'^CF 



fc = ^'^IS = ^^^'' 



.■. pP" 19 the radius of the hemispherical disturbance when 
the disturbance at K has reached E. 

And since pP' is paiullel to CF, 

^pP'E^zGFE, 
.-. EF is also a tangent to the hemispherical disturbance 
at P'. 

Along this line or rather tangent plane EF, all the 
elementary waves will be reinforcing each other since they 
are in the same phase. In other words EF will represent 
the resultant or principal wave due to the cooperation of 
these elementary waves ; EF must therefore represent the 
wave front of the reHected light, and it is ti-avelling in the 
direction GFG, or EH at right angles to EF. 

If through the point G the line YGY' be drawn at right 
angles to the surface MN it will be found that the angle 
GCY ia equal to the angle YCA. For in the two right- 
angled triangles GFE, EDC, the hypothenuse GE is common, 
and the side GF is eqiial to the side ED. The triangles 
are therefore equal to each other and the angle GEF is 
equal to the angle EGD, i.e. the angle, which the wave 
front of the reflected light makes with the surface MN is 
equal to that which the incident wave front makes with it. 
Consequently the lines which are at right angles to these 
wave fronts must make equal angles with the perpendicular 
to the surface. In other worda the ray GFG must make 
with the normal GY an angle equal to that which the ray 
AG makes with it, 

z GCY= ZAGY. 
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Moreover it Is found trxperimentallv that both incident 
and reflected rav< lie in the same plane, namely that at 
right angles to the surface MX and in that of CD, in &ct in 
the plane of the paper. We can state now the two laws of 
the reriection of light which have been foond by experiment 
and we hare shewn that they agree with our deductions 
from the undulatoi^* theory of light. 

Laws of Reflection. 

(1) The incident and reflected ravs lie in one and the 
same plane with the normal to the surface at the point 
of incidence, and they are on opposite sides of this normal. 

(2) The angles which the incident and reflected rays 
make with the normal are equal to one another. 

Let us now return to the consideration of the elementar}' 
hemispherical waves in the second medium. If from the 
[ioint E the tangent ET be drawn to the first elementary 
wave, viz. that produced by C, it can be shewn that it will 
Umch all the other intermediate elementary waves, that 
have been formed in the second medium by the disturbance 
of the series of particles between C and E, The tangent 
plane ET will therefore represent the resultant wave front 
of the light that penetrates the second medium, and it is 
tnivolling in the direction CTL or ER at right angles to 
ET. We see then that incident light travelling in the 
dir<*ctioii AC in the first medium is refracted on entering the 
K<iCond medium in such a way that it travels in it in the 
direction CL. It is also obvious that the only cause of this 
change of direction or refraction of rays is the diflferent rate 
at which light travels in the second medium. Since the 
disturbance arising from G or the phase of C reaches T 
in the same time that the phase of D reaches E, 

GT _r, 

I)E''V,' 
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Now the angle GET, which the wave frant TE makes 
with the surface MN of the medium, is equal to the angle 
Y'GL which the line or ray CL at right angles to the wave 
front makes with GY' the normal to the surface at G, and 
for a similar reason the angle ECD is equal to the angle 
ACY. 

:. sin Y'GL = sin GET, and sin ACT = sin EGD. 



Now 



nEGD 



~CE 
CT 



and ain GET-- 



CT 

'ge- 



~ de' 



sin GET 
'' sin ECD ^ 



sin Y'G L 
sinACJ" 



But Y'GL and AGY are the augles of refraction and 
incidence respectively, so that whatever the angle of inci- 
dence its sine bears a constant and unalterable relation to 
the sine of the angle of refraction. This relation is simply 
the ratio of the velocity of light in the first medium to its 
velocity in the second. 

Now the velocity of light in most transparent substances 
has been either directly or indirectly found by experiment, 
so that a table can be formed expressing the relation that 
the velocity in one medium bears to that in any other. 
Any standard might of course be chosen, but since bght 
travels more quickly in vacuo, i.e. in free ether, than in 
any other transparent medium, it is found convenient to 
refer its velocities in other media to its velocity in free 
space. In water for instance the velocity of light is about 
J of that in vacuo ; in glass about ^. In vacuo, then, 
the rate at which light travels is about IJ times that in 
water and about 1^ times its rate in glass, 
V, 4 Fo 3 
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This ratio of the velocity in vacuo (Vq) to that in the 
substance under consideration is called the absolute index 
of refraction and is usually denoted by the symbol /i*. 
Thus for water /a=1'33, for glass /a=1'5. Light, then, in 
passing from a vacuum into glass, as in a Swan lamp, will 
be refracted in such a way that the ratio which the sine of 
the angle of incidence bears to the sine of the angle of 
refraction is I'o. 

„ siui Vo 3 

smr Vg '^^ 2 

This is true whatever the obliquity of the incident ray, 
i.e. whatever value we choose to assign to i. 

When then light encounters a new medium, such as that 
we have been considering, we are entitled to make the 
following assertions about the way in which it behaves. 
While part is reflected at the bounding surface back into 
the old medium, part enters the new medium and travels 
through it, but it undergoes a change of direction so that 
its course in the second medium makes an angle with its 
previous course. The property of the medium that de- 
termines this change of direction and the nature of the 
change, we have just been studying. It is found by ex- 
periment that both the reflected and refracted ray as well 
as the corresponding incident ray lie in the same plane 
(in the figure that of the paper), and this is at right angles 
to the plane of the surface of the second medium. It is 
customary to call the plane, that contains the incident ray 
and the normal at the point of incidence, the plane of 
incidence. It may be as well to repeat that the terms 
incident and refracted rays mean the lines drawn from the 

* The velocity of light in air is very nearly equal to its velocity in vacuo, 
so that in most calculations regarding the passage of light from air into 
glass or any other substance, the absolute value of yu for that substance may 
be employed. 
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point of incidence, which indicate the respective directions 
of the incident and refracted light. We are now in a 
position to state the fundamental laws of refraction in 
isotropic media. 

Laws of Refraction, when light passes from one medium 
to another. 

(1) The refracted ray lies in the plane of incidence. 

(2) The sines of the angles of incidence and refraction 
are in a constant ratio for the same two media. 

In anisotropic media, e.g. doubly refracting crystals, 
this statement of the laws of refraction requires some modi- 
fication, as when expressed in this simple form, these laws 
do not hold good in such cases. Our attention however 
throughout these pages will be confined to the consideration 
of light in isotropic media and it will be sufficient therefore 
to say that by applying Huygens' principle to the intricate 
conditions that arise when the medium is not isotropic, 
we can predict all the various phenomena that have been 
observed. 

Now, although the truth of Huygens' principle is thus 
completely established, and although we have been by 
its means able to discover the laws of reflection and of 
refraction, it is sometimes inconvenient or troublesome 
to apply it. We may indeed regard the reflection and 
refraction of light from our first point of view (p. 6), 
attending rather to the general form of the resultant wave 
system than to the effect of its elementary components. 

The phenomenon of the reflection of waves may be ob- 
served in fluids. The accompanying diagram (Fig. 4) shews 
sufficiently clearly what takes place. Let MN represent 
an obstacle ".vith a plane surface, e.g. a pane of glass if the 
experiment is performed in a basin of water or mercury. If 
a drop of the fluid be allowed to fall from a height on to 
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its surface, say at 8, a series of concentric ripples is seen. 
These spread outwarda until they meet the obstacle, when 




Fig 4 

they become reflected in such a way that they form a series of 
concentric circular arcs which travel back from the reflecting 
surface crossing the ripples that are moving forwards. It 
will be found that the centre of these concentric circular arcs 
is situated at a point &" behind the obstacle exactly opposite 
to the spot where the drop fell. Moreover the distance 
of this point behind the obstacle is found by experiment 
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to be exactly equal to the distance that the seat of original 
disturbance was in front of it. 

SV = SO. 

Precisely the same thing occurs in the case of light 
waves, only their contour is spherical instead of being 
circular. If the point S represent a candle, and MN a plane 
mirror, the spherical light waves emitted by iS will be 
reflected by the mirror, just as if they were coming from 
S", They will appear therefore to come from S", i.e. there 
will appear to be a candle the same distance behind the 
mirror that the real candle is in front of it. The formation 
by reflection of virtual images, as such appearances are 
called, becomes therefore intelligible from this point of 
view. The laws of reflection also might be inferred from 
an inspection of the diagram, provided that the equality 
of S'O and SO be granted. For if we consider the incident 
ray or radius 8H for instance, which meets the reflecting 
surface at the point H, we shall find that it is reflected 
in the direction MG, which makes with the normal HY 
an angle GHY equal to the angle SHY. 

For in the two triangles SOS. S'Off, 

SO = S'O and OH is common to both, 
Mid the right angle SOH= the right angle S'Off: 
,: the triangles are equal to one another and 
ZES'0= ^HSO. 

But since YH is parallel to SS', 

ZGHY= /iffSO and zSHY= ^HSO, 
.: z GffY= z SHY. 

Figure 5 represents the phenomena of refraction from 
this point of view. Let the point S represent a lumi- 
nous object in a medium bounded by the surface AIN of 
a second medium. Fiirther, let us suppose that the velocity 
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of light in the second medium is twice its velocity in the 
first medium. Spherical waves will be propagated from 




the point S which will spread outwards until they meet the 
surface MN of the new medium at 0. They will now 
however undergo a remarkable alteration in shape, for that 
part of the wave which has entered the new medium will 
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spread out in it with twice the velocity of that in the old. 
The spheroidal surface that represents the wave will present a 
bulging boss corresponding to the part in the second medium. 

While the disturbance at E is travelling to F, that at 
will be travelling to C. When F is reached, the phase 
of will have reached C, the distance 00 being twice 
that between E and F. lu half the period the phase at 
A will have reached a at the surface of the second medium ; 
thifi disturbance will now travel with twice its previous 
velocity, so that in the remaining half of the period it will 
travel a distance aB equal to the distance EF, or twice 
that of Aa. Adopting Huygens' construction we might 
represent the elementary wave ibrmed by it by a semicircle 
whose radius is aB. By taking different time intervals 
we can then construct in this way a series of semicircles 
OD the line MN. The ciirved line which touches all of them 
is represented by the arc BCD. Along this curved line 
or rather curved surface all the particles of the second 
medium will be in one and the same phase as those of FG. 
In other words the arc BCD represents the continuation in 
the second medium of the wave FG. 

Now the ai-c that represents the wave in the second 
medium is not an arc of a circle. A small portion however 
in the neighbourhood of C is approximately coincident with 
a circular arc described from a centre K, the distance of 
K from being half of that of S from 0. That portion 
then of the wave front that is in the neighbourhood of C 
will travel forwards as if it came fi-om the point A'. 

If the first medium were water, and the second air in 
which light travels at | of its pace in water, the distance 
OC would be | of the distance EF, and the part of the 
wave in the neighbourhood of C would travel on just as 
if it came from K', a point whose distance from would 
be J of that of iS" frani 0. If the eye of an observer be 
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Imtnated immediately above so as to receive this portio 

r the wave near (7, an object at S would appear to i 

situated at K'. Consequently the apparent depth of a cle* 

pool of water when viewed vertically is | of the real deptl 

I for the light, that comes from the bottom by which it i 

I«een, on emerging into the air behaves in all i 

I if it came from a plane at this distance below the surf 

I of the water. 

It will he found that the lateral parts of the arc OM 
e more convex than the central part. If we confine ( 
[ attention to any given portion of the wave front represente 
, by BCD, e.g. that part in the neighbourhood of D, we set 
I that it must be travelling in a direction at right angles t 
I the tangent plane at this point. Similarly, if a i 
I. normals be drawn through the arc CD, they will represeDtJ 
I the different directions in which each portion of the wave 
l&ont represented by CD is moving respectively. In other 
J words they represent the refraeted rays of the point S. If, 
r fcr example, from the point a a normal aB be drawn to the 
curve, light travelling in the direction SAa, will, on en- 
tering the second medium, travel in the direction aB; thalq 
is, if SAa be the incident ray under consideration aB \ 
be the corresponding refracted ray. These refracted rayS 
intersect each other in the first medium at different points 
The line joining all these points will form a curve Qi£f fl 
with a cusp at K. Such a curve is called a caustic, and! 
since the diagram represents only a sectional view of whattJ 
actually occurs, we must imagine it as representing thoj 
caustic surface that would be generated by making the:fl 
curved line KRQ revolve round the axis KO. The rayij 
that pass through H and D for instance intersect at th^ 
point Q. The smalt portion of the wave between H i 
D may then, without introducing any serious error, be i 
garded as if it were moving away from the point Q. In | 
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other words the wave front HD appears to be coming from 
Q. An eye therefore which is so placed as to receive this 
portion only of the wave front will see an image of the 
point S at Q. Tf the eye receives a larger cone of rays, the 
image will be blurred, for our assumption that they then 
come from one and the same point Q will be incorrect. 
Consideration will shew that the rays received by the eye 
from S will appear to come from a small area RQ on the 
caustic surface KRQ. The point S will appear therefore 
as a small patch RQ ; in other words the image of 8 will 
be distorted and blurred. 

A glance at the diagram will shew that the refracted 
rays are more oblique than the incident i-ays. Let us con- 
sider the ray SP. On attempting to draw a normal from 
the point P to the curve representing the wave surface in 
the second medium, it will be found to coincide with the 
plane MN, But MN is the atirface of the first medium, 
so it is impossible for light travelling in the direction 8P 
to get out of the first medium. 

We must now refer to a point that we have hitherto 
neglected. We know that when light encounters a fresh 
medium, only part of it is refracted, for a part is reflected 
at the bounding surface. The incident light SP must 
therefore be all reflected, aa no part of it can be refracted. 
The angle of incidence SPY. at which this total reflection 
occurs, is called the critical angle. In like manner all 
rays from S that meet the surface MN beyond the point 
P will undergo total internal reflection, provided that the 
boundary between the media is a plane surface. 

When however light is passing the reverse way, from 
a rare to a dense transparent medium, this ])henomenon of 
total reflection is not observed. 

Fig. C represents the contour of the waves and the course 
of the rays in such a medium. It will be seen that in this 
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rarely an opportuaity of placing our eyes in a denser 
inedium than air and so viewing objects in air, it will be 
unnecessary to investigate what occurs in this case more 
minutely. 

We shall now be able to trace the course of a beam 
of light from a I'are medium, such as air, into a dense 




medium, such as glass. Let BAC represent a glass prism 

and let us suppose that the surrounding medium Ls air, and 

t the velocity of light in the air is 1^ times greater 

I in the glass, i.e. that the relative index of refraction 

t the relative value of ft is 1'5. Let S be a luminous 

mding out spherical waves in all directions : these 

jitering the face of the prism will divide themselves 

i sets: one set will be reflected at the aurftice, the 

enter the glass, and to this set we will 

h attention. That part of the wave front which 

1 become flattened or less convex, since 

is 1l'?s than the part which is still 
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in the air. The curved linea E, E', E", represeot the shape 1 
of the wave front in the prism in three atagea of its progreasa 
through it. As soon as the wave front or any portion ( 
it passes the bounding surface of the prism as at Q, 
immediately travels forward at itw former speed and neces- 
sarily becomes more convex as at F. Now the arc F is 
approximately coincident with the arc of the circle drawn 
im centre S'. If this portion, then, of the wave 1 
considered, it will present a similar appearance to a ] 
spherical wave coming from S. In other words i 
observer receiving this portion of the wave front will i 
an image of S at Sf, and an object at S will appear to 1 
to be at S'. If more than a small portion of the w. 
front be under consideration the image at S' will appear'l 
blurred and distorted, for the emergent wave is not accu- 
rately spherical in shape. In other words the refracted rayj 
will not meet in a point : indeed, all that can be said t 
them is, that they will all meet on a certain caustic surfa< 
and S' happens to be one of the points on this su 
and is the point of intersection of the rays RQ, LK, y 
are being considered. 

We see then, that after passing through such a prisni 
waves which were originaliy spherical have acquired a i 
shape. Now, all optical instruments may be regarded froq 
this point of view, and their degree of perfection depen(^ 
simply on the extent to which they succeed in impre 
desired shape on a given form of light wave. One of t\^ 
forms which is most frequently required is that in whi(^ 
the surface presented by the travelling wave is plane. Suol 
a wave is called a plane wave, and since the normals drawi 
to any series of points on its surface are parallel to i 
other, we may say that all its rays are parallel. It i 
to speak of a portion of any such plane wave as a I 
pencil of parallel rays. Let us now consider how sv 
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a pencil of parallel rays will ^H 


behave on meeting a prism. °- 
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methods of obtaining plane T"^ \ 


waves will be given in another \ \ 




chapter. \ \ 
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part still forcing its way through the glass. The eflfect 
then of the prism will be to change the aspect of the wave 
from that of HI to that of TQ. The rays PJ, 81 drawn 
at right angles to the wave front HI, represent the direction 
of the incident light ; JK, IQ its direction while within the 
prism; and KL, QR represent the final direction of the 
emergent light. 

Precisely the same thing would occur if a column of soldiers 
six or seven abreast were marching in the direction SI or PH 
in open country towards a wedge-shaped piece of rough 
ground or jungle in which they had to take shorter steps. 
Provided that the individual soldiers had to keep shoulder 
to shoulder and to face the direction in which they were 
marching, the column would wheel round just like the 
beam of light which also can only travel in the direction 
that it faces. 

Let us now consider what will happen if a pencil of 
parallel rays encounter two similar prisms set base to base. 
In the diagram (Fig. 9) to avoid confusion only four such 




rays have been drawn. The rays PJ and SI become the 
refracted rays KL and QR. In like manner the rays P'J^ 
S'T become the refracted rays K'L, QR, It will be noticed 



that the rays from S and S' cross each other at the point R, 
and that those from F and P" cross at L. Similarly the 
intermediate rays will intersect at various points between L 
and R. Now it is obvious that the prism might be so 
bevelled at the points J and ^ as to present a more oblique 
refracting surface so that its effect on the incident ray PJ 
could be so increased as to direct it towards the point R. If 
the lower prism were similarly bevelled the four rays from 
P, S, 8', and P" respectively would all intersect at the same 
point R, . 

When the surface of a double prism of this kind is so 
bevelled that all the parallel rays incident on one face of it 
intersect in the same point after refraction, it is called a lens. 
Now it is found that if the double prism be given a spherical 
surface, this condition is very nearly attained, and since it is 
an easy matter to grind such a surface, lenses aa-e almost 
always made in this way. They are not however quite the 
right shape, for the periphery of the lens refracts too much, 
in fact the bevelling process has been carried too far, so that 
there remains an over-correction. This defect gives rise to 
what is called spherical aberration, by which is meant that 
the peripheral rays do not intersect at the same point a-s the 
more axial rays. The annexed diagram (Fig. 10) shews 
clearly the nature of the defect and its consequences. 






INTRODUCTION. 

In the preceding pages we have ftduptod the simplest a 
ception of wave movement, aa it ia eufficient to explain the phetic 
of bght with which we had Ui deaL There are however certain j 
Domena which force ua to a wider interpretation of the term t 
when applied to light. Indeed there will be few readers who ^ 
not find a considerable difBcuttj in mtderstanding how the ether □ 
be so perfectly fluid aa to offer no resistance to the movement of bodies 
in it, and jet lie able to transmit transverse vibrational. 

The most obvious property of ether is its extreme fluidity. In 
what way oan it so strenuously resist a change of state as to transmit 
a periodic disturbance with such enormous speed l Let us consider 
the most familiar fluid — water. Chemical analysis shews that it 
coasiste of two constituents, hydnigen and oxygen, and fiirther, that 
s expenditure of energy is required to decompose it into 
■ these constituents. Water then which scarcely resists a change of 
shape, strenuously opposes this change of state. If we imagine them* 
the ether to be similarly composed of two constituents we shall hav|| 
no difficulty in realizing that although perfectly fluid, it may j 
resist decomposition with the greatest vigotir ; in other words i 
rigidity or elasticity with reference to its composition niay 1 
lenormous. 

Now it haa already been stated that any disturbance whether q 
temperature, or indeed of any other state, is rightly called a 
if it be periodic in space and time. 

Oiu" conception then of a light wave will be that of a pi 

decomposition and combination of these two ether constituents. 

U-liaa been loosely called the quivering of ether mider the influaice S 

I light will cow be regorded as a succession of waves of decompositk 

1 that rush through the medium. 

Now it is found that waves of electric displacement which c 
P he experimentally produced in air travel through it at just the s 
J rate as light waves. This is a most significant fact, for otherwise fl 
1 should have t<i imagine two ethers, one to transmit light waves, a 
1 another to transmit electric waves. As it is, we see that the a 
[ ether will do to carry both light and electric waves. Another phfl 
1 that shews the intimate connection between electricity ai 
light may be mentioned. When a plane polarised beam of light ]■ 
made to traverse a coagnetiu field it is found that the plat 
polarisation is altered. Clerk-Maiwell has shewn indeed that all t 
phenomena of light can he explained, if we regard them ( 
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waves of electric diBplacement of estreme frequency. Although electric 
wavee have lately been produced with a froquenoy of many millioua 
per second, attempts to produce theui of the wave frequency of light 
(400 billiona per second) ha.vo hitherto proved unauccesaful. 

Professor Lodge has done great service by still further simplifying 
these conceptions. He regards positive and negative electricity, as 
the names that are ordinarily applied to the two essential elements 
that when combined form ether, so that electric energy ia simply due 
to their affinity for each other, or their eagerness, if such an eipression 
may be allowed, to combine when separated. It follows therefore 
that all solids which are conductors of electricity, i.e. bodies in which 
the ether ia readily decomposed, must he opaque to light, for in them 
the ethei' has lost its rigidity. Similarly, all substances that are trans- 
parent to hght muat be insulators. lo the case of fluids however 
this inference does not hold good, on account of the ]>art played by 
electrolysis in the conduction of fluids. I would refer the reader who 
ia aniious to piu^ue this subject further, to Professor Lodge's Modeiii, 
Vieina of Electridti). 

Mathematicians however object to such a view of the ether being 
put forward as an ea:pltt7tatu)a of the phenomena of light. Since 
accurate scientific measurements of only space and time can be made, 
they naturally view with disfavour all but mechanical hypotheses 
which deal with conditions that can be fully and adequately treated 
by dynamical considerations. They would welcome any view of 
electrical stress or chemical affinity which would admit of the mathe- 
matical methods of dynamics being applied to it, while they regard 
such a view as the above as involving the fallacy of explaining the 
ignotura jier ignotius. 

Several facta are in favour of such a conception of the ether, and 
though it cannot he regarded aa an explanation of the phenomena of 
light, it may be very reasonably considered a plausible hypothesis. 
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QUESTIONS. 

(1) If in Fig. (2) the distance RM between the rotating and 
the fixed mirror be 610 metres, and the distance RS be 10 metres, 
and when the mirror R is rotating 256 times a second, the image 
of S is displaced to /S' so that #^6^'= 130-85 mm., what is the 
velocity of light? 

(2) The velocity of light in air is 186379 miles per second; 
in vacuo it is 186433*8 miles per second. From these data 
calculate the value of ft for air to six places of decimals. 

(3) What will be the velocity of light in water (ft = 1 '3), and 
in crown glass (fi = 1 '5) ? 

(4) The wave-frequency of yellow light {D line) is about 
510 millions of millions per second, and its velocity in air is 
about 186379 miles per second. Hence deduce the wave-length 
of this yellow light in air. 

(5) " We observe no change of tint when the yellow light 
of sodium passes from air into water; as its wave-length how- 
ever in water is J of what it was in air, we infer that it is 
wave-frequency and not wave-length that determines colour." 
Criticize this statement. 

(6) In Fig. (3) shew geometrically that the tangent ET will 
touch the intermediate hemispherical wave originating from p, 

sm % 

(7) In Fig. (5) if . =J, shew from the second law of 

sin I 

refraction that KO = iSO, 
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SHADOWS. ILLUMINATION. PIMHOLES. 



Material bodies may be clasailied with reference to their 
behaviour to light in some such way as the following : — 



Translucent 
!_e.g. oOed paper o 



Such a claasificatioD however may be somewhat mis- 
leading, for we are as yet unacquainted with any body that 
is absolutely opaque to light, as it is found that all bodies 
whether inorganic or organic, if examined in sufficiently thin 
slices, will transmit a certain amount of light. Our know- 
ledge indeed of the intimate structure of rocks as well as of 
tissues haa been almost entirely acquired by examining with 
the microscope the light that is transmitted by such thin 
sections. No one however has any doubt as to the meaning 
of the term opaque in the ordinary acceptation of the word, 
so that for practical purposes the above classification is found 
to be convenient. 
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Shadows. As previously explained, ve must rege 
luminous bodies in space as seDding out light in all c 
tions in straight lines. If now an opaque body be placed 
near the aoui-ce of light, that side only will be illuminated 
that is turned towards the light, whereas the opposite surface 
as well as a space behind it remains in shadow. Let us take 
first the simplest case, when the source of light is so small 
or so distant that it may be regarded as a luminous point 
in space. In the figure (Fig. 11) represents the source of 
light, and AB the opaque body which we may imagine to be 
a disc viewed edgewise. The rays drawn from the luminous 
point to the margin of the disc indicate the cone of light 
that illumines its proximal surface, and the prolongation of 
this cone behind the disc indicates the shadow cast by it. 

This may appear sufficiently simple, but the attentive 
reader will probably encounter a difficulty, which may be 
put in the following way. If light is due to some kind of 
wave movement, why can it not like sound turn round a 
corner ? This is the difiBculty that occurred to Newton, and 
led him to oppose the undulatory theory. 

Now on carefully examining the shadow formed by a 
body with a sharp knife-edge margin it is found that the 
edge of the shadow is not quite sharp even when the source 
of light is a luminous point ; light in fact is able to some 
extent to turn round a comer. In accordance with Huygens' 
principle, on suppressing any of the elementary waves the 
adjoining ones immediately assert themselves. This dif- 
fraction of light, as it is called, may also be seen when light 
is made to traverse a very narrow slit in an opaque body. 
For a complete explanation however of diffraction and of the 
interference phenomena due to it, the reader must refer to 
more exhaustive works. It is only necessaiy here to point 
out that for the occurrence of diffraction phenomena the slit 
must be small compared with the wave-length of light. It is 



owing to the extreme shortness of light waves that under 
ordinary circumstances light appears to travel in straight 




lines. Similarly it is owing to the length of sound waves 
that they can usually turn round a comer. When however 
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sound passes ttii-ough an aperture largo compared with tH 
wave-length of sound, it also appears to travel in straight 
lines, and sound-shadows are produced. The following 
illustration of this point is given by Mr Glazebrook in his 
Physical Optics. "Some few years since a powder hulk 
exploded on the river Mersey. Just opposite the spot there 
is an opening of some size in the high ground which forma 
the watershed between the Mersey and the Dee. The i 
of the explosion wa-s heard through this opeaing lor mai^ 
miles, and great damage was done. Places quite < 
the hulk, but behind the low hills through which 
opening passes, were completely protected, the noise ' 
hardly heard, and no damage to glass and such-like happer 
The opening was large compared with the wave-leugth of 
sound." 

Since however we shall always deal with apertures and, 
obstacles that are large relatively to the wave-length i 
light, we may neglect diffraction, and regard light as alwajnl 
travelling in straight lines. 

We have seen that when the source of illumination i 
a luminous point, a truncated cone of shadow is formej 
by the opaque object. If however the source of light be 8 





A 



luminous btxiy poasessiog mnumerablLi points, the object 
will be illuminated by lunumerable cones of light, aud we 
must imagine a shadow cone for each of them. The apace 
behind the object, which is common to all these shadow 
cones, will represent the area of total shadow or umbra ; but 
there will be a space outside this, which is only in shadow 
as regards a part of the luminous body, while it receives 
light from part of it, and is consequently partially illu- 
minated. This is the area of half-shadow or penumbra. In 
the adjoining illustration (Fig. 12) two opaque bodies are 
represented, one being smaller and the other larger than the 
luminous body itself which is placed between them. In each 
case for the sake of clearness the limits between umbra and 
penumbra have been sharply defined. In reality there is 
a gradual increase of illumination from the margin of the 
umbra outwards. A good example of these shadows and 
half-shadows is furnished by those that are sometimes cast 
by the moon on the earth. When the moon is so situated 
that the sun casts a shadow of it on the earth, the sun's 
light is intercepted by it, partially or wholly as the case may 
be. Should the observer on the earth happen to be in the 
umbra, the eclipse is said to be total ; if he is only in the 
penumbra, only part of the sun's light la intercepted and the 
phenomenon is then termed a partial eclipse. 

Size. A glance at the figure will shew that to an 
observer, placed at the apex of the conical umbra formed by 
the smaller body, both it and the luminous body will appear 
of exactly the same size. The apparent size of a body is 
determined by the angle which the lines, drawn from its 
outermost points to the eye, make with one another. This 
is called the visual angle. The further a body is removed 
from the eye the smaller is the visual angle under which it 
is seen, and the smaller consequently is its apparent size. 
The apparent linear dimensions of an object ai'e determined 
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hj the tuoginit of tbe tisiuJ mngle that the dimension 
conadeied sahtends at the (ant^ior) iiodai p<Mnt of the 
ere. Thus the apparent height of an object is detennined 

br the ratio -z^ where A represents its real height, and d its 
disumee firom the nodal pcnnt. The afqparent area is simi- 
larly giT«i by the ratio -7^, where s denotes the real area. 

If we know the real siie of an object we can determine 
its distance firom as by the Tisoal angle onder which it 
^ipears to ns: and rice Tersa, if we know its distance, its 
real aze may be detennined by the Tisoal angle or apparent 
aae. Such estimates c^ siie or of distance we make un- 
eonaciooslT eTorr daT of oar lires : ther often indeed tarn 
oat to be grossly ^roneoas firom oar |m>mises being false. 
An illastralioa of this is afforded by the apparent variation 
in S2e c^ the son or Tooaa wh^i in different parts of the sky. 
The Tank of heaven has the appearance of being flattened, 
so that the aenith seems to be nearer than any point on the 
hflriaon. Conseqoently wh^^ the son is setting, it appears 
to be at a greater distance firom as than when it is im- 
mediakehr over oar heads; and so. since the visual angle 
that it subtends remains the same» it gives as the impression 
of being bigger. Two other factCNrs which contribute to this 
d^asim of increased distance might be mentioned, viz. the 
diminisfaed fanghtness of the setting sun, and the facility 
with which its size and distance can be compared with that 
of known objects on the horizon. 

The efifect of diminished brightness in giving this delusive 
appearance of distance has nothing to do with the law of 
iUuminatioQ discussed in the previous chapter : it is simplv 
due to the turbidity of the atmot^phere near the earths 
jTir&ce. The lisrht from an object at a distance is in <T^at 
IMTT I*:»st fn.m reflection or abs^^rptiou bv the smoke dust 
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and germs that float in it; and so we are iucliiied to associate 
dimness with distance. In a fog, for instance, objocts seem 
to be larger, as, since we underestimate the opacity of the 
medium, we imagine from their dimness that they are 
further off than they really are. As soon as anything causes 
us to correct this false impression of distance, the object at 
once seems to become smaller. 

BrlghtneBS. It can be easily sheivn that if the medium 
be homogeneous and isotropic, so that no light is lost in trans- 
mission through it, the brightness of a luminous surface is the 
?^amG, whatever its distance from the eye, provided that the size 
of the pupil remain constant. For the brightness of an object 
is naturally measured by the amount of light it sends to the 
eye per unit area of its apparent size ; in other words, the 
brightness (H) of an object is directly proportional to the 
quantity {q) that it sends to the pupil, and inversely pro- 
portional to the apparent area (A ) of the surface observed, or 



R 






Since however both q and A are each of them inversely 
proportional to the squai-e of the distance of the object, the 
ratio which determines thu brightness is independent of this 
distance. 

lUnmlnatlon. It will however be well to examine in 
greater detail the distinction between the illumination of a 
surfece and its apparent brightness. In Fig. 11 is the 
source of light. AB is the opaque disc exposing, let us say, 
a surface s to the light and at a distance d from 0, CD is 
the base of the shadow cone formed by the disc ou a screen 
ced at a distance D from 0. Let the area of CD be 
denoted by 8. Then a glance at the diagram shews that 
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Now we know that the measure of the area of a circle il 
Tn-*; and AK, CS are obviously the radii of the circles whoa 
areas are s and S respectively, 



■ S 







Now if AB were taken away, the area S on the screen 
would receive precisely that quantity of light which now 
falls on AB. Conseqiiently an area 5 on the screen would 

receive only the fraction ^, of this light ; so that if AB were 

moved up to the screen its illumination would only be ^ of 

what it was before. If now the light (Z) which AB receives 
when at unit distance from be taken as the standard for 
comparison, the light {L') which it receives at distance D 
L ~ 



from will be 



LP 



For 



X' = 



i' 



= ^^or^wheod=l. 



The amount of illumination, then, received by a surfece v 
inversely as the square of its distance from the souri 
light. This is the law that we have already inferred f 
theoretical considerations based on the nature of light. 

If the rays of light falling on CD are parallel to t 
other this law of course no longer holds good, but it may t 
applied whenever the free radiation of light is under cm 
sideration. Under these cii-cum stances we are able by i(i 
, means to determine the relative intensities of two som 
of illumination. Several methods are in vogue ; one of t 
simplest is that of Rumford. 

A white screen is illuminated by the two sources of U^ 
that are to be compared, e.g. two lamps. A few inches i 
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front of this is placed a vertical rod so that two shadows of 
it are cast on the screen. The lights are placed symmetri- 
cally with regard to the rod, and in such a way that the two 
shadows are close to each other. Each shadow is then 
illuminated by only one of the lights. One of the lights 
is then moved about until that position (di) is found, in 
which both shadows appear equally dark. Each lamp is 
then sending an equal amount of light to the screen, and 
their relative illuminating power is given by the ratio of 
the squares of their respective distances, for the light which 

i receive are respectively -,-^ and >-. 



the two s 



Conse- 



quently when these are equal Z, = -^ i. 



Iiight sense. The accuracy of the determination depends 
on the capacity of the observer for estimating small differences 
of illumination, i.e. on his light sense. It is evident that, 
if the illuminating powers of the two lamps be known, such 
a photometer may be used to test this light sense. A aimplu 
method of applying the test is the following. Two candles 
{A and B) of equal illuminating power are used which throw 
two shadows (a and b) on the screen, all other light being 
excluded. A is now removed to such a distance {di) that the 

shadow (a) that it casts is only just visible. The light f j-) 

which illumines a is then almost indistinguishable from the 

light (ji+ ji) which falls on the general suriiice of the 

screen. The smallest appreciable difference is therefore -j„. 

Schirmer has recently shewn that Weber's law holds good 
for the light sense between the illuminations of 1 and 1000 
standard candles at unit distance, provided that the eye 
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I is fully adapted^ The ratio y- therefore will be constant 

1 throughout this range of illumination. It should however 

be remembered that the power of appreciating small differ- 

;s of illumination increases with practice. Thus Schirmer 

found that at first the smallest difference that he could 

appreciate was -j-Js of the total illumination, but that after 

eight days' practice he could recognize a change of j-Jr <"" 

en less. 

Below the illumination specified Weber's law ceases to 

be true. Indeed we have been using as a determinant of the 

I light sense, the ratio of the smallest appreciable increment 

I of light to the original light (-t^I- Now this expression 

ceases to have a determinable meaning if the original illu- 
mination becomes zero (L = 0). Hence it ia eustomarj-, 
when investigating the light sense, to determine (1) the 
minimum appreciable difference between two intensities of 
illumination, and (2) the minimum stimuhia capable of 
exciting a sensation, i.e. the difference between uo light 
and the least amount of light that can be recognized. 

It should be noticed that the sense for light, unlike 
that for form and colour, ia almost equally acute through- 
out the whole retina with the exception of the e.\treme 
periphery. The small zone that immediately surrounds 

' " Adaptation is a proceaa depending upon three factors. First, the 
principal, ie liome as jet unknown occurreuce in the bacillar; le.yer, which 
depends upon a normal illation between it and the pigmented epithslinm ; 
second, the optical effect of the latter, by which the bacillary layer is to a 
certain extent shaded in bright illumination ; tliird, the pupillary reaction, 
which acta more rapidly than the other two." 

The quotation as well as the account or Schirmer's work in the text has 
been taken from the report in the Ophthaliuia Rei-ie 
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the fovea is moreover found to be more sensitive to 
light than the fovea itself. Ai'ago, the astronomer, was 
the first to point this out ; he noticed that he could 
see very faint stars more easily, when he looked slightly 
to one side of them, than when he looked directly at 
them. Finally it must be remembered that the peripheral 
parts of the retina tire far more readily and far sooner 
than the more central parts, as ia shewn by Purkinje's 
experiment. Hence moving objects in the peripheral part 
of our field of view create a more vivid impression than 
fixed objects. 

niumlnatlon of an inclined siir&ce. We must return 
from this digression to the consideration of the illumination 
of a surface that is not in the plane perpendicular to the 
incident rays. Referring again to Fig. 11 let us suppose 
that the screen is inclined at an angle to its previous 
position, 90 that the light which previously fell on OD would 
now fall on an area CD or S'. If the area S were mapped 
out on the surface CI) it would be found to occupy only a 

part of it, viz. -„-, ; and it would consequently only receive -^, 

of the light (£) that falls on GD or CD. Then if £' denote 
the illumination of the inclined surface S, 



but 8 = S' cos when the illumination of CD is effected bj- 
a beam of parallel rays normal to CD. 

Then i'=w-,i= ^,' L or Lcos0, 

And since the angle is evidently equal to the angle of 
incidence of the light, the relation may be expres-sed as a law 
in the following form. 

If a beam of parallel rays be received obliquely by a 
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irface, its illumination will be proportional to the 
g^the angle of incidence. 

When the incident light forms, as in the diagram, 
f divergent cone, the law is only approximately true, 
f then iS is not equal to S' cos 0. 

BrigrhtnesB. 'Sow let us consider how a luminous surfa 
will impress an observer at 0. Suppose the disc AS in 
figure to be self-luminous and denote by Q the constant quan- 
tity of light radiated by AB every second. This will obviously 
be proportional to the area s of its surface and to the intensity 
t i of its luminosity. Q^si. 

Now only a small pai-t (q) of this light will reach the ej 
Iflf the obsen'er at 0. And by our previous considerations il 
kIs evident that q must be directly proportional to the area 
jie) of his pupil, as well as to Q, and it must be inversely 
f proportional to the square of the distance {d^) between the 
Vpupil E and AB. 

_eQ esi 

But the brightness (S) must be measured by the 
, where A represents the apparent size of AB. If 
^enotes OK, the distance oi AB from 0, the nodal point 
F the eye, A = j^. 
Then if we neglect the small difference between d, and d 

_. a od' esi tP 
n or . =^— = -,:.■— or ei. 
As a' s 

Hence the appoi-ent brightness of a surface is independent 

nth of its size and of its distance, and consequently of itt 

lion to the line of sight. Under oi-dinary eircum- 

, if the size of the pupi! be constant, it is simply 

Wportional *■•-• the intrinsic brightness of the surface. 
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When an object is observed through a niicvoacope or a 
telescope a certain amount {e.ff. 15 7o) of light is lost by 
reflection and the imperfect transparency of the glasses ; but 
if allowance is made for this, the brightness of the image is 
equal to the brightness of the object. An apparent exception 
tjccui-s if high powers are used, for then only part of the 
pupil will be filled with light. This is equivalent of course 
to reducing the size of the pupil. If then e' be the size of 
the area filled, the effective brightness will be equal to eV. 
This explains the diminished biightness of the image when 
the higher eyepieces of a microscope are used. 

It is impossible thei-efore by any optical arrangement to 
obtain an image whose brightest part shall exceed the 
brightest part of the object. 

There is one case in which this law does not hold good. 
If the object subtend an angle less than the minimum 
visible, it may yet, if excessively bright, succeed in stimu- 
lating a retinal element, and so cause a visual impression 
of a very small bright body. If such an object be magnified 
until it subtends this minimum angle, there will be no 
increase of its apparent size, although an increased amount 
of light from it will be entering the eye. When for instance 
stars are observed through a telescope, their apparent size 
is not increased, for they still subtend an angle less than the 
minimum viable; but all the light that falls on the object 
glass may by a suitable eyepiece be concentrated on the 
pupil of the observer's eye, provided that the light lost in 
transmission through the instrument be neglected. Under 
these conditions we may then regard the action of the 
telescope as tantamount to increasing the area of the pupil 
to that of the object glass. If then a denote the fraction of 
incident light that is transmitted through the telescope 
(usually about 'SS) and represent the area of the object 
glass, e being the size of the pupil as before, the increase of 



^^^H brightness will be a . Or if o and p be the diameters of the 

^^^H object glass and pupil respectively, the increase of brigbtness 

^^^V will be a — , for the areas of circles are proportional to the 

r squares of their diameters. If the pupil be regarded as of 

K unit diameter, we get the expression ceo'. This is what 

r astronomers call the space peneti'ating power of a telescope, 

I that is to say, its power of rendering very faint stars visible. 

1. Pinholes. If a pinhole be made in a card, and this be 

^^^_ held between a candle aud a screen, it will be found that an 
^^^B inveHed image of the candle will be formed on the screen. 
^^^V The nearer the screen is brought to the card, the smaller and 
sharper will be the image of the candle. If the candle be 
brought nearer the card, the image will be larger but less 
sharp. Finally, if the hole in the card be made larger, the 
image will appear brighter but its definition will be again 
diminished. 

The explanation is simple. Every point of the candle is 
sending out light in all directions, and all that falls on the 

tcard is intercepted by it, so that its shadow is thrown on the 
screen. From each luminous point however of the candle 
there will be one tiny cone of light that will make its way 
through the aperture in the card. On the screen the section 
of this cone will appear as a small bright patch. In this way 
each point of the candle will be represented on the screen by 
a corresponding bright patch, so that all these bright areas 
taken together will represent the whole candle flame, in 
other words they will form an image of it. 
In the diagram (Fig. 13) AB represents a luminous 
object, the small divergent cone from A forms a bright 
patch at a and siniilariy the light from B that traverses 
the aperture in the card lights up a little area at h, and 
the intermediate points between A and B light up inter-H 




mediate little areas between a aud 6, so that an inverted 
image of AB ia formed at ab. It is easily seen that the size 



ab is proportional to the distance of the screen from the 
card ; and that if the screen be brought nearer to the card, 
the bright patches formed by the several cones of light will 
"become smaller, and the image will therefore become more 
distinct. If the object be brought nearer, each of the conical 
pencils of i-ays will include a wider angle, i.e. each pencil will 
form a more divergent cone. The same result will be obtained 
if the aperture in the card be enlarged. Hence in both these 
cases the definition of the image will be impaired, 
p. o. 
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The shape of the hole in the card has no influence on the 
character of the image formed. If the hole be triangular 
instead of circular, the only result will be that the small 
divergent pencils, that come from each luminous point of 
the object, will be triangular instead of circular in section. 
The illuminated areas on the screen will then be triangulai* 
and by their confluence will form a similar image to that 
formed by the circular hole. When the sun is shining and 
its light falls directly on the foliage of a tree, round or oval 
spots of light are seen on the ground beneath. These spots 
are images of the sun formed by the small interstices between 
the leaves of the tree, which though diflering enormously in 
shape all form similar images on the ground, 

A fairly sharp image of any object may be obtained on a 
screen by means of a pinhole, provided that the object is 
sufficiently well illuminated. In this way it is quite possible 
to take excellent photographs; indeed a pinhole camera made 
out of a preserved meat tin may form a better image and 
prove a more satisfactory instrument than one provided with 
a lens. The disadvantage attending the use of pinhole 
cameras is the feeble illumination of the image, which 
consequently makes a very long exposure necessary. 



QUESTIONS. 

(1) What is the height of a tower that casts a shadow 
52 ft. 6 ins. in length on the ground, the shadow of the observer 
who is 6 feet high being at the same time 7 feet in length? 

(2) A pinhole camera, the length of which is 7 inches, forms 
an inverted image 4 inches in height of a house that is in reality 
40 feet high. What is the distance of the camera from the 
hoase ! 

(3) The intensity of the illumination of a surface is measured 
by the amount of light received per unit area of surface. From 
this datum and the piinciple of rectilinear propagation shew that 
the law of inverse squares holds for the intensity of illumination. 

(4) Two lights, a gas lamp distant 5 feet and an electric 
light distant 150 feet, throw on an opposite wall two shadows of 
a neighbouring post. If these two shadows are of equal intensity, 
what is the relative illuminating power of the lights! 

(5) In the preceding example suppose the electric light 
raised vertically to such a height that its distance from the wall 
is increased to 300 feet. What will he the relative intensities of 
the shadows approximately 1 

If the shadows are equal calculate approximately the relative 
intensities of the lights. 

(6) The moon is observed to subtend a visual angle of 31'. 
Assuming that the diameter of the moon is 2160 miles, what is 
its distance from the observer^ Given tan 31'= ■0090178. 



CHAPTER III. 

DIFFUSED LIGHT. COLOUR. QUANTITY AND QUALITY 
OF LIGHT REFLECTED. MECHANICAL MODEL. 

Every part of an object that is seen must send light to 
the eye that sees it. If the body is not self-luminous, the 
light that it sends must have been received from something 
else ; and since its exposed surface can be seen whatever 
the position of the observer, it follows that every visible 
point of it must scatter this light in all directions. This 
scattering of the light that falls upon a surface is due to 
its minute irregularities, and so is often somewhat loosely 
called irregular reflection. 

Colour. The light that is reflected from the surface of 
a body is always less in amount than that which falls upon 
it, for a certain quantity of light enters the substance, to 
be transmitted or absorbed in proportions that depend on 
its transparency or opacity. As has been already pointed 
out, the term opacity is merely relative. A heap of fresh 
cut leaves may be called opaque, but any one of them if 
held up against the bright sky allows green light to traverse 
it. In the same way the most opaque substance will allow 
some light to penetrate a thin layer of it, and if this 
penetrating light be chiefly of one particular colour, the 
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object itself will in most cases appear tinged with that 
colour. 

The colour of most substances is the same as that of the 
light which they most readily transmit. A leaf for instance 
appears green whether on the grouiid or held up against a 
light. The leaf may indeed be regarded as couBisting of 
innumerable thin layers, which all reflect the light that 
reaches them, and, in proportion to the depth of the layer, 
the light so reflected is tinged green owing to the fact that 
the chlorophyll in the leaf absorbs red light. Similarly a 
crystal of copper sulphate appears blue because it absorbs 
red and yellow light. The light which is reflected by its 
first surface is white or almost white, but that which comes 
fi-om its deeper layers appeara bine, as the red and yellow 
constituents of the white light have been absorbed by 
transmission through these layers. 

There are however some substances, metals for example, 
which reflect light of one colour more readily than that 
of another. The light which they transmit is then quite 
different from that which they reflect. The surface of a 
crystal of copper sulphate reflects light waves of every 
period indiscriminately, so that the light reflected from its 
stir&ce is white. The light however that is reflected from 
the sur&ce of gold is yellow, whereas that which is trans- 
mitted by a thin layer of gold leaf is blue. Many of the 
aniline dyes present a similar difference between what may 
be called their surface colour and their body colour; these 
are usually indeed complementary to each other. Rose 
aniline for instance transmits rose-coloured light, but the 
light that it reflects is green. 

There are a few bodies whose colour is produced in a 
different way ; but, speaking generally, it may be said that 
the coloration of a body is due to the absorption or 
transmission of the constituents of white light in unequal 
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is uf a blackish- ^-ey colour. Yellow and violet-blue are 
complementary colours, t.e. the effect of superimposing them 
on the retina is to cause a sensation of white, though the 
mixture of pigments of these colours ia greyish -green. 
Similarly red and bluish-green are complementary colours. 

Diffused Iilgbt. In the previous chapter it was shewn 
how an opaque body placed in the course of light produces a 
shadow. The question naturally arises — how is it that, when 
the sun's light is cut off in this way by an intervening 
obstacle, a house for example, we are not immersed in total 
darkness? Evidently the light that reaches our eyes under 
these circumstances must have come indirectly from the sun, 
aa all the direct light has been intercepted. In fact, what 
is called diffused daylight must be the light from the sun 
that has been scattered or irregularly reflected by impinging 
on something. The observation of a sunbeam in a room 
suggests what it is that diffuses light in this way. The track 
of the light is mapped out by the brilliant illumination of 
the dust or motes that are always present in a room. If a 
spirit lamp (or even a red-hot poker) be placed in the sun- 
beam, dark spaces will be seen above the flame. If all the 
dnst were burnt up, the sunbeam would be quite invisible, 
for there would be no particles to scatter the light, and 
heace it would all reach its destination on the opposite wall, 
and the illumination of this would be all that would be 
apparent to the observer. 

Blue Sky. It is impossible to lay too great stress on 
the fact that we cannot see light unless it reaches our eyes. 
How is it then that the sky is blue, i.e. that the light that 
comeB fi-om the sky to our eyes is blue, although the sun's 
light ia nearly white ? The air is not blue, for if it were the 

, when low down on the horizon should acquire a bluish 
.from the transmission of its light through a thicker 
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BLUE SKY. 

r of the medium. The blue liglit of the sky moreover 
s across or eveo against the direction of the sun's rays, 
i It must therefore be light reflected from small particles sus- 
I pended in the air. Numerous experiments have been made 
shewing that if particles suspended in a medium be sufficiently 
small they will reflect the shorter light-waves more com- 
pletely than the longer ones. " A small pebble," as Professor 
Tyndall aptly says, "placed in the way of the ring-ripples^ 
I produced by heavy rain-drops on a tranquil pond, will throli 
Ttack a large fraction of each ripple incident upon it, whi 
[ the fractional part of a larger wave thrown back by the same 
I pebble might be infinitesimal." If the particles are large as 
jompared with the longest waves of light, as the rain-dropa 
I in a cloud for instance, all the waves of every length will b 
I reflected in equal proportions, and the light coming J 
' them will be white. The meteoric dust in the air is howevi 
80 fine that it reflects the shorter blue waves while it offla 
very little opposition to the transmission of the longer w 
The white light of the sun is consequently in transmiasio 
through the air gradually robbed of its shorter waves i 
1 these successive I'efiections and hence appears yellowia' 
When low down on the horizon the sun appears red, for the 
its light has to travel through a thicker layer of air, and t 
. through a greater number of scattering particles ; this siftin 
I process is then more complete. A difficulty may arise i 
I understanding how this meteoric dust remains suspended i 
the air. Why should it not fall and settle on the earth 
A little consideration will clear up the matter. Let us tat 
I the most disadvantageous case for our argument, and imagin 
1 the shape of each particle to be spherical. The mass of eac 
I particle and consequently the weight, varies as the cube < 
. its radius ; but the surface, that it exposes to the r 
I of the air when falling, varies only as the square of its radia 
1 It is evident then that, if the particle be only small enougl 



the resistance of the air may very materially counteract the 
effect of gravitation upon it. In this connection it is ia- 
teresting to note that it has been shewn, both by experiment 
and by mathematical investigations, that the viscosity of a 
gas is independent of its density'. There is then little 
difficulty in understanding how this meteoric dust remains 
suspended in the air, even at a height of forty miles or more 
from the earth, for in spite of ita rarity the air eveu at this 
height offers nearly the same resistance to a falling body as 
at the earth's surface. 

Quantity of Reflected Llg-ht. It is as we have seen 
the scattered light that comes from a body that renders it 
\'isible ; hence if this scattered light be diminished by polish- 
ing its surface, the body itself may become almost invisible. 
A mirror for instance may scatter so little light that under 
certain circumstances it cannot be seen ; although the light, 
that it reflects fi-om illuminated objects near it, is seen with 
the utmost distinctness. It is however impossible to make a 
perfect mirror, that is, one that shall reflect all the incident 
light; a part is always scattered ; consequently, if the conditions 
be favourable the reflecting surface itself can be always seen. 

It must not however be inferred that smoothness of 
aurfece is the only requisite for a satisfactory mirror. A 
fluid at rest presents a smoother surface than any that can 
be obtained by a mechanical process of polishing, yet it 
nsually reflects only a small fraction of the light that falls 
upon it. Water for example reflects but 1'8 per cent, of 
the light that falls perpendicularly upon its surface, whereas 
polished metals reflect a much higher percentage. The best 

■ Qroham-Otto's Lehrbuek der Chemie, Bd. l. p. 1ST. The explanation 
given in the text is somewhat loose. Advanced matbematics are required 
for tiie exact investigation of the problem. In reality it is found that a 
iartiole in the air eventually falls with a aniform velocity r, where u cc — , 
F being the kinematic viscosity which diminishes with the temperatur 



I 



QUANTITY OF 



dlvered miirore reflect nearly 90 per cent, of the incident 
light, while mercury itself reflects more than 66 per cent. 

There is further this striking difference between metallic 
and non-metallic surfaces. In the case of metals the ratio 
of the reflected to the incident light is constant, whatever 
the angle of incidence may be ; whereas with non-metak this 
ratio increases with the obliquity of the incident light. The 
following table indicates the amount of light reflected fi 
the surfaces of water and from that of the metallic f 
mercury at various angles of incidence. 



Water 18 22 6 3 333 721 percent. 

Mercury 66-6 66-6 ee^e 66-6 66'6 

It will be seen that as the angle of incidence approaclu 
its limiting value of 90°, the amount of light reflected by t 
water rapidly increases, so that when the incident light just 
grazes its surface, it is almost wholly inflected, Similarly if 
a piece of note-paper be so placed that the light from a 
candle just grazes its surface, a considerable amount of t 
light will undergo regular reflection ; indeed a reflect 
image of the candle may sometimes be distinctly seen u 
these circumstances from a suitable position. 

Lastly, the refractive index of the substance, or ratl)| 
the difference between its index and that of the surroundit 
medium, exerts a most important influence on the quantity 
of light reflected. The diamond owes its brilliancy to its 
high refractive index (p = 2-5), and most probably the 
characteristic lustre of metala is largely due to a similar 
cause. It has already been shewn that there is some ground 
for believing that the refractive index of metallic substances 
is exceedingly high; in other words, the velocity of light 
through the thin layer that it can penetrate must be 
relatively very slow. 
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Meobanical Model. A simple mechanical illustratioi) 
will explain the relation between the reflecting properties ot 
a medium and the speed with which light ia transmitted 
through it. Let us imagine a row of perfectly elastic balls 
of equal mass suspended by threads from a horizontal beam. 
If now the end ball be raised and allowed to fall against its 
neighbour, it will give up the whole of its motion to it, so 
that the first ball will come to rest, whereas the second ball 
will begin to move forwards with the original velocity of the 
first, but on hitting the third ball, it will in its turn give up 
its motion to it. In this way the motion of the first ball will 
be passed on through the entire series of balls. Such a 
model, when the balls are all precisely similar, may be taken 
to represent the propagation of light in a homogeneous 
medium; each particle of ether after giving up its motion 
remains at rest until it again receives a new impulse from 
behind from the source of light. It is however the ti-ans- 
ference of the impulse, not the movement of the balls, that 
represents the propagation of light. If the balls are in 
contact, the impulse will still travel along the series although 
the individual members composing it shew no movement. 
Fnrther, the velocity with which this compression impulse 
travels will diminish as the density or mass of the balls is 
increased, just as the velocity of light diminishes when the 
refractive index or density of the medium is increased. 
Provided then that the balls are alt of equal mass and of 
equal elasticity, no matter how great their differences in 
other respects, the transference of the motion will be airaple 
and complete, and, should they be in contact, the speed 
of the compre8,sion impulse will be uniform. 

If then a transparent substance be iirnnersed in a medium 
of the same refractive index as itself, light will be transmitted 
through it without undergoing any loss by reflection at its 
surface; for, the velocity of light being the same in the 
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I immersed body as in the medium, they will behave as two 
different systems of equally massive balls. When the differ- 
ence of velocity or of refractive index ls very slight, & ver)' 
Mmall proportion of the light is reflected, and this may easily 
escape notice. Thus it requires careful scrutiny even with 
j favourable illumination to detect the presence of the lens in 
' the eye, or of a piece of glass in a solution of Canada balsam, 
or indeed of ice in water. 

A substance of higher refractive index may be represented 
by a system of more massive balls, If now this set be placed 
close to the first series ao that a continuous row of balls is 
formed, we have a rough representation of two contiguous 
media of different density. As before, when the terminal 
ball of the first series is made to strike its neighbour it will 
give up its motion entirely to it and come to rest. In this 
way the motion will be pa.ssed on from ball to ball until the 
second series is reached. Let us suppose each ball in this 
to be of twice the mass of the constituents of the previous 
set. The end ball of the first set will, on striking its more 
massive neighbour, give up its motion and rebound from it 
with one-third of its previous velocity, A wave of movement 
in the reverse direction will therefore travel along the first 
series of balls. If they are very close together, we may 
regEird it as a wave of compression that travels backwards 
along the system, and the previous phenomenon as a wave 
of compression that travelled forwards. This reflected cora- 
pression-wave will however travel back at precisely the same 
rate that the original impulse travelled foi-wards, but it will 
be less intense, for the momentum of each ball is now but 
one-third of what it wft.s before. Meanwhile the impulse 
which the first massive ball had received has been traversing 
the second system, so that an onward-moving compression- 
wave has resulted in this also. We have then a repre- 
sentation of the partial reflection of the light that falls on 
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a denser medium, and of its partial transniiasion through it. 
The reflection will be more complete if the difference of 
density {i.e. of refractive index) of the two media is increased, 
jufit as the intensity of the reflected compression- wave in the 
model is increased by augmenting the difference between the 
masses of the balls in the two systems. 

An impulse given to the second system of balls will 
produce a wave- movement analogous to the passage of 
light from a dense to a rare medium. There is however 
a peculiarity in this case that demands careful attention. 
Let U8 imagine that the balls are attached to ea«h other 
by elastic threads. As before the impulse travelling along 
the massive system, which we will now call the first system, 
may be regarded as a forward-moving compression -wave. 
The end ball however will, after striking the first ball of 
the second lighter series, stilt continue its onward motion 
(though at one-third its previous rate). It will in fact 
only give up a part of its momentum to its less massive 
neighbour. This onward movement of the end ball will 
pull forwai-ds each member of the first aeries in turn by 
means of the connecting threads. In fact a wave of ex- 
tension will ti'avel backwai-ds throughout the system. If 
the threads do not stretch, this pulling or ex tension -wave 
will travel backwards at the same rate that the original 
compression -wave travelled forwards. Meanwhile a pushing 
impulse or compression -wave has been travelling onwards 
along the lighter series of balls. 

How are all these facta to be interpreted ? We have 
already regarded the compression of the balls as analogous 
to Bome phase oi' a light wave that travels through the 
medium. But extension is evidently opposite in phase to 
compression : if the latter represent the crest of a wave, 
the former must be analogous to the trough of a wave. 

When then light passes from a denser medium to a rarer. 
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we are prepared to find (jnt.- portion transmitted, and another 
portion retiecied with its phase reversed. This is precisely 
what is actually observed, the incident wave-crest is reflected 
as a trough and vice versa. No such reversal however 
occurs when the reflection takes place at the surface of a 
dense medium. This peculiarity of the reflection at the 
I surface of a rare medium is of fundamental importance in 
! the comprehension of certain interference phenomena of 
light, e.g. the central dark spot in Newton's rings, etc. 

We have seen then that the amount of light reflected 

from a surface depends to a large extent on the difference 

' between its refractive indes and that of the smTounding 

medium. It is not unusual, for example, to see a well- 

marbed reflex from the surface of the lens in the eyes of 

old people. This is best seen when the illumination is 

oblique, for, as we have said, the amount of light reflected 

from a non-metallic surface increases with the obKquity of 

its incidence. The appearance indicates that the refraction 

[ of the lenticular cortex has increased ; the reflection is not a 

I flign of opacity or cataract, but merely of the difference 

'. between the refractive index of the aqueous humour and 

of the surface of the lens. Similarly particles or striae of 

higher index in the lens may be suggestive of dots of opacit^^ 

The diagnosis is made by seeing if they will ti-ansmit ligha 

by using the ophthalmoscope. 

One word more about the opacity of substances. As v 
have seen, even a perfectly transparent substance will no^ 
transmit all the incident light, unless it be in a medium a 
the same refractive index as its own. Further a thin layeij 
of material may not transmit light, either because it absorbs 
it, like black velvet, or because it scatters it like white leai 
f snow is opaque although each of its component 
l.crystalB is transparent, for, such is the difference between 
i refractive index of these ice crystals and the air which i 
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separates them, that a considerable fraction of the incident 
light is reflected and scattered at each of the innumerable 
surfaces that it meets. 

The translucency of oiled paper or of a moistened towel 
is due to a similar cause. The refractive index of the 
constituent fibres is considerably higher than that of air. 
Hence when this is replaced by a medium whose refractive 
index more nearly resembles their own, less light is reflected 
— the object appears darker — and more light is trans- 
mitted. 



CHAPTER IV. 

REFLECTION AT PLANE SURFACES. PRINCIPLE 

OF LEAST TIME. 

We must now consider the manner in which light is 
reflected by polished surfaces. In the introductory chapter 
we deduced from the undulatory theory the two laws of 
reflection. But it must be remembered that these laws 
have been primarily deduced from direct observation ; they 
are in no way dependent upon the theory of light, though 
the theory that has been adopted explains them. 

The plane of incidence is that plane which contains both 
the incident ray and the normal to the surface drawn from 
the point of incidence. 

I. The reflected ray lies in the plane of incidence and 
on the side of the normal opposite to the incident ray. 

II. The angles which the incident and reflected rays 
make with the normal are equal to one another. 

These laws hold good whether the reflecting surface be 
plane or curved. In the latter case we have only to draw 
a tangent plane at the point of incidence, and consider the 
ray to be reflected at this plane. 
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Reflection at Plane Surfkces. Let AB represent i 
plane reflecting surface, and let S (Fig. 14) represent e 




luminous point which is sending out light in all directions. 
Now if SN represent one of these directions, we may call 
the line SN a ray of light. Further from the laws of reflection 
we see that, if the normal JV^l'be drawn from the point of 
incidence, the line NQ which makes an equal angle with the 
normal will represent the direction of the reflected light, in 
other words NQ is the reflected ray : for it lies in the planu 
of incidence, i.e. the plane of the paper, and the angles which 
SN and NQ make with the normal are equal to one another. 

It is easy to see that the incident and reflected rays also 
make equal angles with the surface of the mirror. 

If then there be an eye in the neighbourhood of Q 
which can receive this reflected ray, it will perceive light 
coming towards it in the direction NQ ; but we have not yet 
found from which point in this line it will appear to have 
come. To do this we shall have to take another incident 
ray from S, and discover where the corresponding reflected 
ray intersects the previous one. Let SM be a contiguous 
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incident ray in the same plane, and let the angle SMA be 
less than the angle SNA. Then the corresponding reflected 
ray MR makes the angle RMB equal to the angle SMA, 
and zSNA or /.QNM>^SMA or ^RMB; 

.■.^RMN + ^QNM>zRMN + zRMBotUvo right angles. 

If then Qlf and RM be produced, they will meet in a 
point S' behind the min-or. Join S to the point of inter- 
section jS', Now the angle MNS' is equal to the alternate 
angle QNA which is obviously equal to the angle MNS. 

Also Z NMS' = z RMB = z NMS. 

Then in the two triangles SNM, SNM we have the side 
NM common to each, and the adjacent angles are also equal, 
therefore the remaining sides are respectively equal each to 



Now in the triangles SMA, S'MA the two sides 8M, MA 
are equal to the sides S'M, MA ; and the included angle 
SMA is equal to the included angle S'MA, so that the base 
SA is equal to the base S'A, and the angle SAM is equal to 
the angle S'AM. 

The line SS' is consequently perpendicular to the surface 
of the mirror, and it is bisected by the plane of the mirror. 

Similarly it may be shewn that any other ray in the 
same plane will be reflected in such a direction that when 
produced backwards it will meet SS' in the same point S". 

We see then that every ray in the plane of the paper, 
that falls upon the surface of the mirror, mil be reflected in 
such a direction that it will appear to come from S'. 

Now if we suppose the paper to be revolved about an ■ 
axis S^, the figure will represent the coui-se of incident and I 
reflected rays in every plane. 

Hence it follows that all the rays that fall upon the I 
mirror from S, whatever the plane of their incidence may be, \ 
will be so reflected that the prolongations of these reflected J 
rays will intersect at the point S'. 




r 
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Consequently the light, that is reflected from the miritu'. 
will appear to the eye that receives it, to be coming from S'. 
In other words, the mirror will form an image of 8 at S'. 

Since aU the reflected rays if produced intersect each other 
at the same point, it is obvious that for the determination of 
this point, it is sufficient to take only two of the reflected 
rays and produce them until they meet. This meeting point 
will then be the common point of intersection of all the 
reflected rays. 

As however we have seen that this common point of 
intersection lies at the same distance behind the mirror that 
the source of illumination is in front of it, and that it is 
also on the line which is drawn from the source thi-ough the 
plane of the mirror perpendicular to its surface, we may still 
further simplify the geometrical conatruction. Thus if /* be 
a point in front of a plane mirror (Fig. 15) we can find the 
position of its image Q by drawing PLQ perpendicular to the 
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B of the mirror and cutting it at L, and then making XQ 

equal to PL. The course of any of the rays from P that 

undergo reflection at the points M, iV, ... on the mirror is 

indicated by joining QM, QN,... and producing them to 

. R. R'.... 

If the positions of the object the image and the observOT's 
eye be given, it is an easy matter to indicate the course of 
the light that by reflection reaches the observer's eye. Thus 
if P represent the position of the object, and Q that of the 
image, while R represents the position of the eye, join QR, 
cutting the mirror in M. Join P3I. Then PMR represents 
the course of the light that, originating from P to an eye at 
R, gives rise to a virtual image at Q. 

If an object Pp be placed in front of the mirror AB we 
can find the position of its image in a similar way. For we 
may consider the object to be composed of innumerable 
points, each of which is scattering light in all directions. 
The images of all these points can he found by the geo- 
metrical construction just given. Thus Q and q are found 
to be the images of the points P and p respectively, and it 
is easy to see that the images of the points intermediate 
between P and p will occupy corresponding intermediate 
positions between Q and q. 

If then an eye be so situated as to receive the conical 
pencil of rays bounded by MR, NR', it will see an image of 
the point P at Q, for the light that it receives will reach it, 
just as if it were diverging from a point Q. Similarly of the 
conical pencils, diverging from all the other points of the 
object, the reflected portions will appear to the eye that 
receives them to be coming from the corresponding points of 
the image. It may then be said that an image of Pp is 
formed at Qq. 

It is however obvious that strictly speaking the image Qq is 
notforined at all, for it is not the reflected rays themselves. 




but only their prolongations backwards that intersect. Such 
an image is called a virtual image r indeed it has no real 
existence, inasmuch as the reflected rays do not actually pass 
through Qg. It has however a virtual existence with respect 
to an observer who is suitably placed. 

It will be noted that the image Qq is similar and equal 
to the object Pp in every respect; for the correspondmg 
points of the object and image are similarly situated with 
respect to the mirror. Thus the image is erect, and the 
point of the object nearest to the mirror (p) is represented 
by the poiut of the image nearest to the mirror (q) ; and the 
right aod left sides of the iraa^e correspond to the right and 
left sides of the object. Since however the object and image 
face each other, the observer obtains a view of the opposite 
aspect of the object, i.e. a view of that side of the object 
which in his position he could not see without turning the 
object round. Hence he thinks he sees an object that he 
has turned round, and, to account for the appearance that it 
presents, he i-egai-ds it as an object similar to the real object 
whose right and left sides have interchanged. The image of 
the right hand for instance suggests the left hand, for the 
left hand when turned round presents a precisely similar 
aspect. In the same way the image of a printed letter 
resembles the type from which it was printed. 

Deviation produced by Rotation of Mirror. If now 

the mirror be slowly rotated about its vertical axis, the 
image also will appear to rotate in the same direction about 
the same axis. Similarly if the mirror be rotated about its 
horizontal axis, the image will appear to undergo a rotation 
about this axis. Hence the image of a vertical tube may 
nnder these circumstances become displaced to such an 
extent as to present the appearance of a horizontal tube, 
whose axis is at right angles to the axis of rotation. 
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The laryngoscope well exemplifies this displacement of 
the image. The mirror, which is inclined at an angle of 45° 
to the vertical, when properly placed at the back of the 
pharynx, forms an image of the larynx with its axis horizontal 
and its lumen facing the observer. Since the symmetry of 
the correspondence between the different parts of the object 
and image relates to their distances from the mirror, and not 
to their distances from the observer, we find the anterior 
parts of the larynx (epiglottis, etc.) represented iu the upper 
part of the ima^e, while the posterior structures (arytenoids, 
etc.) occupy the lower portion of the image. 

It appears then that the rotation of a mirror through an 
angle of 45° causes the image to move through an angle of 
90°. The alteration then of the direction of the reflected 
rays is measured by twice the angle through which the 
mirror is turned. 

Let AB be a mirror (Fig. 16) and S a luminous point. 
All the incident rays that fall on AB will be reflected in 




fig. /e. 



such a way that they will appear to be pi-oeeeding from t 
point S', which is at the same distance behind the mir 
that S is in front of it. The incident ray 81 which : 
normal to AB will then be reflected back upon its coura 
,88 IS. If now the mirror be rotated through an angle 6 




as to occupy a position ab, the normal at the point / wil 
now occupy a position IT, making an angle 6 with liS. The 
incident ray 81 therefore will be reflected as IR, making an 
angle with 17 or 29 with IS. 

Further the image of the point S will now be at a point 
S", that may be found by the method given on p. 67, and 
all the rays incident on ab will appear after reflection to be 
coining from jS". It is obvious that jS' haa undergone an 
angular displacement equal to SIR ; we may therefore con- 
clude that on rotating the mirror through an angle B all the 
reflected rays undergo a deviation of 2ff. 

There are several important applications of this principle 
in daily use. It will be sufficient to specify two as illustrative 
examples. 

The GralTanometer is used to detect the presence of 
an electric current and to measure its magnitude. Thei« 
are many forms of the instrument, but they all essentially 
consist of a coil of insulated wii-e and a magnet 30 suspended 
as to be easily deflected when the cuiTent is led through the 
coil. In the mirror galvanometer the deflection of the mag- 
netic needle is measured by the alteratioJi in the direction of 
the light reflected from a small mirror attached to the centre 
of the needle. But as we have seen the deflection of the 
reflected light is twice that of the mirror; it is only 
necessary then to receive the reflected light on a graduated 
scale, to measure the angle of its deflection, and then to 
halve the angle obtained. This number will give the 
angle through which the magnet has been deflected by 
the current. 

The Sextant is an instrument employed by navigators 
to measure the angle between any two distant objects as 
seen from the position of the observer. J is a small mirror 
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fixed to the limb BQ of the sextant, in such a position that 
any light incident in the direction BA will be reflected in 



the direction AT, B is another mirror fixed to the moveable 
aim BL This mirror can be rotated about its centre by 
means of the arm, and the amount of rotation can be read 
off on the scale PQ, When / is at the zero division of the 
scale (P), the mirror B is parallel to the mirror A, Con- 
sequently the light which reaches A from B must have been 
travelling in a direction H'B parallel to AT. If then H and 
S be the objects to be observed, the telescope T is first 
directed towards jBT, and the instrument is maintained in 
such a position that the object H is kept in view just above 
the upper edge of the mirror A. If the arm BI is now 
slowly moved forwards from P, the objects between H and S 
will in succession appear reflected in the mirror A, Let us 
suppose that after the mirror B has been rotated through an 
angle 0, an image of S is formed by the mirror A below H. 

In this case the light from S must, after reflection at B, 
have travelled along BA, as it eventually has obtained the 



THE SEXTANT. 73 

direction AT. But when zero on the scale was indicated, 
the incident ray on B, that con-esponded to BA, was H'B. 
So the angle SBH' must be double of the angle d through 
which the mirror was turned, and since H'B ia parallel to 
HA, the angle sought between S and H must also be 2^. 

Repeated Reflection at Inclined Mirrori. When 
an object ia placed between two plane mirrors inclined to one 
another at an angle, a limited number of virtual images is 
formed which may be seen by an observer in a suitable 
position. It \vill be found that if the angle between the 
mirrors is an integral divisor of 180", the object together 
with its images forms a perfectly symmetrical figure with 
respect to the reflecting surfaces. 

The kaleidoscope invented by Sir David Brewster consists 
essentially of two plane mirrors AG and BG inclined to one 
another at an angle of 60^ (Fig. IS). If an abject such as 
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PQ be placed between the mirrors, an observer, if Ln a 
suitable position, will see 5 virtual images symmetrically 
arranged about the point of intereection of the planes of 
the mirrors. 

In order to determine how many images are seen, we first 
have to discover how many reflections can occur from each 
mirror, and finally how many of these will reach the eye of 
the observer. This is not a difficult calculation but it is 
rather long and laborious, and as it has no direct bearing on 
the subject of this book it will be sufficient to give the 
general result. 

If a be the angle between the mirrors, and - = /«, the 

number of images seen by an eye that is between the planes 
of the mirrors is 2m — 1, if m is an integer. So if a = 60°, 

VI = -^jTS" = 3, .'. 2m — 1 or 5 virtual images are seen ; if a=45°, 

7 virtual images are seen. If m is not an integer, the 
nunfter of images seen will depend on the position of the^ 
observer's eye. ^1 

If o = 39°, ^ = ifs = m, then 2m - 1 = 8,^. ^ 

Then with the most favourable position of the observer 
and object 9 virtual images may be seen. If this favourable 
disposition of the object and the eye do not occur, only 8 
images will be seen. 

The position of the images is easily found by the con- 
struction now familiar to the reader. Let AG. BC (Fig. 19) 
be two plane mirrors inclined to each other at an angle of 90°, 
and let P denote the position of the object between them. 
From P draw the normal P/>/ to the plane of the mirror AC, 
and produce it to p," so that -Pp," is bisected by the plane of 
the mirror. Then p' is the position of the image formed by 
one reflection at AG. Similarly jtj" is the position of thp 
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image formed by one reflection at BC Now part of this 
light which ia reflected from BV. and appears to come from 




Pj", will he again reflected from AC; and the obHerver, if in a 
suitable position to receive it, will see the image p„ due to it. 
The position of p„ is at a perpendicular distance behind the 
plane of AC equal to that which pf" ia in front of it. The 
eye that receives thin image must be situated between P 
and A. An eye at E between P and B will also see an 
image at p^_ ; but this will be formed by reflection at the 
sur&ce BC, since ^J,, is the same perpendicular distance below 
the plane of BG that pf ia above it. The course of the 
light from this image p„ to an eye at £ is easily found. 
Join p,E. Since this line cuts the miiTor BC, p„ must be 
the image of pf*. Let Q be the point of intersection of p,^ 
and BC. Join p,'Q cutting AC in R. Join PR. Then 
PRQE is the path pursued by the light that gives to an eye 
at E the image p,,. 
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It will be noticed that the image p,, may be formed 
either by the reflection of the image p'' in the miiTor AC, 
or by the reflection of the image p° in the mirror BG. 
It is generally stated that these images coincide; but the 
expression is misleading, a& it might suggest that the image 
p„ would be especially blight from receiving light from two 
sources. It is clear however that the line p^^E between the 
image and the observer cannot cut both the mirrors AG and 
BG, and so whatever his position he can only see p,, in one 
of the miiTors. 

If two mirrors are parallel to each other, the angle 

between them has zero value, so mi = -^ = cc , An infinite 

number of reflections may occur between two parallel mirrors, 
and if certain physical conditions did not prevent theii" 
observation, one might say the number of virtual images 
formed of an object placed between them is also infinite. 
If the image formed by an ordinary looking-glass be 
carefully observed it will be found to be double. There are 
in fact two reflecting surfaces, each of which fonns an 
independent mirror. The upper surface of the glass gives 
rise to a very faint though distinct image, and the lower 
sur&ce of the glass which is silvered forma the bright image. 
If the frame in which the looking-glass is mounted be 
removed so that one can look edgewise through the glass, 
a considerable number of images of the upper and lower 
surfaces of the glass can be seen. A knowledge of refraction 
however is required for the exact determination of the 
position of the images. 

Principle of Least Time. The fact that light radiat- 
ing in space travels in straight lines might be expressed, if 
there were any advantage to be gained by it, by saying tl»lu J 
it travels to its destination by the shortest possible pafl' 
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Before adopting such an expression it ia necessary to shew 
that it is an adequate description of the course of light 
under different conditions, and further that it is useful. 
The principle is more frequently and more generally stated 
in a slightly different form, i.e. light travels to its destination 
by that course that occupies the least time. It will be found 
that when expressed in this form the principle is generally 
applicable to the path of light in media of different or 
varying density, and has hence been applied to the solution 
of many problems respecting the course of Ught under 
different conditions. That the principle of " least time " is 
not universally true will be shewn in the next chapter, and 
a correct and an adequate description of the course of light 
will be given. 

It will be sufficient here to shew that the principle applies 
to the behaviour of light which is subject to reflection at a 
plane surface. 




If iS be a luminous point, and if we consider the light 
that reaches Q from S after reflection at the surface of the 
OP, it -vi^ be shewn that the course ^ 
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light actually takes is also the course that occupies the 
least time. For if not, let 8M, MQ in the plane of the paper 
be a shorter path. 

Then SM, MQ < 8N, NQ, 

Now SM=S'M and SN=8'K 

.-. S'M, MQ < S'N, NQ, 

which is absurd, for S'N, NQ is a straight line. 

A precisely similar proof could be applied if the point M 
were not in the plane of the paper; indeed one has only to 
imagine the point M to revolve round N in the plane of the 
reflecting surface to see that the proposition is universally 
true for plane surfaces. It follows then that the principle of 
least time embodies both the laws of reflection at plane 
surfaces, for it does not admit of the slightest diflference 
between the angles of incidence and reflection, or the 
slightest diflference between their planes. 



QUESTIONS. 



(1) Two parallel plane miirora face each other at a distance 
of 3 ft., and a small object is placed between them at a distance 
of 1 ft. from one of them. Calculate the distances from this 
mirror of the three nearest iinB,ges that are seen in it, 

(2) Two plane mirrors are placed at right angles to each 
other, and a small object is placed between the mirrors at an 
angular distance of 1 5° from one of them and the line of 
intersection between them (C). The observer's eye is placed half 
way between the mirrors. 

What is the number of images seen I Say in which mirror 
the image is seen that corresponds to the greatest number of 
reflections. 

(3) The mirror remote from the object in the above example 
is turned about G through an angle of 45°. The observer's eye is 
placed half way between the mirrors. 

Calculate the number of inia,ges seen when the angle between 
the mirrors is 46° and when it is 135°. In the latter case is 
there any position of the observer in which more images would 
be seen? 

(4) When the angle between the mirrors ia 45° in the above 
example, say in which mirror the image is seen, that corresponds 
to the greatest number of reflections, and trace the course of the 
light from the object to the eye in this cuse. 



CHAPTER V. 

REFLECTION AT CURVED SURFACES. CONJUGATE 
FOCAL DISTANCES. SIZE OF IMAGE. PRINCIPLE 
OF SAME PHASE NOT LEAST TIME. 



Concave Spherical Mirrors. We have now to consider 
the manner in which light is reflected by a curved surface. 
At the point of incidence a tangent plane may be drawn, 
and the reflection may be considered as taking place at this 
tangent plane in the way we have already explained. 

There are however less tedious methods of dealing with 
reflection at spherical surfaces, with which we are chiefly 
concerned, and these we proceed to describe in their simplest 
form. 
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I Let OK repi-esent a concave spherical reflecting surface, 

' the centre of the sphere of which it is a part being at C. 

Any line drawn through to the mirror is called an axis 
of the mirror. If the parts of the mirror on either aide of 
the axis are symmetrical, the asia is called the principal asis. 
Thus in the figure GO is the principal axis and is the 
vertex of the mirror. 

If any point P be taken on the principal axis and if it 
be supposed to become self-luminous, it will radiate light in 
all directions. 

Let PK be one of these directions ; join CK. Then CK 
being a radius is the normal to the spherical surfece at the 
point K. 

The incident ray PK will therefore be reflected at ff in 
a direction KQ, such that the angle of incidence PKG is 
equal to the angle of reflection CKQ, and KQ will be in the 
same plane as PK and KG, i.e. KQ will be in the plane of 
the paper. 

Then since in the triangle PKQ the vertical angle PKQ 
is bisected by the line KG that cuts the base at G, 

i-ff- (Euo.v,.3., 

I Now if K, the point of incidence considered, be very near 

[ to 0, the line PK will be very nearly equal to the line PO, 

and at the same time QK will be very nearly equal to the 

line QO. 

Under these conditions then we may substitute PO and 

QO for PK and QK, and by this means we shall obtain a 

much more manageable formula which is approximately 

i correct. 
For convenience we shall always consider lines drawn in 
the direction of the incident light as positive, lines drawn in 
the reverse direction as negative. 
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Let the distance of P from be denoted by p, and the 
distance of Q from be denoted by q, and let r be the length 
of the radius of the sphere (CK or CO). 

Then PO = p-r, CQ = r-q, 

PK^p. QK = q; 

and the relation -pf^ = -pr^i becomes - - - = — ; 
CQ QK r-q q' 

•'■ qp — qf = pr ~ pg, or qr+pr=2pq. 

On dividing by pqr we obtain the formula 

? + ! = ? („. 

pqr 
Now since the surface is of uniform curvature it follows that 
the nearer K is to 0, the closer do the values of PK and QK 
approach those of PO and QO. 

Hence if for the purposes of a given calculation it is 
allowable to regard the distances fram K, namely PK and 
QK, as equal to PO and QO, we may with still greater justice 
substitute these values of PO and QO for the corresponding 
distances PK', QK' from any point K' intermediate between 
K and 0. 

It follows then that all the i-ays from P incident on the 
arc KO will be reflected in such a way that the formula (1) 
will apply to each of them ; 

1 _2_1 

' ' q r p' 

As the right-hand side of this equation is constant under the 

conditions considered, it follows that - is also constant. In 

9 
other words all rays falling on the arc KO will on reflection 
cut the axis in the same point Q. 

If now the figure be rotated about the axis CO, the ai-c 
KO will trace out the corresponding segment of the re- 
flecting spherical surface, and it ia clear that all rays from 
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P incident on this small segment, whatever theii' plane i.»t' 
incidence, will intersect at the same point Q tu the assigned 
degree of approximation. 

The point Q is called the conjugate focus of P. The 
term conjugate implies that if P's position changes, Q's 
position changes also; it is called a focus becau.se it is a 
common point of intei-section of rays. 

It should be observed that any incident light which 
passes through the centre of curvature (C) will be so re- 
flected as to retrace its previous course. Consideration of 

the formula ~ + - = — shews that, if r be constant, as u 
p q r ^ 

diminishes, q increases ; when p = q, p and q are each oijual 
to r. That is to say, when the luminous point is at C, its 
conjugate focus coincides with it at C. It Ls obvious that 
this must be so, for all rays Irom C are normals to the re- 
flecttng surface, and couBequently all the incident light in 
reflected along its original incident path, 

This may be more instructively regarded from another 
point of view. If there be a luminous point at C, spherical 
waves are radiating from C, and all the elements of a given 
iDcideDt wave-front must reach the reflecting surface at 
precisely the same moment, i.e. they must all be in pre- 
cisely the same phase. Reflection will occur simultaneously 
thnni^oDt the incident wave-front and eoasequently the 
ware-front will return as a contracting spheiical segment 
to its centre C. Here the disturbance produced by each 
cfement of the returning wave will be of precisely the same 
dnneter, for each elenrent is in the same phase. Each 
dement will therefore add to the disturbance of the central 
panicle at C, or increase the amplitude of its vibration, tM. C 
m s focus : for in the language of physical optics a focus is a 
point at which a large number of elements of the same wavi;- 
fimt arrive in pi'ecisely the same phase. 

6—2 
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As p becomeM less than r, q becomes greater than r ; m 
fact, the positiona of the conjugate foci with respect to C are 
merely intei*c hanged. If in Fig. 21 Q be regarded as the 
luminous point, P will be its conjugate focus. 

Now let j) increase, then q will diminish. 

As P is removed further and further away, the raya from 
P incident on the mirror include a smaller and smaller angle. 
Finally if P be supposed at au infinite distance its raya 
become parallel. 

Now when p= k , - = — or ; 



when p = 



,i.e.q = 



Consequently when parallel rays fall on thu mirror, they will 
intersect at a point at a distance of half the radius from the 
vertex of the mirror. 

This point (F), at which incident parallel raya intersect 
after reflection, is called the Principal Focus. 

Its distance from the vertex may be conveniently denoted 



by /, so that 



/ 



The value of / depends therefore solely on the curvature 
of the reflecting surface and so is constant for each mirror. 
Consequently our previous formula may be written 
1 , 1^1 

It is clear that if p =/, q = xi , i.e. if a luminous point I 
placed at the principal focus, the diverging I'ays that procet 
from it to the mirror will be reflected an parallel rays'. 

' When tie come to deal with refraction at a spherical aurfaoe, we 
find that such a point ia oallad the first principal focus, whereas the p 
towards whioli incident parallel rays converge is called the sec 
focus. We maj sa; thea that ivben refiectioii at a sphericLil surface ii 
consideration, the tuo principal foci are coincident. 
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If p be less than /, the value of q is negative. This 
means that the distance of Q from must be measured in 
the opposite direction ; the point Q will therefore be bebind 
the mirror, Fig. 22. The focus Q in that case is virtual 




Let us consider the matter from another point of view. 
When jj is a little greater than f, the divergent pencil from 
P is reflected by the mirror as a slightly convergent pencil, 
the apex of which is at Q, Q being a great distance off. As 
P approaches F the divergence of the incident pencil in- 
creases, and the reflected rays approach parallelism. When 
P falls within F (so that p < f), the divergence of the 
incident pencil is so great that it is not overcome by reflec- 
tion at the mirror, and so even after this reflection the rays 
still diverge. 

If now these reflected raya be produced backwards they 
will intersect at a point Q behind the mirror, which is con- 
sequently their virtual focus. 

When then p is greater than f, the conjugate foci P and 
Q are real, i.e. an actual intersection of raya occurs at these 
points. 

When however p is less than /, Q the conjugate focus of 
P is virtual, for the reflected rays do not actually intersect, 
but their subsequent course after reflection is that which 
would be pursued by i-ays that had intcrsectod at Q. 
focus or intersection at Q is therefore called virtual. 

Now let the t 
position PCO' (Fi 



passes through G, but does not pass through the vertex of 
the reflecting surface, is called a secondarj- axia. It is 
evident that the conjugate focus of P' will be formed on the 




secondary axia at the point Q' auch that CQ = CQ, In £ 
the axia POO in its rotation carries the points Q and F wibH 
it. Incident light the rays of which are parallel to P'O' will 
be reflected to a focus F', i.e. the reflected rays will intersect" 
atjp". 

If now the axis PGO be turned through a small angle in 
all directions about C, the point F will trace out a small 
spherical segment F'F. At the same time the points P and 
Q will trace out spherical segments of a dififerent size. If 
then an object be curved towards the mirror exactly as PP"^ 
its image will be inverted and curved away from the mir 
as QQ'. In fact the segment QQ' may be regarded as t 
image of the segment PP'. It may here be noted that e 
real images are inverted, whereas all virtual im 
erect ; the reason of this will become more apparent suls 
sequently. 
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If the segments traced out by P, Q, F and on rotating 
the axis PGO about C are very small, they may be regarded 
as approximately plane surfaces. The planes so described at 
P and Q are called the Conjugate planes, the plane at J' is 
called the Focal plane, whereas the plane at the vertex of 
the mirror is called the Principal plane. Or, what comes to 
the same thing, these planes may be regai-ded as being drawn 
tangentially to the spherical segments at P, Q, F, and 0. 

As we are at present confining our attention to the 
consideration of pencils that are but slightly inclined to the 
axis, we may make the following assertions regarding the 
properties of these planes. 

The sm-face at which reflection occurs may be regarded 
as coincident with the Principal plane. 

All pencils of pai'allel rays that are but slightly inclined 
to the optic axis, will after reflection intersect in some point 
on the Focal plane, and moreover light from any luminous 
point on this plane will after reflection travel in rays 
parallel to that secondary axis on which the point lies. 

Any point on one Conjugate plane will form an image at 
a corresponding point on the other Conjugate plane. 

The relation between the distances of the Conjugate 
planes from the Focal plane is easily obtained, 



Since 



i + l-i 
Pit 

P 9 



on multiplying by pq we get 

pq-q.f~pf=0, 
and on adding f to each side 
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We have shewn how to find the distance of the image from 
the vertex of the mirror, when the distance of the object (p) 
and the radius of curvature (r) are known. From the 
properties of the centre of curvature, and from those of the 
planes just described, we are now able to give a geometrical 
construction for determining the position of the image. 

Let AB be the object (Fig. 24), and let Che the centre 
of curvature. Join BC, and produce it to meet the reflecting 




surface at 0. Then the plane HOH' at right angles to the 
axis BGO represents the principal plane, and F the mid-points 
of CO 13 the principal focus. 

To determine the position of the image of a point A 
that is not on the principal axis, either of the following 
methods may be adopted. 

(1) (Fig. 24.) Draw the ray AH parallel to the axis 
meeting the principal plane in H. Join HF, and produce it 
to meet the secondary axis ACH' in a. 

Then a is the conjugate focus, or the image of ^. 

For the incident light which is travelling in the direction 
AH parallel to the principal axis must after reflection pasa 
through the focus F: and the light which is travelling in the 
direction ACH', since it passes through the centre {G), must 
be reflected back along its previous path. If then we regard 
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AB, AS' as the extreme rays of the incident cone of light 
that diverges fi-om A, we see that they will be so reflected as 
to intersect at a. In fact the incident cone HAS' becomes 
the reflected cone HaH' converging towards a. We shall 
presently find that when the incident cone is as wide as that 
represented in the diagi'am it is not accurately reflected from 
a spherical mirror to a single point a. For our pi'esent 
purpose however the construction given is sufficiently 
accurate. 

(2) (Fig. 25.) Through A draw the my AFH" cutting 
the principal axis in F and meeting the principal plane in 




^" , and through H" draw H"a parallel to the principal axis, 
"^^^ting the secondary axis ACH' in «. Then since the ray 
'^■^f passes through the principal focus it must be reflected 
P**"»llel to the axis, and a, its point of intersection with the 

i'^iy drawn through the centre, must be the image of A. 
To determine the position of the image of a point B on 
™^ principal axis, some special device is necessary. The 
conjugate b is evidently some point on the orincipal axis, but 



L 
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its position can only be determiaed by finding where this 
line is crossed by some ray of the light that starting from j 
has undergone reflection. 

We may draw an arbitrary secondary axis through G and 
treat it as the principal axis in the previous construction ; or 
we may adopt the following method, which is preferable. 

Through F (Fig. 26) draw FD at right angles to the 
principal axis, then FD represents the principal focal plane. 
Take any ray BDH cutting the focal plane in D, and the 
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Fig. 26. 



principal plane in H. Join DC, and through H draw Hb 
parallel to DC, cutting the principal axis in b. Then h is the 
conjugate focus of B. 

For if WG imagine the point D on the principal focal 
plane to become self- luminous, the light from D after 
reflection will travel in a pencil of rays parallel to the 
secondary axis DC Now DH may be regarded as a ray of 
incident light either from D or from B ; in either case 3b is 
the course of this light after reflection, and b, the point 
where this ray crosses the principal axis, is the conjugate 
focus of B. 

If the distance of the object from the mirror is less than 
the principal focal distance, its image is virtual, erect 
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magmfied, as is evident from a glance at Fig. 2' 
conatniction first described has been employed. 

At this point it may be well again to warn the reader 
that these geometrical constructions for determining the 



position of the image only hold good when the incident light 
is centric. For example in Fig. 26 the light from B that is 
incident on the mirror in the immediate neighbourhood of 
may be said to be reflected accurately to the conjugate focus 
4, whereas light that is incident eccentrically is reflected in a 
different direction. In order to obtain then a clear image of 
S at 6 it is necessary to cover up the peripheral parts of the 
spherical mirror so that only the centric portion may be 
employed. It is for this I'eaaon that the principal plane ia 
used in the construction, for it is evident that the tangent 
plane at the vertex ia a better representation of this centric 
portion than the whole curved surface of the mirror would 
be. The line BH. which we have for convenience called the 
ray BH, does not therefore represent any ray that is actually 
incident on the mirror, for the point of its incidence is so 
eccentric that it would undergo anomalous reflection. We 
are however justified in asserting that a small centric pencil 
from B will a 
as the L 
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Convex Spherical Mirrors. Reflection from Convex 
spherical mirrors will offer no difficulty to the reader who has 
understood the preceding sections. 

Since the object (P) is on the convex side of the mirror, 

the point 0, which indicates the centre of its spherical 

surface, does not lie on the same side as the object; the 

radius consequently is measured in the negative direction. 

112 
Hence in the formula - + - = - a negative value must be 

p q r ° 

assigned to the symbol r. It follows therefore that q also 

must be always negative, that is, the image must be always 

behind the mirror and virtual. This is evident also from 




general considerations ; for a convex mirror causes divergence 
of the incident rays, and these, if coming from a real object, 
must have been divergent even before reaching the mirror. 

The geometrical proof of the formula for the convex 
mirror is almost identical with that for the concave. 

Let POC denote the principal axis, and let PK denote a 
ray from P incident on the mirror at K, a point very near to 
the vertex 0. Then PK will be reflected as KR which 
makes an angle with the normal equal to the angle of 
incidence. 



(Euc. VL A.) 
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Produce RK to Q cutting the axis in Q. 
Then PKQ is a triangle, the exterior angle of which ia 
bisected by a line CK that meets the base produced in C. 
PKPC 
■ • KQ QC- 

Now by taking the point K sufficiently near the vertex 
we may make the difference betweun PK, KQ, and PO, OQ 
as small as we please. Under these circumstances we may 

regard ^^ -- - - 

the limit 

PC_PO 

PO + O C PO 
** OC-OQ OQ- 

Now if we assign to |j, 5 and r the same values as before, 
p = PO. q = QO, r= CO. then 0C = - mad OQ = -q. 

■ P-^- P_ 



or qr + pr = 2pq, 

1 1^2 

p q~r- 
It should be noted that p, q and r are regai-ded as 
algebraic quantities, i.e. as symbols, which in addition to 
their numerical significance represent direction. 

Under these circumstances the old formula + - = - 
p q r 

holds good for both kinds of spherical miners. 



e / is also negative, i.e. % 
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dent parallel rays after reflection diverge as if from a point F, 
situated behind the min'or at half the distance of the centre 
from the vertex. 

£x. An object is placed 8 ins. in front of a spherical mirror, 
and a virtual image of it is formed 4*8 ins. behind the mirror. 
What is the radius of curvature of the mirror, and what is its 
focal length 1 

Let us employ the fundamental formula 

112 1 
- +- =- or -ji. 
p q r f 

In this case jo = 8ins. and ^=—4*8 ins., for the image is 
behind the mirror; so we get, on substituting for the symbols 
their numerical values and paying due regard to the signs that 
they bear, 

1 2 1 6-10 12 1 



2 1 
8-4-8 = r"V' ""' 



1 



48 



12 r f 



.*. r = - 24 ins., and / = - 12 ins. 

The negative signs shew that the radius and the focal 
distance are to be measured in the negative direction, i.e. both 
the centre of curvature and the principal focus lie behind the 
mirror; in other words, the mirror is convex. 

The methods for constructing the image that results from 
reflection at a convex mirror are identical with those that 
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were employed for reflection at a concave surface. The dia- 
gram (Fig. 29) shews the construction for the image ab of 
the object AB, according to the method described (p. 88). 

Size of the Image- We have now to determine the 
size of the image. This may be expressed algebraically iii 
several different ways, but in every case the same formula 
holds good both for concave and convex miiTors, provided 
that the appropriate signs are prefixed when numerical 
values are substituted for the symbols. 

Let AB represent the object (Fig. 30) and ab the image 
formed by reflection at a concave surface, and let BCO be 
the axis. Join AO and Oa. 



Fig. 30. 



Then since CO is normal to the reflecting surface at it 
io clear that the angle of incidence.^ OB is equal to the angle 
of reflection aOh, and the remaining angles of the triangle 
iOB are equal to the remaining angles of the triangle aOb. 

It should be noted that the angle a,Qh is measured in the 
reverse direction to the angle AOB. 

.-. tan(tOi = — tan^iOB, 
ah AB 

" bo='B(r 

ah _ bO _ q 
■'■ ~AB~ B'0~~p- 
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Now if denote the height of the object audi the height 
of the image, it is clear that 



. (1). 



I 



I 



It is evident therefore that all erect images are virtual, 
for since o and p are always considered positive, t can only be 
positive (i.e. erect) when q is negative ; or in other words, 
when the image is formed behind the niiaror. For similar 
i-easous, if i ia negative q must be positive, which is equiva- 
lent to the statement that all inverted images are real. 

The size of the image as compared with that of the object 
may also be expi-essed iu terms of the distances of the image 
and object from the centre of cur\-ature. _ 

Refeniug to Fig. 24 we see that wM 

ah_AU ^ 

bV BC ' 
t _ aft _ 6C _ qC+ bO _q-r 

■- o AB BC EC p-r ^ ^' 

The size of the image may also be determined without 
calculating its position, if the distance of the object and the 
focal distance of the mirror are known. 

Thus it is evident from Fig. 25 that ab = H"0 ; 
ab _H10_AB 

• ■ 6f~of ~bf' 

. i-^^OF^_ f _ £_ ,„. 

■ ■ o~ AB BF p-f-f-p W- 

Consideration of this formula shews that if f ia positive, 
i.e. if the mirror is concave, the image can only be erect and 
virtual when p is less than f, and that under these circum- 
stances the im^e is always larger than the object. If the 
miiTor is convex, f is negative and » is consequently always 
positive and always smaller than the object. 
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g. 24 we see that AB^HO, 
ub _N0_ AB_ 
■ ■ bF' 0F~ -FO' 
ab _ bF_^q-f^f-q 
-FU -/ f 



AB 



■(*)■ 



Finally, the relation between the size of the image and 
the size of the object may be expressed in terms of the angle 
between any twu rays that proceed from a given point of the 
object, and of the angle between these same rays after reflec- 
tion haa occurred. 

Thus in Fig. 26 we see that the two rays BO, Bff that 
proceed from the point B of the object become after reflec- 
tion the rays Ob, Hb, and that OBH is the angle between 
these incident rays whereas ObH is the angle of convei^ence 
of the reflected rays. 

Let a denote the angle of divergence OBH or FED and 
let a' denote the angle of convergence Obll or FCD. 

Now FD = FC tan FCD = FB Uxa FBD, 
FV tun FBD 



■ " FB 

FC 



p-r 



tan FCD " 

GF_ f_ 
BF-p-f 
t&n FBD _ tana 
tan FCD tan a' ' 



i f tana ,., 

.-. - or f—=-^ (o). 

(J / — i* ten a 

It also is evident from (1) that 

q _ tan a 

;> tan a' ' 

This expression we owe to Helmholtz. 

A few examples are given to shew the way in which these 

formulae are used. 



98 SIZE OF THE IMAGE. 

Ex. (1). A concave mirror has a radius of curvature of 
10 ins. What is the focal length 1 An object 4^ ins. in height 
is placed 50 ins. in front of the mirror. What is the height of 
the image, and where is it formed t 



Here r=10. 


so y^ or 5 = 5 ins. 


And since 


1 1 1 
P 9 J 




1 1 1 




50 9~5' 




.111 9 




••^'5 SO^^'oO' 



q =^- or aj ins. 



The image is formed 5^ ins. in front of the mirror (since q is 
positive). The image is therefore real. 



And since 



: so 



4i 50 ' 
. . • = — -^ or - i m. 

The negati^'e sign shews that the image is inverted: its 
height is iin. 

Ex. (2). The object is now placed 3 ins. in frv>nt of the same 
mirror. What is the height of the image ? 

It is unnecessarv her^ to determine the situation of the 

ima^. so we mav applv formula (3^ -=-"--, 

i - _^ - oi 
U~5-3~"-- 

.*. i = 4| X 2i or 11 J ins. 

The ima^ is therefore 11^ ins. in height, and the positive 
siiTii >hew> that it is erect. 




The negative sign shews that the image 
behind the mirror; in other wordi 



.tuated 7^ i 
the image is v-irtual. 



Ex. (3). Au object 6 cm. in height is placed at a distance 
uf 9 cm. from a convex reflecting surface. An erect (virtual) 
iin^e, 2-4 ram. in height, is formed of it. What is the radiuH of 
curvature of the reflecting uiirface 1 






I 



£_ 
/-f' 



/{i-o)^ip or /^ 



.r/=-3-75n 



,- = -7'5ffi 



As the sign is negative the nurfiLce in convex. 

It may be noted in paaaing that this is the basis of the 
method by which the radius of curvature of the cornea or of the 
lens of the eye is determined. A special apparatus is used to 
measure the size of the images reflected from these surfaces, and 
from this measurement the curvature is calculated precLtely as 
th&t in the example. 

Principle of same phase not least time. We have 
already alluded to the principle of least time hi connection 
with the path that light takes when it is reflected by a plane 
surface. It can easily be shewn that when the reflection 

7—2 



light is a maximum, and the time taken to traverse it is the 
gi'eatest, and not the least. 

The principle of least time is not therefore universally 
true. Let us see if we cannot formulate a principle which 
is true under all conditions. It AvilJ be remembered that, 
according to Huygens' principle (Chap. I.), the general forra 
or contour of a wave of light is determined by the coinci- 
dence of elementary waves in the same phase of disturbance. 
It will be reasonable therefore to expect that every point in 
a ray of light (i.e. in the normal to the wave surface) shall 
be a point of coincidence of the neighbouring elementary 
waves in the same phase. For this to be the case it is 
necessary that the elementary waves that originate in the 
immediate neighbourhood of the point of incidence (P) 
should give rise to disturbances that reach H in the same 



In considering the phenomena of reflection, we have 
found that the coui-se pursued by the reflected light is either 
that which occupies the least time or the greatest time. 
Now it is a property common to all maxima and minima 
that an indefinitely small variation in the variable makes no 
difference in the result. 

A maximum or a minimum may be regarded as a turning 
point, and it is a property of all such turning points that in 
their immediate neighbourhood the variation is exceedingly 
small. If a train, the speed of which is steadily increasing, 
be suddenly retarded by putting on a brake, a turning point 
or maximum of the speed is obtained just before the 
application of the brake. It is clear that the speed of the 
train half-a-seeond before the brake was applied is wry 
nearly identical with the speed half-a-second after its ap- 
plication, and indeed with the maximum speed attained. 
The smaller the interval of time taken the less error shall 
we introduce by regaixiing these three speeds as identical. 
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Therefore when reflection occurs at P in such a way that 
the course taken by the light occupies either a maximum or 
a niininium time, a very small change of path will make an 
inappreciably small change of time. In fact the elementary 
disturbances originating indefinitely near to P will reach H 
in the same time, and therefore in the same phase, as those 
which originate directly from P. Indeed this is the only 
condition of non-interference of elementary waves, so that 
the observed fact that if is a luminous point is proof positive 
that elementary waves have reached it in the same phase. 

We see then that, as far as reflection is concerned, we 
have found one common characteristic property of the 
behaviour of light, however much at first sight it appears 
to differ under different circumstances. It is hardly neces- 
sary to point out how much more I'easonable and scientific 
it is to regard the existence of light as dependent on 
the condition of non-interference, than to ascnbe to it a 
power of discrimination and an intelligent choice of the 
minimum or maximum path. 
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QUESTIONS. 

(1) An object 10 cm. in height is placed 150 cm. from a 
concave mirror of focal length 25 cm. Where is the image 
formed, and what is its height? 

(2) The radius of a concave mirror is 16 ins. What is the 
distance of the image from the mirror when the object is 
respectively at 12, 4, and 7 ins. distance? 

(3) A real image '5 cm. in height is formed at a distance of 
6 cm. from a concave mirror of an object 2*5 cm. in height. 
What is the radius of curvature of the mirror? 

(4) An erect image one-fourth the height of the object is 
formed by a mirror. If the distance of the object is 9 ins. what 
is the radius of curvature of the mirror ? 

(5) An inverted image of a candle is thrown on a screen at 
a distance of 6 feet from a mirror of focal length 6 ins. Where 
is the candle placed, and what is the relative size of the 
image ? 

(6) What is the diameter of the image of the sun formed by 
a concave mirror of focal length 1 m.? The apparent diameter of 
the sun is 31' 9". Given tan 31' 9" = -00906. 



CHAPTER VI. 

ECCENTRIC PENCILS. FOCAL LINES. CAUSTICS. 

CONTOUR OF REFLECTED WAVE-FRONT. 

APLANATIC REFLECTING SURFACES. 



Siccentiic Pencils. In the preceding sections we have 
been considering the reflection of small centric pencils only. 
Referring to Fig, 21 the point Q is the point of intersection 
of those rays that indicate the eoui-se of the light which, 
coming from P, has been reflected by the small segment 
KOK^. Light from P incident on peripheral portions of the 
mirror will not converge to the point Q but will be reflected 
in such a way that the rays cross the principal axis at points 
on the mirror side of Q. This is easily seen by constructing 
a diagram similar to Fig. 21 and taking a point K" on the 
peripheral part of the arc that represents the mirror. The 
reflected ray K"Q". determined by making the angle CK"Q" 
equal to the angle PK"C, crosses PO at a point on the min-or 
side of Q. 

In Fig. 33 light from the luminous point S is supposed to 
be reflected by a concave hemispherical mirror. To avoid 
confusion in the diagram the incident rays are omitted with 
the exception of the small beam incident at PQ. The rays 
of reflected liglit are seen to intersect the principal axis at 
difierent points on the mirror side of /. The rays near the 
axis converge very nearly to the point /, the conjugate focus 
of S, whereas the eccentric y&ys cut the axis at progressively 
increasing distances fi-om /. 
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^^^H AI) the reflected rayt^ touch a certain caustic si 
^^^H which has a cusp at /. The light is moat inteose i 
^^^H neighbourhood of the cusp for the reason just given. A 





familiar example of such a caustic is that observed on the 
surface of the fluid in a teacup ; this ia formed by the light 
reflected from the sides of the cup. The diagram (Fig. 33) 
gives a view of a section of the caustic surfiice ; the surface 
itself would be generated by the revolution of the figure 
about the axis OCS. 

Fig. 34 gives an enlarged view of the caustic LM'I in 
the neighbourhood of its cusp. The aperture KK^ repre- 
sents the central part of the mirror in the preceding figure. 
The marginal reflected rays KL, K^^ intersect the principal 
axis and each other at 0. If the light reflected by the 
mirror KK_ were received upon a screen, it would be found 
that with the screen in the position LL, it would be illumi- 
nated by a circiilai- patch of light, the outer edge of the 
patch being especially bright. As the screen is moved 
towards / this bright ring will gradually contract. When Q 
is reached a bright spot develops in the centre ; when MM 
is reached the circular patch of light reaches its smallest 
L dimensions, being brightest in the centre. Beyond this 
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pomC the circle of light expands again while its ctnitriil 
bright part 3tili coiiti-acta, until / in rt-ached, when an 




^ hqgM fmat o( Ugfai is eeeo « / smrwuided by s 
i^^HBCcd uaigiua] zone exundmg to JfX, The 
t CI m oHed die Um^Sa^aal abemtioe, or ■oae' 
^Ar ake **— — *^-" of t^ margiBal ny JTG. wkile 
■■« /Xb called tls btenl abemtkn. 
odEaiJrir woDed thedwfcof let iiiib^iw. 
«hB BOThe R^vried m the bhmcd JMip rf tfce 
m r^B X fi«d by the ■dmv JC^f ^ H Ar 
^ymrfAcMkrorbeMBcfadatly iiaiilii 
e pod B irfcclcd at Or 
e of Ae pMM « B inwd M /. 

ffiaiJi i» BHt W 1 
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iris, and therefta^H 

rays. ^| 



I provided with an annular diaphragm, the iris, a 
I can only receive a very slender pencil of rays. 

Referring again to Fig. 33 we see that an eye at E, 
which receives only the small pencil of rays incident at PQ, 
will perceive a bright line at F, where the i-eflected rays 
intersect each other. The reason why a line is seen, and 
not a point as represented in the diagram, will be immedi- 
ately obvious. The diagram is merely a sectional view ; con- 
sequently, if we are to take into consideration the solid cone of 
light that enters the pupil of the eye at E, we must imagine 
the figure to revolve through a small angle about its axis 
OGS. The arc PQ will then trace out a small element of 
the reflecting surface, in fact, the only part of it which 
reflects light to the eye at E ; and the point of intersection 
Fi will trace out a small arc, approximately a straight line at 
right angles to the plane of the paper. This is called the 
primary focal line. 

Meanwhile since the reflected beam is supposed to rotate 
round the principal axis, there will be a horizontal line of 
light on either side of F., where the reflected beam traverses 
the axis. If through the centre (i^,) of this line a line be 
drawn parallel to the tangent at PQ it will on rotating the 
figure map out a figure with two slender loops something like 
a figure of eight, which may be regarded as approximately a 
straight line. This is called the secondary focal line. 

The lines at F^ and F^ are in fact the cross-sections of the 
reflected beam at these two points. It is usual to call the 
plane that contains the axis of a pencil, and the axis of the sur- 
face that reflects or refracts it, the primary plane. We see then 
that the primary focal line is at right angles to the primary 
plane, and that the secondary focal line is in this plane. 

A glance at Fig. 35, which gives another aspect of the 
reflected pencil (shaded in Fig. 33) on a greatly enlarged 
scale, will make this clear. 

The figure is somewhat diagrammatic. Thus the portion 
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of the reflecting surface traced out by the above-inentionei 
revuliition iis considered to be a rectangle PQRJt, viewet 




obliquely. The light reflected by this portion converges to 
H primary focal line at F, and to a secondary focal line F~, 
which is in a plane at right angles to the line at F,. The 
shape of the reflected pencil between these two lines is what 
is termed in crystallography a sphenoid. A cross-section 
near F, would be oblong in shape, the width of the section 
being much greater than the height. A little further on the 
section would be nearly square. A section near F^ would be 
oblong again, its height being much greater than its width. 

It will be seen that an eye which i-eceives this obliquely 
reflected pencil cannot see a sharply defined image of the 
point S, The place where the rays are nearest together i.s 
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' denoted by ED, where thti cross-aection is approximatelr 
square. The blurred patch of light at this spot represents 
then the image of the poiut S to au eye in the situation 
under consideration. If, as is more usual, the reflecting 
element be considered of an elliptical shape, we may regard 
the section at DD^ to be circular. It may be represented by 
the circle inscribed in the previous square, and may be called 
the circle of least confusion. 

The eccentric reflected pencil shewn diagram matically in 
Fig. 35 is not therefore conical in shape. Such pencils 

' 'which, converging to two focal lines at right angles to each 
other, do not converge to a point, are called aatigniafcie 
(o, priv., ariy/j-a, a point). 

Position of the Focal Iilnes. It is not difficult to iiad 
the position of the focal lines that are formed by the re- 
flection of a small oblique pencil which is incident ou a 
peripheral part of a spherical min-or. 




Let SP represent the axial my of the obliquely incideij 
ipeacil, and let SQ represent an extreme lay of the penia 
Kinsideied. Jcin SC and {miduce it to meet the minor in ^ 
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Ill 



Iben OGS is the axis of the system. Let the reflected I'ay 
-f-Fj cut the axis in F^, and let the reflected my QF^ cut FF^ 
ill F,. Then F, marks the centre of the primai-y focal line, 
and similarly ^2 marks the centre of the secondary focal line. 
These points, the centres of the focal lines, ai-e often called 
tbe primary and secondary foci of the pencil. 

Join CP and OQ: then since these normals bisect the 
angles at P and Q, we have 

QCP = QGO - PCO = QSC + CQS ~ (PSC + CPS) 
= QSC + iF.QS-PSC-iF.FS, 
.: 2QCP = 2QSP + F,QS - F,PS. 
But from the equality of the vertical angles 
-P,C« + QSP = QF,P + F,F.% 
.-. 2QCP = QF,P + QSP. 
Now since the incident pencil is very small, we may 
regai-d the angles CQS and F, QC as equal to - 0, the angle of 
incidence of the axial ray of the pencil, and as Q is very neai- 
to P the angle PQG may be regarded aa a right angle. 

We shall now adopt the following convention with regai-d 

to the application of algebraic signs to the sides of a triangle. 

In any triangle such as QSP we shall consider the ratio 

—. — —?, as bearing the same sign as the ratio -„* or -Jbi 
stn.PQ8 ^ ^ SP PS 

bufe the opposite ? 



same sign as the ratio - v 

QP 
' SI'- 

Then ill the trkugle QF^P, 

Pq ^ ainQF.P _ sin QF ,P _ am QF,P 
F,P BmPQF, idn (90 - -F.SC) cos ^ ' 
aud in l-he triangle QSP, 

P_ singSP ^amQSP 
! «m(90 + CeS) aa4, ' 
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On replacing the -sines of these small angles by the 
tliemselves we obtain 

QF.P - '^^ and QHP - '''^^^ * , _ 

and the equation iqOP - QF,P + QSP becomes H 

iPQ_PQcm^ PQom,f " 

CP ~ F,P "•" SP ■ 
If as ia usual we denote the distances SP by ", F,P by 
r,, F.,P by V.J, and the radius CP of the spherical surface 
bv /-, we have 

'+-= \- 

u V, r cos 9 

Again, since the triangle SPF^ = SPC + GPFj, 
i iiVi sin 2^ = ^Kj- sin i^ + j^rv^ sin 0, 
sin2A 1 _ 1 






have t'oun^H 



Circle of Least Concision. Nuw that we have 
the position of tha focal lines of a small eccentrically re- 
flected pencil, we can determine the situation of the circle of 
least confusion with reference to them. Let DD, (Fig. 35) b 
that situation, the circle being that inscribed in the SL|Utf 
there represented. 

Let 1}E = I}D,= A: 

In the figure PQIlli, represents that portion of 1 
mirror which is reflecting the pencil under consideratioi 

Let QP and PiJ, be denoted by a and b, and let ] 
distances F,P, F.^P and DP be denoted by v,, v.^ and *■, 

Then by similai- triangles 

JJE _ F\D . DD, PQQP 
PR, F^P I)F^ PF, F,P' 
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. a: {av, + bvj) = ViVs(a + b). 



.(1)- 



A^ui since —r - = - and — r = t 

»e obtain by addition the value of k the side of tlie square 
it confusion 

°'t- = » + 5 <^'- 

If the reflecting surface PQRRi be square or circular, 
8 = 6 and the expression (1) becomes 

bbl '^'- 

and from (2) we get k ^a- — ' (4). 

This de term illation of the magnitude and position of the 
circle of least confusion is applicable in every case of an 
astigmatic pencil whether it be formed by reflection or 
refraction. 

Aberration. The aberration of a direct pencil after 
reflection at a spherical surface may be treated approxi- 
mately in the following way. 

Let S represent the luminous point on the axis of the 
spherical mirror KK'. Let K8K' represent the incident 
cone of light wliich may be considered to be made up of 
numerous thin pencils of different degrees of obliquity. Let 
the centric pencil be so reflected as to converge towards the 
is the conjugate focus of the point S. Let 
axial ray of the marginal pencil that is 
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[ incident at K, and let the corresponding reflected pencil 
meet the axis in G. Then Gl or a is the aberration. 




Let the angle of incidence of this marginal pencil be 
denoted by 0, and let the angle OOK subtended at the 
centre by the aemiaperture of the mirror be denoted by 6. 
CK _ smCSK r _ sin(g- ^) 
SC ~ sin SKC "^ SC ~ sin ^ ' 
CK_ sin C6K r _ Bin(g + (^) 
CG ain 0K6 °^ CG sin " 
By subtraction 



Then 



And 



sm a cos q> + cos ff sin ^ 



GQ SO' 



sin^ 



For the centric pencil. ^ = and CG becomes CI, 



GI SC "■ 

On subtracting the former of these equations from t 
•■CT we obtain 
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If tf be SO small that powera of 6 above the second may 
K neglected, 

i__ 1 <^G-ci_e^ 

GI CO ^^ Ci.CG ~ r ■ 

. IG= ~ 01' approximately or — (r — g')^ 

1 q denotes the distance 10 of the image from the 
mirror. 

If - or sill be substituted for t^, which is allowable ia 

now confining 



the order of approximation to which we are 
1 oureelves, the longitudinal aberration 

C/„r,.--t"(,-,). 

If the incident rays are parallel, 

r-q = l op/ 



..(2). 



Gt = 



_ t 

"V 



r or / is negative, GI is positive. The cusp of the 
eaustic consequently points towards the centre of curvature 
of the reflecting surface. 

When we come to deal with refraction at spherical 
sur&ces we shall find that the aberration varies as if, or the 
square of the semiaperture allowed, when we limit oui-selves 
to the second order of approximations. A convenient ex- 
pression for the position and magnitude of the circle of least 

fusion for a direct pencil may be obtained by making use 
theorem. 

Least ConfliBion. In Fig. 3i KN, K^N' 
ixial rays of the marginal reflected pencils 
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intersQcting on the axis at G. Let RT represent the axial 
ray of another reflected pencil cutting the principal axis at T, 
and the ray K^N' at M'. Then if RT be that particular ray 
whoaii interHection with K^N' is at the greatest possible 
distance from the axis, the point M' shall be the point at 
which it touches the caustic surface, and all the reflected 
rays shall pass through a circular space of which M'X is the 
radius. 

When M'X 'is a naaximum, M'X defines the size and 
position of the circle of least confusion. 

Let the ordinates of K, and R be denoted by — y aad y', 
and let the distance GX be denoted by x and the aberration 
GI by a. 

In Fig, 34, X and a are negative. 



Now 



But as 
when a; is i 



M'X K,E „,„ -yx 
GX = GE ""' ^^-GE- 
- y and GE are invariable, M'X is a maximum 
maximum, so that we have ouly to iind when a; 



-jx OT 



And when the abertation is very small, the dijference 
between GE and TO is negligible. 

.■. XT=ij - , approximately. 

And (;r=ex + zr=«+s. 

■3 
But GT=6I-'n. 



GT 



Ti ^ -^('■-ly 



= 1— 



K'-?)' 



. (Ct.(2),p.n5.) 
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On equating these values of GT we get 



-m^ 



<f 



s<y-s')ji' (1)- 



Then 



^(y-22/')=0, when y' ■■ 



Hence a: and consequently M'X is a miiximuiii 



Therefore tram (!)« = - and consequently XI - 
And since 



N-1 " 



GI 



M'X = N'r- 



The approximate distance of the circle of least confusion 
from the conjugate focus / is three-fourths of the longitudinal 
aberration. 

The approximate radius of the circle of least confusion is 
one-fourth of the lateral aben-ation N'l. 

These results are approximately true in the case of 
refraction also, for they hold good whenever the aberration 
varies as the square of the semiaperture allowed. 

It is evident from the figure that 

Of GE- 



If the aberration is small, we may take I A c 
approximation to the value of QE. 



^ as a rough 



x/— 
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In the case of a spherical miri'or when the incident ray;- 
are parallel, the longitudinal aberration 
- y- 

the lateral aberration N'lz::: —.,, 

the distance of the circle of least confusion 

ij. 

2/' 

the radius of the circle of least confusion 

The Contour of the reflected Wave-ftont. A 

Caustic Surface may be regarded as the envelope of the 
reflected (or refracted) rays. A glance at Fig. 33 shews 
that the caustic curve there shewn is the locus of the 
intersections of the consecutive reflected rays. But these 
rays are normals to the new wave-front. The source of 
light at S is sending out spherical waves expanding in all 
directions. On encountering the spherical reflecting mirror, 
a new shape is impressed upon the iucident wave-front. It 
is obvious that were the source of light placed at 0, the 
centre of curvature of the mirror, the incident expanding 
spherical wave-front would be reflected as a contracting 
spherical wave-front to the centre C again, In fact the 
focus C would coincide with the source of light, and there 
would be no aberration and no caustic. 

If however the source of light is not situated at 0, the 

d wave-front will be no longer spherical in shape. 

•^o discover the contour of the reflected wave- 

coaditions. The caustic surface is clearly 

■^fleeted wave -front. 




taught PT. ad Aim 5 kk fal the fsafeaScahr STK Wfm 

it, makb^ TK cqnl «• ST. J«m JtP. and |ndM« «^ 

Thm PQ B Ae iimiifilkj, reAeded n;. 

The locw rf f k ^^ fcnmL 

r car piifiBiBiafa to Sf- 

rSKhyr.ihe mdkss CJ* 
r b; c^ tke dJaUaw ST ^^ 

tttf^ bam the eenbe of cart«tmtv Vr«,*ad 

tbi ^Ele CiSr If tf. n get 

r=3(o eoetf + cjL 
The loen of f b tkere^n « finMfon. WIma. «£ mi iIk- 
I >e. & -^T*"** finncoo is not foRMcd. for tW 
coBtf apBHof a reflectiDg ^ib««. If «-r»fcc 
e bo a evdkid. Tig. 39. 
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Now since the reflected rays are noimals to the reflected 
wave-front, it follows that the shape ol" the reflected wave- 
front must be a parallel to the above linia^on. That is, the 
tangent at any point of the reflected wave-front is parallel 
to the tangent at the corresponding point of the lima^on. 

The caustic curve which is the evolute of the reflected 
wave-front is in the case of spherical mirrors the evolute of 
a lima^on. 

Canstic Surfiicea. In some simple cases it is easy toM 
find the form of the caustic surface geometrically'. 

Let the circle SPA repi-eaent the concave spherioal'fl 
mirror, and let S denote the source of light, situated on thel 
circumference of the circle that indicates the curvature o^ 
the mirror. From centre G describe a circle of radius OP 
equal to one-third of OA, the radius of the mirror. 




a taken from T. Preston'a Theorf 4 
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Let 8P represent one of the incident raj's. Join GP, 
cutting the smaller circle in T. On PT as diameter describe 
a circle PQT, its centre being denoted by G. Make GPR 
equal to SPG. Then PQR is the reflected ray corresponding 
to SP. 

Then since CP = CS, GSP = SPG, 

and FGT= CSP + SPG = 2 SPG. 

But TGQ = 2 TPQ = 2 SPC, 



, TGQ = FGT, or 



arc Qf _ arc FT 



TG 



FO 



id since FG=iAC = iPC=GT=-TG, 
the arc QT is equal to the ai-e FT. 

If therefore the circle PQT roll on the circle TF, the 
point Q will trace out the epicycloid SQF, which has a cusp 
at J*. 

Now since PQ?" is a right angle, being the angle of a 
Bemicircle, and QT is always normal to the path of Q, aa 2" is 
the instantaneous centre, the line PQR is a tangent to the 
epicycloid at Q. 

The epicycloid is therefore the envelope of the reflected 
rays in the plane of the paper. The caustic surface is 
described by the revolution of the epicycloid round the 
axis AC. 

In the above example, where the rolling circle is equal to 
the fixed circle, the epicycloid dascribed is a cai'dioid. 

If the distance 8C were infinite, so that parallel rays of 
l^t were incident upon a hemispherical mirror, a geo- 
metrical construction similar to the above would illustrate 
the case. The only modification in the construction would 
be that in this case the circle TF described about the centre 
C would be made of radius ^CA instead of iCA. The 
rolling circle PQT will therefore have a diameter equal to 
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the radius of the fised circle TF. The caustic will be this i 
epicycloid (see Fig. 41). 

General Expression for Caustics. The method given 
above is well suited to a few special cases, but if a general 
method is sought to enable one to trace any caustic curve, it 
will be found that the tangential -polar form of equations 
furnishes the simplest and most convenient way of dealing 
with the problem. 

If OA be the initial line, and if ■^ be the angle which 
the tangent to the curve makes with it, and if p denote the 
perpendicular from C upon the tangent, the relation between 
p and iff forms a simple equation to the curve. 

Before dealing with any example of a caustic surface, it 
will be well to prove the following lemma, which enables us 

to determine the curvature (-) at any point of the surface. 

Iiemma p = p + p'- 

Let CA be the initial line, its origin being G. Let 
CN=p, the perpendicular from the origin on the tangent 



I 

I 
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to the curve at P. Let PN= t, the length of the tangent at 
P to its intersection with ON". Similarly draw CN', the 
perpendicular from the origin on the tangent at an adjacent 
point Q. Let i/r be the angle which the tangent to the 
curve at P makes with the initial line. 
Then STN'=I^CS=A^ir, 

SN' = TS»mSTN'. 

sm STN Ai^ 

In the limit when Q coincides with P, TS = PN. 



_ dp 



Let it be denoted by p'. 



N.B. PN or p' is obviously equal to the perpendicular 
from G upon the radius of curvature at P. 

This, as will appear presently, ia a very useful point 
in using tangential -polar equations for determining the 
position of cusps. 

~~ VTP 



Again 



bat 
da 



_ dt _ QT-k 

P d-^jr Ayjr ' 

dt ^jj^Q^-P^. 

dtlr Ay ' 

TP + PK+QT~QN' = TN- 



A-y 



■ P^P- 



d^jr 



Af 



■^rff= 



=P + P ■ 



Examqiltg. 

(1) A plane wave-front of light (i.e. light of parallel raya) is 

inmdent on a reflecting jieraisphere. Find and trace the caustic. 

Let SCA he the ceutric ray passing through C the centre of 

hemisphere. Let SP be any incident my reflected from tlie 
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mirror at P in the direction PN. Then SPC = GPN=zff, the 
angle of incidence or the angle of reflection. Also ATP or i/f=2^. 




Now CN or p = r sin ^ = r sin ^ , where r = the radius of the 

hemisphere. 

, dp r il/ 

p=p-hp =-jSin^, 

T 

when i/^ = 0, ^ = 0, p = 0, jt? = 0, jo' = ^ . 

V 

There is a cusp {F) on the initial line at distance ^ from (7. 

As i/r begins to increase, p is positive and increases. 

The curve advances from this point (i^ on SGA with con- 

3r 
tinually decreasing curvature, until ^-it. Here p = -7-j aii<i a 

small arc of the circle of curvature can be drawn. 

Clearly the curve is symmetrical with respect to SCAj and we 
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have a cusp at the starting point. When ^ = 0, p' — s, and p 

we have seen is the perpendicular from C upon the radius of 
curvature, or normal. The cusp ia midway between C and the 

reflectoi', at distance ^ from C. 

Any point on the cauatiu curve can be found at which the 
tangent makes the angle \ji with the initial line SCA, and the 
radios of curvature (p) at the point determined. 

E.ff. Draw Cff parallel to the tangent (or reflected ray) PN. 

Make CR — p' or ^eoa ^. Draw fiA' perpendicular to f^ meeting 

PN in A'. Then K is the required point on the curve, and the 

radius of curvatui-e at thin point is p or -j- sin ^ , 

The caustic surface is given by the revolution of the caustic 
curve about the uiitial line SCA. 

(2) Light from a luminous point >S' on the circumference of a 
circle ia reflected once at all points round the circumference. 
Find the caustic. 



b 




fifti. 



nereSPC=CSF = <f> 



= 30, 



,. 8r . ^ 

when ^ — 0, <fi-0, p = 0, p' = ^, p —0. 

There is a cuap (/*) on the initial line SCA, at distance 5 
from C. The cun's advances from this point F, gradually re- J 
ducing its curvature until ^--^, where p~r, p' = 0, P = -a- 

Here therefore S is the point on the caustic curve ; its radius 
of curvature at this point being - - , 



Thecu 
. Fig. 39 which 



Fig. 42 in ideutical with the cardioid J 
described by a different method. 



A general expression will now be given, by which the J 
caustic c\irve, produced by the reflection at a spherical ni 
of & luminous point, whatever may be its position, can be I 
traced. 

Let (S be a luminous point distant a from the centre 0'u 
of a sphere of radius r. 

Find the caustic after one reflection. 

Let SP be an incident ray, and PQ the cori'espouding I 
rtj fleeted ray. 

From C let fall the perpendiculars p and ti on the I 
reflected and incident raya respectively. 

Then the two trianglea NP€, QPV have the angles 
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yPC, FCN equal to the angles QPC, FGQ, each to each, 
and the side PC common ; therefore the base ii is equal 
to the base p. 




I 



Now p = 7- aiii i/> = /I = (t sin ^ (A) 

i^ = 2* + S = 28in-'^, + sin-i'- (B). 

DiEferentiatiug with respect to yjr, we obtain from (B) 



w 



Differentiating again, we ubtaiu 



£;■-? 



sin ^ St 



p' sec 1 



, p' sec S 




(•I) Let 



K 
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^ 2 (sec <l> + sec 6) ' 

J J sec* <l> + sec^ 6] 
^"■^1 (sec<^ + sec^)»J • 



When ^ = 0, 

A. = W = 



p = 0, ^ = 0, p' = j, p = 0. 



There is a cusp at a point on the diameter distant j from C. 
When ^ = |, 

r 

«^ = sm-^^ = sm 4=g> 

P'= ;^=0. 

2(8ecJ + sec|j 

The expression for p involves again a fraction of the in- 
determinate form ^. 

As before, 

j^ ^sec*^+^c^^ j^ j^cos'^ + cos'*^ _cos*<^ 
•" 2 (sec ^ + sec ^)' "" *«= ^ (cos 6 + cos <^)' ~ cos* ^ ~ ' 

There is a cusp at the point determined hy = -^^ ^ = ^' 

J o 

6r r 

f 

When ' ^ = TT, r is negative, 



<^ = 0, ^ = ir, 



I 



p'= 



_ r 



2(1-1) *• 



9—2 
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The expression for p involves the indeterminate form x oo 
which on evaluation is seen to be eqnal to cx) . 
The initial line is an asymptote to the caustic. 

If ^ = ^ , $ can be found as before. 
For p = ^ sin ^ = r sm ^ = r sm ^ 



= r 



J' 



, 1 . ^ /I — sin^ 

whence J sin ^ = a / — ^ — , 

or sin«d=2-2sin^, 

/. sin d = -l + 72TT = -73205... (or- 2732...), 



r 



.-. p=- -73205.... 

This value of p and ^ will form a guiding tangent LDL' to 
part of the caustic curve. 

(4) Let a > ^ , < r. For example let a = -5- (Fig. 46), 

2r 
/? = -^sin^ = rfiin^, 



P'- 



2r 

3 2r 



4sec^ - 4sec0 + 3sec0^ 

i. — + sec ^ ^ 

16sec»«^+27sec»^l 



^ r, _ 16sec»«^+27sec»^ ) 
^ ^l (4sec<^ + 3sec^)«J • 
When ^ = 0, 



2r 
;> = 0, 4> = 0, y = y, P = 0. 



There is a cusp at a point on the 
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When 



<^ = sm-'| = 41°48'-6185..., 







R 

— R* 



/y^.^tf. 



16 



Tt ^ ^^.sec^«^ + 27sec^^ ^ 16 cos^^ + 27 cos»<^ 
^=2 (4 sec <^ + 3 sec 6/)' ~ ^=2 (^ cos ^ + 3 cos ^)' 



_27cos^ 



There is a cusp at a point determined by 



(3cos^) 



i=l, 



2r 



Q = 90% <^ = 4r48'-6185,... i/r = 2<^ + «=17a°37'-237..., p = ^ 



If 



rr 



^=0. 



2r 



'A ' . /l-sin^ 

jin^ = rsin^ = r A / — ^ — , 

sin2^ = |-|sin^, 
'^»-A±N/l + (Ay= -638085... (or - 1-763085...), 



^ 



»638(»6... = 42539. ..r. 
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This value of p and ip will form a guiding tangent LDL'. 
When 6 = JT, r '\s negative, 

p = 0, </. = 0, p' = 2r, p = 0. 
There is a. rirtual cusp on the axis produced in the negative \ 
direction at a point aituated 2r from c. 

By finding other points on the figure corresponding to other ' 

vftlues of 6 between -= and tt, the cun'e can be traced as in t 
diagram. 

(5) liet a - r. 
Ab before, the caustic curve becomes a cardioid (Fig. 42). 

(6) Let« = a). 
As before, the caustic is an epicycloid, suoh as is traced out I 

by the rolling of one circle npon another of twice its radiiu 
(Fig. 41). 

NoTB. If Totaitionconnter-ijloakwiBe is regarded as the positive dlreotion, 1 
CD making <p-CFSB,nA^ = FTA (Fig. 41), the expreaaionB nsed in t1 
atill hold good. 

Aplanatic reflecting aur&ceB. It is an easy matter 1 
to discover the form of surface tliat shall reflect light 9 
originating from a given point S to a given focus .? without I 
aberration. 

Keal Focus. We have already seen from the " principle; 
of same phase " (p. 102) that light originating from S muBfifl 
arrive at F by way of the mirror in the same phase, what- 
ever point of the mirror reflects it. In other words, if 8 and 
F be the conjugate foci, the sum of the focal distances to 
every point of the mirror must be the same, so that thej 
light from S may arrive at i" in the same time whateve! 
may be its point of reflection. As is well known an ellipf 
may be defined as a curve traced out by a point which move* 
in such a manner that the sum of its distanoes from t 
fixed points, called its foci, is always the same. 

If then a concave mirror be of the form of itii fllijwfiic 
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of revolution about ita major axis SF, Fig. 47, it will reflect 
light from S, incident at any point of the mirror to the 
conjugate focus F without aberration. 




fig. 47. 

For SP + PF = SA+AF^SP' + FF etc. 
So the reflected light reaches F in the same phase whatever 
its point of incidence. 

If the incident light present a plane wave-front, in other 
words, if the source of light be at an infinite distance, so that 
the incident rays are parallel, it will be readily seen that the 
surface of the mirror must be that of a paraboloid of revo- 
lution about its axis 8A, Fig. 48. 

Incident parallel rays of light will reach the point S in 
the same phase that they would reach the directrix HO 
before the interposition of the mirror for 

PS = PS, and P'S^P'E' etc. 
Sterefore all the int dent light is reflected to 8 without 






mirror be required to form the 
" -^t a given point 8' without 
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sberration, it will be fonad that the reflecting surfiice must 
jweaeiit the form of a hyperboloid of revolution about 8S'. 




Let AP, Fig. 49, be tbe required reflecting sur&ce, 8 and 
S' the given points. Let 8P represent an incident ray, PR 
its corresponding reflected ray. 
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Tben since the reflected light appears to come from S', it 
is clear that the locus of R must be a sphere whose centre is 
at 8', for the reflected light must present a spherical wave- 
front with centre 8'. 

Again, since the locus of iJ is a wave-front 



SP 


+ Pii = 


■a constant, 


ST 


+ PR = 


a constant 


«P 


-S'P = 


a constant. 



The curve AP must therefore he a hyperbola, and the 
required surface must be a hyperboloid of revolution about 
SS'. 

If the luminous point be on the concave aide of the 
mirror, the reflecting surface must be a similar hyperboloid 
of revolution, as is easily seen by substituting 8', S and W 
for 8, 8' and li in the preceding proof. 

Neither elliptical nor hyperbolic mirrors are practically 
made, for in the first place there are very great mechanical 
difficulties in the way of grinding such surfaces, and secondly, 
even if made, each mirror would be only aplanatic for one 
specific distance of the object. An attempt is made by 
opticians to give a parabolic foi-m to the concave mirrors 
which are used in reflecting astronomical telescopes. The 
wave-front of the incident light may be considered to be 
plane, and the functioo of the mirror is to impress a spherical 
form on the reflected waves. 

This investigation will have served its purpose if it 
shews more clearly what aberration means, and that its 
occurrence is due to using a reflector of the wi-ong sha,pe. 
A thin centric pencil is reflected by a spherical mirror 
without appreciable aberration, because the vertical portion 

"' conic section presents a curve that very nearly 

*he iwc of a circle. 



QUESTIONS. 

(1) A pencil of par&Uel raya is incident at an angle of 60° 
on a Bmall concave spherical mirror of diameter l^ins., and of 
6 ina. radius of curvature. Find the position of the focal lines, 
and the position and mdiuH of the circle of least confusion. 

(2) A pencil of parallel rays is incident at an angle of 45° 
on a small concave spherical mirror of diameter 1 in. Find ttw 
position of the focal lines and the position and radins of the, 
circle of least confusion. 

(S) In the above example suppose the incident pencil to be 
small BO that the diameters of the effective reflecting surface u< 



1 the primary plane, and - 



I the secondary plane. 



1 the radius of the circle of least confusion 



Find the positioi 

(4) A luminous point is situated on the principal axis of a 
concave spherical mirror at a distance of 1 2 feet from it. The 
diameter of the mirror subtends an angle of 120° at its centre cf' 
curvature, its radius of curvature is 1 foot. What is the lon^ 
tudinal aberration? Use expression (1) p. 114. 

(5) Parallel raya are directly incident upon a convex spheri- 
cal mirror of which the angular aperture is 10° 20', and the 
radius of curvature is — 10 cm. Find approximately the longi- 
tudinal aberration, and the size and distance of the circle of 
least confusion from the principal focus, (sin 5° 10' = '09.) 
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Re&actlon. So far we have been considering light 
travelling always in the same naedium, and the alterations of 
its course ensuing froni the interposition of certain reflecting 
surfaces in its route. We have now to investigate the 
alteration of course, or refraction, that it undergoes when 
it enters a diflferent medium. We shall confine our attention 
to such media as are homogeneous and isotropic, and for the 
present we shall limit ourselves to the consideration of the 
behaviour of homogeneous light in such media. The term 
homogeneous light means light of tho same kind, i.e. light of 
the same wave frequency or colour. We have already shewn 
how the velocity of light has been experimentally determined, 
and it will be remembered that light travels with different 
velocities in different media. Further, it has been shewn 
that its refraction on entering a new medium results simply 
from the alteration of the speed of its transmission. 

The laws of the refraction of light in homogeneous and 
isotropic media given below were discovered experimentally 
by Willebrord Snell in 1621. 

I. The refracted ray lies in the plane of incidence. 

IL The sines of the angles of incidence and refraction 
are in a constant ratio for the same two media. 

This constant ratio is really identical with the ratio of 
the velocity of light in the first medium to its velocity in 
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the second; it is usually denoted by the symbol ^. We 

may therefore express the second law by the formula that 

we made use of in the Introductory chapter. 

sin i V, , , 

. — = -J-- =1 a a constant. 

Let us take as an example the refraction of light, or 
rather of a small element of a wave-front at a plane surface. 

It is convenient to have some word by which to express 
the fact that light travels in a given medium with a rela- 
tively rapid or slow velocity. The terms rare and dense are 
universally used in Optics with this specific meaning ; they 
do not however in books on Optics necessarily involve any 
other physical property. Adopting these terms let us 
consider a small element of a wave-front travelling in 
given direction in a i-are medium, and let ua see how ifr 
changes its course on meeting a dense medium which i 
limited by a plane surface. 

Let AB, Fig. 50, represent the bounding surface aepa- 
i-atiug the two media, and let SI represent the incident ray, 
■Le, the dii-ection in which the element is moving in the r 
medium, then IR represents the refracted ray in the dena^ 
medium 



sin NIS 



uNIS 

T + N'JR) ' 



-sinJV"'/^ ' 



SN 



?=A«. 



Bin NIR "' sin(7r-l-iV7-R) "' - sin N'lR " N'R 

where /j. denotes the constant ratio or the relative index 

refraction for these two media. It will be noticed that as ft 

. V, . 
is the velocity ratio ^, it must have a positive value, and 

SN and N'R are both measured in the same direction. The 
sine of the angle of refraction is therefore ain NIR not 
sin N'IR. In Fig. 50 the angle NIR is measured clock' 

If the first medium be air, and the second medium 
water, the value of ft. has bep' 
about ^, so that w^^ 
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whatever the angle of incidence may be, the ratio — — is 

equal to |, and this fraction expreases the ratio of the apeed 
of light in air to its speed in water. 

Sincd the speed of light is less in dense media it is 
evident that the refracted raja are bent towards the normal 
when ligbt passes from rare to dense media and vice veraS,. 

Let US take the case of light travelling from a dense 

medium to a rare medium. We may now regard HI as 

being the incident ray, it will become in the rare medium 

the refracted ray IS 

- ^bN'IR sinjV'/fi RN' V^ , , ,1 

tor -. — ifPFTT or — -■ — sTrc. = nr,-. = IT = M where u = - . 

sin N'lS — sin NIS IfS V, '^ r^ 

It is clear then that the course of light is reversible, that 

IB to say, if light travels backwards in the direction of a 

refracted ray it will on emerging travel in the direction of 

the incident ray. This is obvioua from the consideration 

that the alteration of its course depends entirely on the 

alteration in its speed of transmission in the new medium, 

and this speed depends upon the nature of the medium. 
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In Fig. 50 since SIS' represents the original path of the 
light and ZR represents its path after refraction, the angle 
S'lJt is the deviation from its original course. Now since 
sin NIR = sin ( - N'llt) = sin RIN', and sin mS = sin S'lN' 
the angles of refraction and incidence are very commonly 
regarded as 8'IN' and RIN'. The deviation S'lR is con- 
sequently t~r. The angles of refi-action that correspond 
to the given angles of incidence at the surface of gh 
(/* = 1'54) are arranged below in parallel columns. The 
third column gives the corre spoil ding deviation. 

It will be noticed that when the angle of incidi 
increases uniformly, ,the angle of refraction increases slower 
and slower, and consequently the deviation {i — r) 
faster and faster. This is a law which holds universally for 
all media; a general proof will be found in a subsequent 
section (p. 201). 



1 




It is easy to see that if a medium, bounded by twol 
parallel planes, be interposed in the path of light travelling 
in a homogtineoua medium, the light on emerging will 
pursue a course parallel to its original course. We i 
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extend the proposition to any number of media bounded by 
parallel planes, for if F„ V.^, V^,... represent the speed of 
light in the first, second, third,. . . medium respectively, and if 
011 0a. 03V denote the angles of incidence in these media, 

sin 0a V^ ' sin 0a Kj ' 
for since the media ai-o bounded by parallel planes the angle 
of refraction at one surface is equal to the angle of incidence 
at the other surface. Thus if there are 4 media interposed. 
Fig. 51, and the angle of emergence into the original medium 
be denoted by 8 

V Y 

Hin 6 = ^ . sin 0„ and sin (f>i= -^ ein 0j etc. 



.-. sin fl = sin tjt, or in other words the final and initial rays 
are parallel to one another. 




"■31 the third medium is represented as more 
those adjoining it. Consequently 0j is 
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rhe velocity H 



Since the index of refraction is identical with the 
ratio, we can easily find the relative index of refraction 
between any two media, if their absolute index is known. 
For example, the index of a certain kind of glass is IJ, that 
of water is IJ ; what is the relative index of refraction from 
water to glass? If we denote by F„, Vg, V„ the velocity of I 
light in vacuo, in glass, and in water respectively, 



- and ■% 



En -_ _ 

V„ 2 '""" V^ 3 " 
The relative index of refraction from water to glaa 
V^ ,V„ V, V^ 3 3 9 

Consideration of the second law of refraction reveals the I 
fact that light in dense media incident at certain I 
angles on their surfaces, is unable to get out. 

For if X represent the angle of incidence in the dense 1 
medium and if y be the angle of refraction in the rare medium J 

??5_5 = J^ where Fd is less than V,. 
sm y V, 

Now when the angle of refraction ia nearly 90°, Fig. 52, 

the refracted light just skims along the surface of the dense 
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medium. If the angle of refraction be 90" or more than 90° 

the light will remaia below the boundary that separates the 

two media, in fact it is iinable to leave its original medium 

dii-ectly by transmission. Experiment shews that it then 

undergoes almost total internal reflection at the bounding 

surface. 

The critical angle at which this phenomenon of total 

reflection occurs can be easily found. We have merely to 

give 1/ its maximum value of 90" and the formula given 

" • - Va 

.e. svax= _ , 

For example, the critical angle for water and air is about 
18° 34', 

sin or _ V 
"^ sin 90 P 

■"""'" '1-3336'' 
Since tbc absolute index differs but alightly from the 
y \ 
relative index for air, we might have replaced ^ by -, where 

li represents the refractive index of water, and expressed the 
critical angle as that angle whose sine is the reciprocal of the 

index of refraction for sin x = - . 
M 
We see then that part at any rate of the light in a rare 
medium can always enter an adjoining dense medium, for 
the angle of refraction will always be less than the angle of 
incidence, but that when light in a dense medium is incident 
at any angle greater than the critical angle, none of it wil! 
leave the medium, it will all be totally reflected. 

Images by Refraction at a Plane sur&ce. The 

position of the image of a point in one refracting medium 
bounded by plane surfaces seen by an eye in another re- 
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fracting medium that is in the normal to the boundary- 
plane. 

Let P, Fig. 53, be a source of light in a dense medium i 
which is separated from a rare medium by a plane surface 




fi-^. S3. 

AB, part of the light which is diverging from P will take! 

the path indicated by the ray PN ; this will be refracted in, 

such a way that its new course will be given by NR, where 

aiallNP Fd , ^ ^ n ■„ - ,- l.i 

-. — rficf^ = TF ■ -A-u observer then at n will receive lierhu 
sin BNR Vr ^ " 

coming in the direction NR; we have now to determine* 

from which point in this line the light will appeal' to him i 

have started, or in other words we have to determine tha^ 

situation of the image of P under these circumstances. Foi 

this purpose we must find the point of intersection of t 

several rays that are directed towards the pupil of the 

observer's eye. We will take the simplest case, by con- 

sidei-ing that the observer'a eye is at some point E in the 

line PA normal to the boundary AB. Consequently w©« 
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shall only have to consider the narrow pencil of rays about 
the axis EAP, that enters the pupil of hia eye. 

Now NR and PAE are both in the same plane (Law I.j 
aud the angles RNA and NAE are together greater than 
two right angles, consequently RN if produced backwards 
will meet the normal PA. 

Let Q be this point of intersection. 

Then ZAPN=ZHNP and ^AqN=^HNq, 

sill APN ai n HJVP sin HNP _si n.giff Vg 
" ■ sin AQN **■■ sin HNQ °'' - sin"A'i\^i£ ~ sin HNR ~ V, ' 

Now if N be very close to A, the lines PN, QN will 
nearly coincide with PA, QA, and so the values of PA, QA 
may under these conditions be substituted for those of PN, 
QN. At the same time Q will assume a limiting position 
which we will proceed to determine, 



NA_ 
sin APN PN QN QA ,,. 
■^{^AQN^WI^PN^-PA "It^^'^t^'j-' 
QN 
so that under the conditions named ^r = ^ . 

If then we consider the very small pencil of rays that 
would reach an observer's eye at E on the normal from P to 
the bounding surface AB, they would diverge in the rare 
medium as if they came from Q, the distance QA being 

p? PA. If for example a small object is placed at the 

bottom of a tunibler-fuU of water and if it is viewed from a 
point immediately above it, its appai-ent depth below the 
Burface of the water will be 5 its real depth, for the ratio 

lect to water and air is J. 
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It appears then that a point P and its image Q lie on the 
normal drawn from the point to the bounding surface, pro- 
vided that the eye of the observer be also on the normal, 
and they both he on the same side of this surface. If P 
moves, Q moves also in the same direction and proportionally 
to the movement of P. 

If the object he in the rare medium its virtual image, to 
an eye in the dense medium, will be further off than the 
object really is, for under these conditions the refracted ray 
is bent towards the normal. 

It is important to remember that as in the case of 
reflection at spherical mirrors, this determination of thi 
situation of the virtual image is only true, when very small 
pencils are considered ; in this case indeed there is the 
further limitation that the incidence must be nearly normal 
to the surface. 

The consideration of the refraction of oblique pencils 
must be deferred to a later section. It will be sufficient 
here to point out that an oblique pencil undergoes con- 
siderably greater refraction, so that if an object of appreciable 
size is placed so that its base is at P, its virtual image to an 
eye at £ will be distorted and tilted, for its upper edge will 
only be seen by hght the rays of which are oblique to the 
surface. 

Reft-action through a Plate. If an object be viewed 
through a medium bounded by parallel planes, it will appeaf 
distorted, and its position will apparently be altered, the 
extent of the displacement and distortion will depend on 
the thickness and density of the medium, as well as on the 
obliquity of the pencil by which the object is 

We \vill suppose that the observer is so situated that the 
narrow pencil of rays directed towards his eye from the 
luminous point P ia nearly normal to the surfaces of the 
thick plate ANMB that represents the dense medium. 
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The extreme ray PN on entering the glass will become 
the refi-acted ray NM which if prolonged backwards will 
intersect AP produced in Q' in such a way that 

Q'A^^PA or up A. 

Since the diverging pencil in the dense medium proceeds 
08 if from Q^ it will on emerging proceed as if from Q a. 

point in PAB, such that QB=^^B or - Q'B. It will be 

noticed that M R is parallel to PN- 




To determine the distance QA we have 

QA = QB-AB or -.Q-B-AB. 

:. QA=^ (Q'A + AB)^AB, 



. QA=PA- 
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Thus a small object seen directly through a glass plate 
1^ ins. thick will appear to be half an inch nearer the 
observer than it really is if /j.= l-5. The displacement being 
equal to one-third of the thickness of the glass plate. 

Fig. 55 represents a small object S seen obliquely through 
a glass plate. Two points will be noticed, firstly, the virtual 




Fig. 55. 

image S' is displaced upwards far more than when the object 
ia viewed normally ; secondly, it is displaced laterally. Had 
the object S been of appreciable size the image S' would 
be both blurred and distorted. The discussion of these 
points wQI be reserved for a subsequent chapter (Chap. ix. 
p. 189). 

FrisniB. Any refracting medium bounded by two plane 
surfaces which are inclined at an angle to one another is 
called a prism. The inclination of the faces to one another 
is called the refracting angle or apical angle of the prism. 
We proceed to demonstrate certain properties which are 
common to all prisms. 

I. When light passes through a prism, which is denser 
than the surrounding medium, it aliuays undergoes a deviation 
in the direction opposed to the edge of the prism. 
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When light traverses a medium bounded by parallel 
planes, each emergent ray is parallel to its correspondiog 
incident ray (Fig. -54). 

If the face BM be rotated through a small angle clock- 
wise about B the plate will become a prism with its edge 
upwards, and the angle of incidence at this face will diminish 
until passing through the value it becomes negative. 
Any ray therefore such as NMR will on emergence be 
deviated away from the edge. 

If the rotation of the face BM be counter-clockwise, the 
prism formed will have its edge downwards. At the same 
time the angle of incidence at this face will increase and 
hence also the angle of refraction. The deviation therefore 
of any emergent ray will be upwards, i.e. away from the edge 
of the prism, 

If the prism be less dense than the surrounding medium 
all these effects are reversed. 

II. As the refracting angle of a prism increases, the 
d^ation also increases. 

This follows immediately from the proof given above 
of I. 

III. When light traverses a prism, the sum of the angles 
which aiitj ray makes with the adjacent normals within the 
prism is a constant of the prison considered, and is equal to 
the refracting angle. 

Let SIRT denote a ray of light passing through the 
prism ABC, Fig. 56. Draw the normals at / and R. Let 
the angles of incidence and refraction at / be denoted by <^ 
and cf)', and let the angles of incidence and emergence at R 
be denoted by i^' and i^. The angles i^' and yff' within the 
prism are to be reckoned positive when the ray which forms 
them lies above the intraprismatic portions of the normals. 



Let the refracting angle, BAG, of the priam be denoted 
by A '. The angles 0' and i^' are meayured counter-clockwise. 
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Then in the triangle ARI the angle at I is equal to 
90 — 1^' and the angle at R is equal to 90 — ■^'. 
.-. ^+9O-0' + 9O--f' = 180, 
.■. ^ = 0' + ^'. 
This result is universally true, for if the path of the ray 
within the prism is such that one of the angles of the 
triangle at J or at .fi is obtuse, the value of 0' or i^' must | 
be negative. 

' If ji JB greater than twice the critical angle of the medinm all light 
incident on one surface AB will reach the othei face AC at an angle greater 
than the critical angle, tt u-ill consequently he totoll; reflected at this 
surface. A. glass prism for example having a refracting angle of 82° will not 
Any light whioh enters the prism can only get cut after 
or more internal refleolions. 



IV. The total deviation is eipial to the sum of the aiifjles 
of incidence and ejnergence less the refracting angle of the 
prism. 

If the rays TB, SI be produced so as to intersect at D 
and we consider the triangle DRI its exterior angle D is 
equal to its two interior and opposite angles i^ — tfi, and 
■^ — -ijr'. And the angle D is the total deviation of the ray 
ft'oni its initial direction due to the prism 
D = <}) — 4>' + -<fr---\lf', 
.-. D = <f> + -<^-A. 

The relation between i/i and 0' is given by the equation 

K. . , . 
SID = ^ sm t}> or sm = /* sin (^ ; 

while that between ifr' and i/r is sin ■^' = ^ sin t^. 



L . . ,, sin-Jr . , . ,, 

I i.e. smyfr = ' or sm i^ = ^ sm ^Ir . 

V. Wlien a ray passes synnnetrically through a prism 
the deviatimi is a minimum. 

A ray passes syminetrically through a prism when the 

i angle of incidence is equal to the angle of emergence, i.e. 

when = 1^. 

If increases ^' increases also, at the same time i/f' 
diminishes and consequently yjr also. 

But the deviation — 0' increases faster than the devia- 
tion yjf — yjf' diminishes {p. 142). Consequently the total 
deviation increases. If we consider the path of light 
reversed, it appears that when the angle of incidence is 
diminished the total deviation increases. 

Hence this symmetrical position is the position of mini- 
mum deviation. 

When the refracting angle of a prism is very small, and 
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when the prism is placed in the position of minimum 
deviation, 0' and if> are both very small, hence sin ^ and 
ain if)' may be replaced by and <^', and may be replaced 
by >t0'. 

Then D being minimum deviation, <f> = -^ and if)' = ■yfr' 
O = 20 - J. and A= 20' 

.•.D = -2fj.^'-A ={n-l)A. 

This is a most useful formula but it is frequently mis- i 
applied in ophthalmic literature frem neglect of the two 
limiting conditions. We find that the deviation produced 
by a weak prism of glass is about half the apical angle. 
This is approximately true even if the prism is not exactly 
in the position of minimum deviation. For oblique pencils 
however the formula does not hold good. Thus if .A = 10° 
and = +O°, 3 = 1"^', the refractive index of glass being 
1'54; whereas the formula ^-1^ would give 5° 24' as the 
value of D, involving an error of 30 per cent. If = 20° the 
error introduced by the formula is about 10' or about 
3 per cent. These examples will assist the reader in dis- 
tinguishing the cases in which the use of the formula ia 
legitimate from those in which its application is unj us tillable. 

The relative index of refraction of a substance with I 
respect to air may be determined in the following way, ] 
Take a small prism of the substance and measure its i 
fracting angle A. Place it in the position of minimu 
deviation with respect to a beam of a certain kind of light, J 
the rays of which are parallel. Each ray then undergoes \ 
the same deviation B. Measure this deviation. 

Then because the deviation is a minimum 

= -^ and cj>' = -ip'', 

.•.D = 2if>-A and A = 20'. 

sin sin i(A + D) 
.-. u. or --B= •\/-A\ ■ 



When "the substance is a liquid its refractive index may 
be determined in precisely the same way if it be put into a 
hollow prism the faces of which are plane platea of glass. 

The instrument by which these observations are made ia 
called a spectrometer. It consists essentially of a horizontal 
graduated circle, Fig. -57, on which a collimator and a small 
telescope with cross wires are so mounted that they are 
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directed towards the centre of the circle. The collimator ia 
an apparatus for obtaining a plane wave (of parallel rays) ; 
it is a tube with an achromatic lens at its proximal end and 
a narrow slit at its distal end at the focus of the lens. The 
source of illumination is placed close to the slit, the light 
which emerges from the collimator then forms a narrow 
beam of parallel rays. At the centre of the instrument 
there is a small support or table which can be rotated about 
a vertical axis ; on this the prism is placed. 

The first step is bo measure the refracting angle {A) of 

the prism. The edge of the prism is directed towards the 

illimator. The telescope is then moved round the graduated 
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circle until the reflected image of the slit from one face falls 
on its central cross wire. The angle on the circle is noted. 
The telescope is now turned into such a position that the 
i-eflected image from the other face of the priam occupies the 
centre of its field. Another reading is taken. The difference 
between the two readings is equal to twice the angle of the 
prism (p. 71). The angle of minimum deviation is now 
determined. The prism is so placed that the light from the 
collimator enters at one face and emerges at the other. 
Owing to dispersion the narrow beam of light that enters is 
broadened out into a spectrum on emergence. It is necessary 
therefore to consider one particular hne of this spectrum. 
The prism is now rotated until the position of minimum 
deviation is obtained for this line. Any further turning in 
either direction from this position increases the deviation. 
The assigned line of the spectrum is now made to coincide 
with the central cross wire of the telescope and its position 
is read off on the graduated circle. The prism is now 
removed and the telescope is turned round so as to view 
the slit directly, and the reading is taken. The differenoi 
between the two readings gives the minimum deviation. 

The method given above is unsuitable when the substance 
to be examined can only be procured in small quantities. 
In such cases the critical angle of the substance is determined 
by experiment and the value of /i is found from the formula 

ainic=-. By this method the refractive index of a liquid | 

may be determined even from a single drop. The drop i 
placed in the centre of the lower face of a right-angled I 
prism immediately over a small marked hollow on a table, J 
Part of the light entering the bj-potbenuse-face of the prism 
is reflected at that portion of the base to which the drop i 
* at the other face to enter the eye o 
with a telescope on a graduatet 



I 

1. 

I 

1 
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scale. As he slowly lowers the telescope from that position 
in which he can see the mark through the drop he will find 
the spot at which the mark just disappeai-8. The critical 
angle of the medium can then be determined by noting the 
angle (d) of inclination of the telescope to the vertical. 




F.g.SS. 

Since no light from the hollow U is received by the t 
the incident light must have been so refracted on entering 
the glass as to be totally reflected at the surface of the drop. 
The angle MLN is the critical angle a, 

£ MNL = m-a, and z TNH=90-e. 
Then if the refractive index of the glass be denoted by 

sin TNB cos e 



h 



sin MNL ~ 



, and sin a 



s/u?-G 



And if the relative refractive index of the licjuid and the 
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But fi the refractive index of the liquid is equal to J 

.'. fi,' = iisma or V^^ — cos" 

Principle of Same Phase. It will be found tbatl 

Snell's law of refractiou follows at once from the principle of^ 
same phase provided that the assumption be granted that f 
the number of vibrations per second is independent of the I 
medium. This assumption is not valid in every case; 
shall refer to this point again (p. 181). 

Let SP, SP" be closely contiguous rays from S, Fig, ■ 
incideut at P and P' on the plane surface of a dense mediura 




fig-SB. 



Let fall the perpendiculars P'N, Pii upon the incident b 
refracted mys respectively. Then since SP and SP' 
contiguous we may regard SP" as equal to SN. 

Therefore at P' and A" there is the same phase at tbi 
same time. 

The principle of same phase involves the condition of ttt] 
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points n and P in tlie refi'acted rays being in the same 
phase. 

Therefore the time of traversing the distance NP 

(or -j^l is equal to the time of traversing the distance 



Images by Reft-actlon through a PriBm. We must 
now briefly consider the appearance that an object will 
present when viewed through a prism. The object may 
be regarded as an assemblage of points each of which is 
scattering light in all directions. But we have seen that 
the deviation produced by a prism is not proportional to the 
incidence. A difficulty therefore arises which we had not 
to face when dealing with reflection at a plane surfiioe. 
For from each point of the object light will be incident on 
the prism at various angles and will consequently undergo 
various deviations. The corresponding emergent rays from 
the prism will form an astigmatic pencil, i.e. they will not 
intersect in a point if produced backwards. Now in each 
prism there is one angle of incidence which gives rise to the 
minimum deviation ; whether the obliquity of the incident 
light is increased or diminished, the result is the same, the 
deviation is increased. 

From what we have said above (p. 102) it follows that if 

we consider a very small cone of light of which the axial ray 

undergoes the minimum deviation, we shall not introduce 

siable error by saying that each ray of the cone 

^ same (minimum) deviation. The smaller the 
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cone, i.e. the smaller its apica! anyle, the more nearly true j 
will this approsimation he. 

If then we confine our attention to such a small pencil 
or cone of light we are justified in asserting that all its 
constituent rays after refraction will intersect in one point 
if produced hackwards. In this way a point or focus corre- 
sponding to each point of the object may be found. 




fig. eo. 



Let Pp represent an object placed before the prism ABC. 
Of all the light scattered ia all directions from P, consider 
only the cone PIJ the axial ray of which undergoes minimum 
deviation. If then the angle IPJ be very small the ex- 
treme rays will also on emergence undergo the same 
deviation. Hence the emergent pencil must have the same 
angle of divergence that the iocident pencil had. Produce 
the extreme rays RKTL backwai-ds to meet in Q. Then Q 
is the focus of P with respect to this small pencil. The point 
Q will lie on the axis of the emergent pencil produced. It 
will be situated considerably above P and nearer to the 
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prism, by about one-third of the thickness of the glass 
through which it is viewed. Similarly a small divergent 
pencil from p undergoing minimum deviation will retain its 
original divergence, so that the intersection of the emergent 
rays produced backwards will be at q. This point q ia then 
the virtual image of p to an eye suitably placed to receive 
this emei^ent pencil. It is however obvious that no observer 
could receive both sets of emergent pencils, so that it would 
be erroneous to conclude that Qq is the virtual image of Pp. 
If the pupil of the observer's eye be so placed that the 
narrow beam that enters it from P has a virtual focus at Q, 
the small pencil that reaches it from p must have traversed 
the prism by some other path than that of minimum de- 
viation, and hence will not have a definite virtual focus at 
all; the image of p will consequently be blurred. It will 
be shewn in a later section that if the emergent rays of this 
aberrant pencil be produced backwards, they will intersect in 
two focal lines and not in a point ; there will however be a 
spot between these focal Lines where the cra^s section of this 
produced pencil will be very small. This is called the circle 
of least confusion and we may consider this spot as roughly 
representing the focus of the aberrant pencil. 

It must be remembered that the cross section of the cone 
of light that enters an eye is exceedingly small, being limited 
by the size of the pupil. It ia owing to this that the con- 
sideration of only small pencils gives fairly trustworthy 
results. A rough idea of the position of the circle of least 
confusion of an aberrant pencil may be formed by the - 
following considerations. The axial ray of the aberr I 
pencil entering the eye must be incident on the prism I 
an angle either greater or less than that which correspo I 
to the minimum deviation. Referring to Fig. 60 let 1 
suppose an eye at RT; the light which reaches this e I 
from p must have some such initial direction as pX. Tl I 
p. 0. 11 1 




greater thafi^f 
tion. Let U9 " 
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le of incidence of pX on AB is obviously j 
that which coiTcsponds to the minimum deviation. Let ua ' 
confine our attention to a small pencil of rays from p about 
an axis pX ; it is clear that the lowest ray of the pencil will 
undergo less deviation than the uppermost ray of the pencil. 
Hence the point of intersection of these extreme rays will 
be further off than the point from which they originated, 
neglecting the influence of the thickness of the glass. We 
may presume then that the circle of least confusion where 
all the constituent rays of the pencil are closest together 
will be at a point q' somewhat further from the prism than 
q and above the level of q. 

If however the eye be situated at S, the pencil that 
reaches it from p will be composed of rays that intersect at 
q. The pencU that reaches the eye from P will now be the 
aberrant pencil and will consequently undergo a greater 
deviation, the blurred image of P will be formed at a 
point Q' above the level of Q and slightly nearer the prism. 

Some of these points can be very easily verified. If fine 
type be observed through a prism of 20° edge upwards, it 
will be found that in the neighbourhood of one position the 
type appears bright and faii-ly distinct, although displaced 
upwards by about half the apical angle of the prism. If 
the prism is rotated from this position in either direction 
the type appears to move upwards and to become blurred, 
as well as less bright. If the edge be turned towards the 
observer the height of the object appears diminished, for 
in this case the effective rays from the lower part of the 
object undergo a greater deviation than those from its upper 
part. If the rotation be in the opposite direction, the height 
of the object appears to be increased, for now the path of the 
rays from the lower part of the object is more nearly that of 
minimum deviation than that of those from its upper part. 

The dimiuution of brightness in the image as the prism ] 
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is rotated from the position of miniraura deviation raises 
an interesting point, and one which ia of fandaraentaJ im- 
portance in the explanation of the rainbow. 

Let a widely divergent cone of light traverse a prism and 
let the axial ray undergo minimum deviation, the rays in its 
immediate neighbourhood undergo almost the same deviation, 
whereas the rays in the immediate neighbourhood of either 
of the extreme rays diverge widely. Consequently more 
light travels in or near the path of minimum deviation than 
by any other route. This phenomenon is often referred to 
as the condensation of rays that have undei^one minimum 
deviation. 

If the refracting angle of a prism be small, as ia usually 
the case in the prisms used in ophthalmic practice, the 
confusion circles are very small, and the blurring of the 
virtual image is not noticeable. If the angle of the prism 
be lO'' we may consider its deviation about 5" for all pencils 
whose abeiTation from the direction of minimum deviation 
does not exceed 20^*. 

An object viewed through the prism will appear bodily 
displaced upwards towards the edge of the prism, as though 
rotated through an angle of 5° about an axis passing through 
the prism. 

Up to this point we have merely been considering the 
path of the light that traverses a prism in a plane at right 
angles to both its faces. The light however that travels in 
a direction that makes an angle with this plane does not 
traverse the prism with the same deviation. If a prism is 
placed edge upwards before the eye, and observation be 
directed towaaxls a window, it will be noticed that the hori- 
zontal parts of the window-frame appear concave upwards, 
whereas the vertical sides still appear vertical and straight. 
The horizontal parts will also appear fringed with colour, 
this we shall for the moment neglect. Again, if the prism 
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be rotated about a vertical axis the image will undergo a 
further distortion, one of its diagonals becoming lengthened 
while the other diagonal is shortened. 

A popular explanation of this distortion is somewhat 
difficult to give. Let us confine our attention to a point at 
one end of the horizontal limb of the window-frame. The 
small cone of light from this point that eventually reaches 
the eye of the observer must have traversed the prism 
obliquely in the horizontal direction. The principle of same 
phase forces us to believe that the time taken by light to 
travel along each one of the constituent rays of the small 
pencil is the same, for under no other condition could an 
image of the point be formed. Now it is clear from what we 
have said above (p. 102) that this condition will be satisfied 
if we make the axial ray of this oblique pencil take the path 
which occupies minimum time. As the speed of light in 
glass is less than its speed in air, the longer its path in the 
glass the more time will the journey take, other conditions 
remaining the same. Now the light must preserve ita 
horizontal obliquity unchanged if it is to reach the eye of 
the observer, there is therefore only one way of shortening 
its journey through the glass, namely, by traversing the 
prism higher up, i.e. nearer its edge. But this increases the 
length of its path through the air, so a limit is placed on the 
vertical obliquity of ita path. There will thus be one route, 
which will take the least time to travel ; this will be that in 
which the path through the glass is diminished at the 
expense of that through the air in a certain proportion. 

When then the axial ray of the small cone that we are 
considering takes the route we have indicated all its con- 
stituent rays will represent journeys of the same length as 
regards time. This cone will consequently reach the eye aa 
if it had started from a single point. This is the only cone 
which forms an image of the point and is consequently the 
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only cone that we are considering. Since therefore this cone 
traverses the prism above the level of the cone from the 
middle point of the object, it will appear to the observer to 
be coming from a point considerably above the level of the 
middle point of the image. Both extremities then of a 
horizontal line viewed through a prism edge upwards will 
appear raised. The greater the obliquity of the incident 
pencil, the higher *¥ill be its course in the prism and the 
more elevated will the image be that it forma. If the edge 
of the prism be downwards the conditions will be reversed. 
In every case then when a line parallel to the edge of a 
prism is observed the image of the line will appear curved, 
the concavity of the curve being in the same direction aa 
that of the edge of the prism. 

If the prism, edge upwards, be rotated through an angle 
about a vertical axis, the cone of rays from one extremity of 
a horizontal line incident on the prism will become more 
oblique, while that from the other extremity will become less 
oblique, the image of the line will therefore be tilted as well 
as concave. If the object be a rectangular window, one side 
of the window will appear raised while the other side is de- 
pressed, consequently one diagonal will be increased while 
the other is diminished. 

Summary. 

A square object presenting a plane surface when viewed 
through a prism, edge upwards, will give rise to an image 
with the following peculiarities. 

The plane of the prism is the median vertical plane that 
bisects the apical angle. 

1. When the plane of the prism is parallel to the plane 
of the object. 

The image is raised above the level of the object, the 
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sides are more raised than the mid-vertical line. The upper 
and lower edges are consequently concave upwards. 

2. When the prism is rotated through a moderate angle 
about a horizontal axis parallel to its edge, 
The image rises. 

If the edge of the prism be turned towards the observer, 
The height of the image is diminished. 
If the edge of the prism be turned away from the 



The height of the image is increased. 

3. When the prism is rotated about a vertical axis in 
such a way that its right side is turned from the observer. 

The right margin of the image ia raised above the left 
margin, its right superior and left inferior angles are con- 
sequently rendered more acute. 

When the rotation is clockwise so that the left side of 
the prism is turned from the observer. 

The left margin ia raised above the right margin and the 
angles specified above become the obtuse angles. 

4. When the prism is rotated about a horizontal axis at 
right angles to its edge, e.g. about the visual line of the 
observer. 

The image of the object rotates also about the same axis. 
The image being always displaced towards the edge follows 
it in its rotation. 

The last point demands a little further investigation, as 
it is closely related to a problem which frequently arises in 
practice. 

Let us suppose that a thin pencil of light, the rays of 
which are parallel, travei'ses the centre of a prism in the path 
of minimum deviation. Let us now imagine a screen placed 
at a distance I baxa the centre of the prism Fig. 61, and so 
an'anged that its surface ia normal to the incident ray, which 
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if produced would meet it at /, and to the plane of incidence 
and reiraction. The deviation D undergone by the light 




Fig. ei. 

will be indicated on the screen by the distance IT that in 
this situation separates the refracted pencil from the incident 
pencil produced. 

Suppose now that the prism were rotated about an axis 
SI the spot of light on the screen at T would trace out a 
circle of radius IT, the centre being at /. Fig. 62 represents 




this circle where R = IT. If the prism be rotated through 
an angle p from the horizontal, the oblique deviation may be 
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resolved into two components, one horizontal (0) and one 
vertical (</>), and these would be represented on the screen 
by the lines R, H and V respectively. 

Then iJ' = F= + F=. 

And from Fig. 61 it is evident that 

and similarly H=ltaji0,B^d F = itan^; 

.-. tan-i) = tan'^ + tan'^. 

.. ^ 7 tan0 

Also tanp = -f, or =. 

'^ H tanp 

If then D and p be given, ^ and 6 can be found, and 
vice verafi. 

In ophthalmic practice such problems frequently arise, 
and their solution is rendered extremely easy from the fact 
that the prisms used clinically are so weak, that we may 
regard the tangents of their deviating angles as proportional 
to the angles themselves. Hence we may replace R, V and 
H hy D, <f> and 6 in the equations R — •JH" ■+ V^ and 
tan p = g.. 

For example, suppose that we wish to find the strength 
and position of a single prism which shall be equivalent in 
effect to the combination of a prism of 2° dev. edge out and 
a prism of 1° dev. edge up. 

Then replacing H and V by the values of 6 and we 
have D 01 R= ViZ'=+ V" = V2' + 1' approximately ; 

.■, U or iI = \/.5° = 2° 14' approximately, 
and tan p = \. 

This ratio is found on referring to a table of tangents to 
correspond to an angle of 26" 34'. 

Hence a single prism of 2° 14' if placed with its base 
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apes line inclined 26° 34' upwards from the horizontal will 
produce the desired effect. 

If a Ket of mathematical tables is not at hand Maddox 
suggests the following simple geometrical method. 

Draw a hoiizontal line of length proportional to the 
deviation of the horizontal prism. Thus let it contain i 
many inches as the angle of deviation contains degrees. 
From one extremity erect a vertical line at right angles to 
the former line containing the same number of units of 
length as the deviation of the vertical prism contains 
degrees. Complete the triangle. The hypothenuse represents 
the strength of the equivalent prism and the angle which it 
makes with the horizontal base line represents the angle at 
which this "resultant" prism should be set. An inch scale 
and a protractor or a circle divided into degrees is therefore 
all that is necessary to arrive at an approximate result. The 
error indeed will probably be considerably less than that of 
the optician who has the far more difficult task of making 
the prism to order. 

After the consideration of the distortion and blurring of 
the images produced by prisma, the reader may be inclined 
to think that objects can never be seen satisfactorily through 
prisms of any kind, and that therefore they can not be 
practically used with advantage in ophthalmic cases. It 
would be almost as rational to object to glass windows on 
the ground that no object could be distinctly seen through 
a plate of glass. Unless the plate be thick and the pencil 
be very oblique, the confusion circles ai'e so small that they 
only occupy one retinal element (retinal cone), and as long 
as they do not extend beyond this small area on the retina, 
the effect produced is precisely identical with the effect of 
a single point of light. 

Similarly with very weak prisms the distortion and 
blurring of the image is so slight as to escape recognitio 
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DISPERSION. ANOMALOUS DISPERSION. 
ACHROMATISM. 



DisperBlon. We have hitherto confined our attention 
to the refraction of homogeneous light, we must now con- 
sider what occurs if the incident light is not homogeneous. 

Waves of widely different periods are being continually 
radiated from the sun through space. The waves however 
which ai-e capable of setting up the specific stimulus in the 
retina that gives rise to the perception of light have but a 
limited range of period. The waves of longest period, when 
they reach the percipient structures, induce an impression of 
red hght, those of shortest period induce an impression of 
violet light. The ultra-red waves are capable of stimulating 
other percipient structures but the sensation produced is 
then that of heat, not of light. Similarly the ultra-violet 
waves do not give rise to any sensation directly, though we 
have no reason to assume that they consequently may be 
neglected. Indeed the intimate structure of many sub- 
stances, as for instance that of certain silver salts, is 
profoundly modified by these ultra-violet waves. It is 
probable indeed that they exercise an injurious influence 
on the delicate structure of the retinal cells if they are in 
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The terms ultra-violet and ultra-red are not strictly 
applicable to waves at all. Colour is a subjective term 
which merely expresses the sensation produced by a certain 
kind of stimulus on a certain kind of cell. Before light 
waves restch a colour-seeing organ, they cannot be said to 
have colour. No one would apply the term nauseous to 
waves of the sea, though under certain circumstances they 
may induce nausea in certain individuals. If it be clearly 
understood that by the expression red waves or red light is 
meant a set of waves of that period that induces a sensation 
of red in most individuals, the term will be found a con- 
venient abbreviation. 

As we are dealing with light waves only, we need not 
now consider the properties of the ultra-red and ultra-violet 
waves, and our study is accordingly confined to waves whose 
frequency varies from about 391 billions per second to 759 
billions per second. 

Now it is found by observation that in free space and in 
air red waves (i.e. those of relatively long period and long 
wave-length) travel at the same rate as the shorter violet 
waves. If this were not the case, if for instance red waves 
travelled quicker than violet waves, a star reappearing after 
eclipse would appear first red and then gradually change 
tint until it became white when ail the colours had had time 
to arrive. Now no change of tint has ever been observed, 
even in the case of variable stars, such as Algol, which are 
so distant that it takes several years for the light from them 
to reach us, and hence we may conclude that waves of any 
period between the limits that the eye can appreciate, travel 
at precisely the same rate through free space. 

It has been found indeed that waves of electrical dis- 
turbance of a period a million times longer than any light 
wave travel through free space at precisely the same rate as 
light waves. The ether of free space is then regarded as 
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homogeneoTia, or if it has any structural heterogeneity its 
parts must be so inlinitesimally small, that it can deal with 
wave-leagths of a hundred -thousandth of an inch in precisely 
the same way as wave-leugths of a hundred miles. 

We have however no right to assume that the ether in 
matter is also homogeneous. We have indeed some ground 
for thinking that in matter part of the ether is free, streaming 
freely through the pores of the matter, and part of the ether 
is bound, associated with the particles of matter in some 
way, so that it behaves differently. If the ether in matter 
is to be regarded as heterogeneous in this way ive can no 
longer say that the velocity of transmission of an undulation 
depends solely on the nature of the medium, the wave- 
frequency or the wave-length of the undulation may prove 
to be an important factor in the expression for its velocity. 
We must resort to experiment to see what actually does 
happen. 

If the white light of the sun be admitted through a 
narrow slit into a darkened room and a prism be held in the 
path of the entering sunbeam, the light will be deflected 
and form a broad coloured band on the opposite wall. The 
order of the colours is red, orange, yellow, green, blue, indigo, 
violet, of these red is refracted the least, and violet the most. 
Now we know that refraction depends upon the velocity of 
propagation ; and we may infer that the white light of the 
sun is really composite, consisting of these several colours, 
but for some reason violet light is impeded more than red 
light when traversing glass, and hence the prism refracts 
violet more than red. It will be found that when the colours 
are brought together by another prism or by a lens, the 
colours disappear and a white patch is formed. The whole 
series of colours however is not necessary to produce white, 
it is found that they consist of pairs of complementary 
colours, each pair when in proper proportions, and received 
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on the 8ame part of the retina, producing the sensation of 
white. 

Thus -Red is complementary to Bluish green, 

Orange „ „ „ Sky blue, 

Yellow „ ,„ „ Violet blue, 

Greenish yellow „ „ „ Violet 

The aensation of white is always due to a mixture of at 
least two colours, but the eye alone is quite unable to 
distinguish a white produced by the mixture of all the 
spectral colours, from that produced by a mLtture of only 
two or three of them. The difference ia at once made 
manifest by examining the colour with a prism, which will 
decompose it into its constituent spectiul colours. Certain 
interference experiments have proved most conclusively that 
in free ether one coloured light differs from another both in 
wave-length and in wave-period. The more refrangible 
colours, i.e. those nearer the violet end of the spectrum, 
have both wave-length and wave-period shorter than the 
less refrangible colours. And since the spectral coloure are 
differently refracted by glass-prisms, the value of the re- 
fractive index of glass must vary according to the exact colour 
which is used as a standard, indeed the term index of refrac- 
tion has no definite meaning unless the period, wave-length 
or some constant of the wave to which it refers is also given. 

It will be necessary to digress somewhat to show what 
means we have for describing waves of a definite period and 
length independent of the colour-sense of the observer. On 
p. 155 a short description of the spectrometer is given; 
which is an instrument for obtaining what is called a pure 
spectrum. If its slit be directed towards a candle flame a 
succession of images of the slit is seen in every colour 
forming a continuous spectrum. If however the sun's tight 
be examined, it will be found that colours corresponding to 
certain wave-periods are very faint, so that the spectrum 
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appears to be crossed by certain dark lines. These lines are 
the images of the slit in those tints which are defective in 
sunlight, they appear dark against the bright backgi'ound. 
With powerful instruments some 10,000 lines have been 
detected in the visible part of the solar spectrum, and by 
other means' the ultra-visible pai't of the spectrum has 
been shown to present nearly as many more. The most 
prominent of these lines have been named by the letters of 
the alphabet, thus A, B and C are in the red portion of the 
spectrum, D in the orange yellow, E in the green, F in the 
blue, G in the violet blue, and H in the extreme violet. 
These lines always correspond to a definite wave frequency 
ami a definite wave-length, and, being easily recognizable, 
form convenient mai'ks for determining refractive indices. 
Now it is found that all incandescent solids give continuous 
spectra, like that of a candle-flame which owes its luminosity 
chieHy to the incandescent carbon particles that it contains. 
However incandescent gases or vapours give rise to dis- 
continuous spectra consisting of a finite number of bright 
lines.. Thus incandescent hydrogen gives rise to three 
bright hues, two being in exactly the position of C and F, 
the other being near to Q. Similarly incandescent sodium 
vapour gives rise to a double bright line in the position 
of -D or rather D^D,, for with powerful instruments this line 
is resolved into two adjacent lines. Incandescent vapours 
radiate hght of specilic period, and according to the theory 
of exchanges they must absorb undulations of that period 
which they radiate. The explanation of the dark lines of the 
solar spectrum is siniple. The photosphere would give rise 
to a continuous spectrum but that it is surrounded by an 
atmosphere of incandescent vapours. If special means be 
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taken to view this layer alone a discontinuous apectrum ia 
seen of bright lines. 

This layer is so much less bright than the photo- 
sphere that it absorbs far more undulations than it radiates, 
hence, when the glowing nucleus of the sun is seen through 
its atmosphere, undulations of certain periods are largely 
absorbed. The dark lines crossing the solar apectrum indicate 
where this selective absorption has occurred, and afford a 
means of recognizing many metals and gases which are 
present as glowing vapours in the atmosphere of the sun. 

According to Captain Michelson's experiments in 1882, 
the velocity of light in free ether is 299,853 kilometres per 
second, and according to those made in the same year by 
Professor Newcomb, the velocity is 299,860 kilometres per 
second. In air its velocity is about 298,394'5 kilometres per 
second. Similarly in all gases the velocity of light is less 
than in free ether, but in most of them at the ordinary 
temperature and pressure no dispersion has been observed, 
in other words both long and short waves seem to be trans* 
mitted at the same rate. At the end of this chapter will 
be found a table of the wave-lengths, wave-frequencies and 
periods of the more prominent spectral lines in air. The 
index of refraction for all of these in air ia practically the 
same, as air has no sensible dispersive power. When we 
come to deal with glass, we find that the index of refraction 
/L undergoes a slight progressive increase in value as it 
is measured for the A line or for the S^ line. Further 
than this, different glasses disperse to different extents, 
the material that causes the greatest deviation does not 
necessarily possess the gi'eatest dispersive power. The 
diamond with a refractive index of 2-5 has not such a high 
dispersive power as flint glass. 

No completely satisfactory explanation of all the phe- 
nomena of dispersion has yet been given, but an attempt 
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will here be made to aliew in what direction the true 
explanation seems to be forthcoming. 

We may note that it ia found by experiment that the 
intensity of light exercises no influence on the amount of its 
deviation after traversing, for example, a glass prism. If 
however we supposed light to be due to an actual movement- 
vibration of the ether particles, we should expect some 
alteration of deviation to take place when the excursion of 
the particles was comparable to the intermolecuiar spaces of 
the glass. This, as far as it goes, supports the electric 
theory of light, i.e. that the ether particles do not actuallj' 
move up and down or from side to side, but that they 
undergo periodical changes of electrical state. We shall 
continue to use the terms vibration and undulation, as they 
keep prominently before our minds the fundamental notion 
of periodicity. 

Now since the vibrations of the ether in the glass are 
directly due to those adjacent to them in the air, there seems 
at first sight no reason why their period should be altered. 
Let us see how far we can explain dispersion on thia 
hypothesis. We find by experiment that light, for instance 
that corresponding to the A line, travels quicker through air 

than through glass. And since V=-=,, it follows that if the 

period T remains unchanged, the value of \ the wave-length 
must undergo a shortening in the glass corresponding to the 
I'etardation that this light undergoes in the glass. If then fi 
denote the relative refractive index between air and glass 
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this A line, its wave-length in air 



[i.e. the ratio 



must be ft times its wave-length in glass :— 



Xa = fiKg and \g = 
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Now consider waves of a shorter period T' , ihose for 
instance that correspond to the line H.^. Since these travel 
through air at the same rate as those of the period T it 
follows that their wave-length must be proportionately less, 

for ^=F=y, 

In glass however the velocity of these short period waves 
is less than in air. On the assumption that their period T' 
remains constant, we must suppose that this diminution of 
velocity is due to a diminution of their wave-length. 

If now we assume that the ether in the immediate 
neighbourhood of a matter particle behaves aa if it were 
more dense, it is clear that the ether in a glass prism, for 
instance, assumes a heterogeneity depending on and re- 
sembling the molecular arrangement of the glass itself. 
This might impede those waves most which were of shortest 
wave-length, and so we might explain the fact of dispersion. 
Referring again to the analogy we made use of before, sup- 
pose a column of soldiers six or seven abreast were marching 
obliquely towards a wedge-shaped piece of rough ground. 
In the open country each soldier might be taking steps of 
different lengths and yet, if the frequency of the steps was 
rightly adjusted, all the soldiers would be travelling forwards 
at the same pace. On reaching the rough ground they all 
would have to take shorter steps, but the nature of the 
ground might be such as to affect most those who took the 
shortest steps. If the period remained unchanged, the 
velocity of the short waves would be especially diminished 
and so their refraction would be increased. If the obstruction 
were of a different nature, it might affect all the waves equally 
whatever their wave-length. If for instance our soldiers were 
provided with diving dresses, and were made to walk at the 
bottom of the sea, they would certainly each take shorter 
steps, but it is quite possible to conceive that the progression 
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of each would be impeded to an equal extent. Similarly it 
is Ibund by experiment that the dispersion produced by 
a substance does not depend on the mean deviation produced 
by it. Air for instance at the ordinary pressure baa ap- 
parently no dispersive power, yet its refractive effects are 
readily noticeable, while fuchsin has an extraordinarily great 
dispersive action with quite a modei-ate refraction. 

AaomalouB Dispersion. The dispersiuu produced by 
ftichsin is very peculiar ; the spectrum of light transmitted 
through a fuchsin prism .shews the colours in the following 
order : violet, then follows an interval, then red, orange and 
yellow in tbeir natural order. Green does not appear, for 
that colour is not transmitted by fuchsin. Such anomalous 
dispersion as it is termed is well displayed in most of the 
aniline dyes, and a slight form of it, irrational dispersion, is 
presented by almost all transparent bodies. It is found for 
instance that some substances disperse one part of the 
spectrum more than another part, in other words, the 
deviation of light is not proportional to its wave-length. 

Theory of Dispersion. It is plain that the simple 
view we have beeu adopting does not explain the facts. 

Kiindt has shown that anomalous dispersion is beat dis- 
played in substances that have strongly marked absorption 
bands, and that in going up the spectrum from red towards 
violet, the deviation is abnormally increased below an 
absorption band, while above the band the deviation is 
abnormally diminished by the absorption. 

The assumption is regarded as untenable that the 
undulation period remains constant, whatever the nature 
of the medium may be. Let us considei' the case of fuchsin 
more minutely. When sunlight is transmitted through a 
rectangular glass cell containing a weak solution of fuchsin 
and examined with a spectroscope, the ordinary spectrum is 

12—2 
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seen with a strongly marked dark band cutting out t 
green and extending into the regions of the blue and yellow 
on either side. The surface colour of fuchain is green, that 
is to say that fochsio has the property of responding in a 
peculiar way to vibrations of the period of green light and 
reflecting them almost totally. Now we know that molecules 
of matter when in a gaseous state are vibrating, and sending 
out waves in all directions through the ether in which they 
are embedded. Some molecules are able to vibrate to many 
different periods, for instance the molecules of iron vapour 
vibmte to 450 difiereut periods even within the limits of the 
visible spectrum, giving rise to 450 lines of light each of 
definite period and consequently of definite colour. The 
molecules of sodium vapour on the other hand are only 
known to vibrate to two different periods, 'lOToQO x 10~" see. 
and ■197397 x lO"'* sec. Waves of these periods produce 
a sensory impression of orange yellow light. When the 
molecules are packed closely together, as in the solid state, 
their vibrations are cramped, so that their specific periodicity 
in quite masked by the innumerable secondary vibrations - 
that are set up. A white-hot bar of iron gives a continuous 
spectrum, shewing that its particles are vibrating to every 
period within the range of the visible spectrum. In the 
case of certain substances in solution it would seem that the 
particles may be permitted a certain kind of motion or 
vibration like a tuning-fork, so that they respond more 
readily to vibrations that they receive of their specific period 
than to any other. Their action is no doubt much cramped 
and the light which they reflect is not of definite period, but 
involves a more or less wide range of period. The green 
light reflected by fuchsin ean be analysed by a prism into 
yeilow, green and blue, and the absorption baud seen by 
transmitted light is correspondingly broad. 

Now presuming that in a fuchsin solution the fuchsin 
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particles readily respond to vibrations of a period about 
■176 X 10~" sec, the surface colour and the body colour of 
the dye are explaiued, and further consideration will go some 
way towards explaining its anomalous dispei'sion. Kundt 
found that when sunlight was sent through a fuchsin prism, 
the ether vibrations below the absorption band travelled 
slower through the fuchsin thau those above it ; red and 
yellow were deviated more than violet. If the vibration of 
the matter particles had altered the period of the ether 
vibrations, this might be accounted for. 

We have a ready dynamical analogy. If to the bob 
of a pendulum P, executing horizontal vibrations, another 
pendulum p be attached, executing vibrations of a slightly 
shorter period, the effect of p will, be to increase the period 
of F and vice versfL. It may then reasonably be maintained 
that the effect of the fuchsin particles, vibrating at a period 
of '176 X 10~", will be to increase the period of the ether 
vibrations below the absorption band and to diminish the 
period of the ether vibrations above the band. And since 

y — 7h, when the period T is increased the velocity is dimin- 
ished and vice vers4, consequently the refraction of the light 
below the band is increased, whereas that above the band is 
diminished. 

Now most substances, perhaps all, shew the praperties of 
selective absorption, and to this fact is to be attributed the 
irrationality of their dispersion. Glass, or rather the ether 
in glass, which readily transmits vibrations of such a period 
as arc sensible to the eye is quite opaque to vibrations that 
are two or three times quicker or slower. 

If the dispersion produced by a prism were due solely to 
differences of wave-length, the prismatic spectrum would 
resemble in character the diffraction spectrum in which the 
deviation is simply proportional to wave-length. But all 
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prismatic spectra, when compared with this standard, shew 
a relative contraction of the red end of the spectrum, and 
further most substances disperse different parts of the 
spectrum to specifically peculiar extents. This is what is 
called irrational dispersion, and it is probably best regarded 
as a form of anomalous dispersion due to absorption. Accord- 
ing to this view we may conclude that prismatic dispersion 
is primarily due to the molecular structure of the prism, 
being such as to impede waves of short length more than 
those of longer length, and secondarilj' to the vibration of 
the molecular systems reacting on the ether undulations and 
tending to alter their period. 

Dispersive Power. We shall now endeavour to find 
some proper expression for the measure of the dispersive 
power of a substance. We must first select some wave of 
definite period, the refraction of which through a prism of 
the substance we can regard as a measure of the deviation. 
We may conveniently take one of the fixed lines in the 
brightest part of the solar spectrum, e.g. the D line, and let 
fi represent the refractive index of the substance for yellow 
light of this wave frequency, 50fi x 10" per sec. Then if the 
refracting angle A of the prism be small and the prism be in 
the position of minimum deviation, the mean deviation is 
given by the expression (fi-~l)A. Let Hr denote the re- 
fractive index for the extreme red light of a definite wave 
frequency, e.g. 391 x 10" per sec, and let fi^ similarlj' denote 
the refractive index for violet light of the wave frequency of 
750 X 10". 

Then /j,^A — A and fi^A—A represent respectively the 
deviations of this violet light and of this red light produced 
by the prism. And the difference (/j.^ — /j.t)A represents 
the angular disperaion produced by the prism. 

Now the dispersive power of a substance is independent 
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of the refracting angle if it be small, and is measured by the 
ratio of its dispersion to its deviation. Therefore — ,-r-7- 

or measures the dispersive power. 

Now the dispersive power of one kind of flint glass 
is '053, while the dispersive power of a particular kind of 
crown glass is ■032. The prism of the crown glass 
(fj, = 1-52) whose refracting angle is 60° will in the position 
of minimum deviation produce a deviation of 38° 55' and 
an angular dispersion of about "032 x 38° 55' or 1°14''72. 
A flint glass prism of dispersive power '053 will have 
the same dispersive efifect when its minimum deviation 
is about 23° 30' or (/* = 1'5S) when its refracting angle is 
37° 26'. If therefore both prisms be placed in the position 
of minimum deviation, the edge of the one pointing in the 
same direction as the base of the other, the dispersion will 
be neutralized, whereas there ivill be a total deviation of 
15° 25' due to the preponderating effect of the crown glass 
prism. The emergent light will not however be totally free 
from colour, as the spectrum formed by a flint glass prism is 
relatively more exteuded in the blue part than the crown 
glass spectrum. In practice it is found that more perfect 
achromatism is obtained when two colours in the brightest 
part of the spectrum are united and the rest are allowed 
to take their chance. Theoretically only two definite colours 
can be fused by two prisms, three colours by three prisms, 
and so on, owing to the irrationality of dispersion ; but if 
the above method is used the complementary colours will be 
to a great extent corrected, and the double combination 
is auEBciently achromatic for practical purposes. Profesaor 
Abbe and Dr Schott have now brought out many pairs of 
kinds of flint and ci-own glass, such that the dispersion in the 
various parts of the spectrum is for each pair as nearly as 
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■possible proportional. The achromatism tliat can be attained 
by this Jena glass with two prisms or with two lenses is far 
more perfect than was possible before with a double com- 
bination of the ordinary kinds of glass. 

It is evident also that two prisms of different dispersive 
powers may be so arranged that the deviation produced by 
the one may be reversed by the other, so that after traversing 
both prisms the light is dispersed, but its mean direction is 
unchanged. If the refracting angles of the prisms are very 
small, we may take (^ — 1) --1 aa the deviation. If the mean 
refractive indices of the two kinds of glass be 1-52 and 1'58, 
we have to make "52^, eijual to '58 A,. Then a prism of 
crown glass with refracting angle .5°'8 will have its deviation 
compensated by a prism of flint glass with refracting angle 
5°"2 placed in the reverse direction; while the emergent light 
will be dispersed through an angle of 3''S, if the dispersive 
powers of the glasses be '032 and "053 respectively. 

If the prisms he of greater angle, and if their adjacent 
facefe be cemented together, the calculation becomes some- 
what longer. Let the crown glass prism present a refracting 
angle of 60° in the position of minimum deviation; this will 
give a deviation of 38" 55'. If the flint glass prism be 
cemented to the crown glass prism it must have a refracting 
angle of 55° 8' in order to neutralize the mean deviation 
produced by its neighbour, and the resultant angle of dis- 
persion will be about 50'. This is the principle of the direct- 
vision spectroscope. 

Expresaion for Dispersion. When we wish to correct 
the chromatic dispersion of two specific colours, e.g. the 
orange and the blue, we cannot make use of the published 
tables of dispersive powers, as owing to the irrationality of 
dispersion in different substances we have no right to assume 
that the disperaion in this selected part of the spectrum is 
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proportional to the total diapersion. We miigt therefore 
obtain another expression in terms of the refractive index, 
tables of which for various ptats of the spectrum are pub- 
lished for many substances. 

Let <f}, tf)' be the angles of incidence and refraction at the 
first surfaee of the prism, and let i^', yjr be the angles of 
incidence and emergence at the second surface. Then these 
are connected by the equations 

sin T^ = ^ sin ■<^', 
A = 4,' + -v^'. 
To make the problem more general we will snppose that 
the incident light has been already dispersed before reaching 
the prism. Then let + d(f>, <f>' + d<p', etc. denote the cor- 
responding angles for any other light whose refractive index 
ia fi + dfi. 

By differentiation we obtain 

"""-b — = sin <p -h, 



,.#. 






rf/i ' 

dfi. ' 



Then since - 



- and we can eliminate 



dtfi' _ rf(/j' _ d^|r' 

di/f' ' dfi df/, 

the last terms of the first two equations by multiplying the 
former by cos i/r' and the latter by cos 1^', 

__ _ ,rf</>' 

dft 



n tp' cos i/r' 4 



0' cos ■^jr' 



,,# 



cos tf>' COS ^ J = COS tf>' sin i/r' + ^ cos 0' cos -i^' 



.-. cos cos i/r' -J- + COS <f>' 

a differentials 1 



.dyjr 






sin (<f)'+yjr'). 



y^'dtft + CQS^' cosifrdylr = d/J.smA. 
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If tlie incident light is not dispersed the tenn involving 
di}) vanishes and the dispersion of the emergent light is 

COS tj> COS l/f 

When the incident light falls perpendicularly on tlie first 
surface 4i' = 0, -^' = X and sini/r = ^sin j4, 

.'. d-Jr = — tan ■^I^. 
^ p. ^ 

When the prism is in the position of minimum deviation 

for the standard wave-length, 0' = ^' = ^A, 

.'. sin A = %am i^' cos </>' = — sin -^ cos 0', 

.". di^ = "— tan i/r. I 

The position of minimum deviation is not therefore the 
position of minimum dispersion, which is that which makes 
the product cos ^' cos ifr a maximum. The maximum dis- 
persion is obtained when this product is a minimum ; this 
occurs when i^ = 90°. Hence the dispersion pi-oduced by a 
prism whose refracting angle is ever so great may be counter- 
acted by the dispersion of another prism of the same material 
whose refracting angle is ever so small, provided it be placed > 
in a suitable position. 
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If the incident light is not dispersed the term 
dif) vanishes and the dispersion of the emergent lig 
, , da sin A 
COS0 cos^ 
When the incident light falls perpendicularly o 
surface '^' = 0, ■^' = ^1 and 8in^ = ^9injd, 



When the prism is in the position of minimum 

for the standard wave-length, 0' = i^' = ^A, 

2 . 
.'. am ^ = 2 am ^ cos <^ = - sm ■^ cos ^ 

/. di^ = — tan ■^. 

The position of minimum deviation is not thi 
position of minimum dispersion, which is that wh 
the product cos <f>' cos fjr a maximum. The maxi 
persion is obtained when this product is a minii 
occurs when -^ = 90°, Hence the dispersion proi 
prism whose refracting angle is ever so great may 
acted by the dispersion of another prism of the sf 
whose re&Bcting angle is ever so small, provided 
in a suitable position. 
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190 OBLIQUE PENCILS, 

primary plane, i.e. the plane that contains the axial ray of 
the pencil and the normal to the surface from the origin of 
the pencil. The primary focal tine is in a plane at right 
angles to the primary plane. It is evident then that the 
refracted cone does not intersect in a point. The refracted 
pencil if produced backwards would become oval in section, 
then getting narrower would finally form a line at F^. 
Beyond F^ the lateral rays would have crossed, and the 
section would gradually widen and at the same time become 
thinner, until it would merely be represented by a line at J*,, 
At some spot between F, and F.j the section would be 
circular ; at this place the cross-section of the pencil is the 
It is called the circle of least confusion. 



I 



Position of the Focal Lines. The position of the: j 
primai-y and secondary foci may be determined in the follow- J 
ing way. 

Let OP = u, F,F = v„ F,P = v,. 

sin^ _FJ' _vj 
sin d>'^ OP ~ u' 



Then 



.■. fi.u = ii2 or - = -._ 
Again, sin = ^ sin ip'. 

Differentiating we get 

cos ^d<^ — fi. cos ^' d^'. 
Now when the pencil is very small, d^ represents the j 
angle FOQ, and d^' represents the angle PF,Q. 
And in the triangle POQ, 

PQ ^ sia POQ ^ sin POQ 
OP ~ sin OQP~ cos AOQ- 
Since the pencil is very .small we may replace Ann ' 
ZPOQ 
' cmAUf 



I Thus 
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PQ_ d4, 



^PF^q 



Similarly 
Pq_amPF,q 

The equation fi coh (f>'d<ts' = cos <f> d^ may therefore be 
tranaformed into 



' sin FJ'A cos A FJ^ cos ^' ' 




ng 63 -.P_ 

The figure represents an obhque pencil of light passing 
from a rare medium to a dense medium. Had the light been 
travelling from a dense to a rare medium (/*<!) the point 
F, would have been situated above the axis OA. 

These formulse enable us to determine the position of 
the primary and secondary focal lines of an oblique pencil 
after any number of refractions, provided that each refracting 
medium is bounded by a plane surface. 

Let us consider the form of an oblique pencil after tra- 
versing a glass plate of thickness »u bounded by parallel plane 
surfaces'. 

* The reader is recommended to draw a diagram for himself. 
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Let the angle of incidence of the axial ray of the pencil 
be <p, and let the angle of refraction into the glass be 0'. 

Then v, = u,u , , (1), and Va = /iU (2). 

'^ cos" <6 ^ ' "^ ^ ' 

The pencil in the glass will therefore proceed as if from 

these two focal lines ; on reaching the distal surface of the 

glass the angle of incidence will be tjj', and the angle of 

emergence or refraction into the air will be ^, since the faces 

of the plate are parallel. The index of refra^^tion from the 

glass into the air will be - . It is required to find the posi- 
tion of the primary and secondary focal lines of the emergent 
pencil. Now, since the axial ray of the emergent pencil on 
being produced backwards does not pasa through the point 
of incidence on the proximal surface of the glass, it will be 
necessary to measure ^i' and v,' from the point of emergence 
on the distal surface. We must therefore take into account 
the length (I) of the axial i-ay within the glass. 

We can determine the distances of the primary and 
secondary foci Vi, vi from the point of emergence by making 
the substitutions indicated in the first and second equations. 

In both equations for the second surface we substitute -, 

^ and 1^' for /*, </>' and 0, and, while the expression Vi + l 
takes the place of u in the first equation, r, -f-i takes its 
place in the second equation. Thus we get 

1 , ,, cos* A I cos' A 

ti,' = - (d, + -irr, or m- ; -„^-, , 

/I cos- p /i cos' 9 

vi = ~ (?i, + or M + - . 

Now if the angle of incidence or ^ be 20', the expression 

., = '92 approximately, when the refraction takes place 

COS'i^ rr J r 

between air and glass. 
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If (^aiti <^ = 80°, — Vx' = ""5 approximately. 

The distance - 1 1 — p ] between the two foci mav be 

fi \ cos* ^ ; ■^ 

taken as a measure of the indistinctness of the image. 

If the pencil considered be small and direct, the two foci 

coincide at a point situated u + - from the distal surface of 

. . '* 
the glass and the image is distinct. As the obliquity of the 

pencil increases, the separation of the foci becomes more 

noticeable, and the image appears blurred. However oblique 

the pencil may be the distance separating the foci cannot 

exceeil - . Hence we may aay that if the glass is very thin 

an object viewed through it appears distinct and nearly in 
its true position for Vt =u = v^ approximately. It is evident 
that I = v) sec </>', where iv represents the thickness of the 
glass, and we might have substituted this expression for I in 
the formulie above, but they are easier to remember in the 
form given and are more generally useful. 

The position of the focal lines of any small pencil travers- 
ing a prism can be determined in a similar way. 

If u be the distance from the source of light to the point 
of incidence on the first surface. 



= liU - 



, and I 



If I be the length of the axia! ray of the pencil within 
the prism and ■^' be the angle of incidence at the distal 
surface and ^ the angle of emergence, 

,.^ cos' ^ cos' <j>' cos' ijr I 003° ^ 



<", + 0, 



and 



cos' ■^' 



{',+') 



j' 1^ ■ C03* ^^' /x coa' ^' 

, I 
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Hence if the prism be in the position of 
tion if> = ylr and ^' — i/r', and we have 

, _ I cos* ^ 
/I cos' ■^' ' 

. I 



The image is nearer the edge of the prism than the 
object, but its definition in the position of minimum 
deviation is aa good as that produced by a plate of 
glass of corresponding thickness (i.e. I). This result is of 
fundamental importance in spectrum analysis, for if the 
prism of the spectroscope be placed in the position of 
minimum deviation, it is possible to obtain a definite image 
of the slit, and hence a pure spectrum. With the prism 
in any other position the coloured images of the alit will 
overlap and consequently the spectrum will he impure. 
When a collimating lens is used and is properly adjusted, 
it has the effect of virtually removing the alit to infinity, as 
the light coming from the slit after traversing the collimator 
presents a plane wave-front. In that case u = <x> and the 
distance v^' — v,' becomes practically negligible. Thus when 
a collimator is used and the prism or train of prisms is not 
in the position of minimum deviation, the effect will be to 
increase the breadth of the lines and to proportionally 
increase the length of that part of the spectrum. 

If the prism is so thin that its thickness may be 
neglected, «,' = u — Vj approximately, and we may say 
that both image and object lie at the same pei-pendicular 
distance from the principal plane of the prism. 

From the consideration of the primary and secondary foci 
of thin oblique pencils we naturally pass to the combination 
of a thin direct pencil with pencils of varying degrees of 
obliquity, in other words to the locus of intersection oi all 
the refracted rays from a wide pencil. The caustic 



I 
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formed by the refraction of the wide pencil AOP will be 
the locus of F, for all the small pencils of which AOP is 
composed (Fig. 63). The locus of F^ is of course on the 
normal OA. We will first consider the contour or shape of 
the refracted wave-front. 


Contour of the Redacted Wave-front'. Let S be a 

luminous point, LI the refracting surface, SI any incident 
ray. Draw SB perpendicuiai' to the surface and produce 
it to 8', making 1)8' equal to SD. Describe a circle about 
SS'I, and produce the refracted ray IR backwards to meet 


\ 


J 


V\ 


H 




/ ■ 


V 


^1 


-..„ \ 


/J^J 


I 


^^1 


' The method adopted is taken from H. M. Preston's Theory of Light. ^H 


^H 
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the circle at Q, and the normal 8'S in G. Through Q draw 
S'QE, and join QS, QL. 

Then since LT bisects S8' at right angles, LI is a diameter I 
of the circle and the angle LQI in the semicircle is a right J 
angle, 

ZGQL^ZLQI. 
And since 
SD = DS', RrcSL = tireLS' and ^:SQL = ^LQS', 
.: /.GQS = i^S'QI = ^S'Sl = <l>, 

the angle of incidence. 

And ^ QGS = <p\ the angle of refraction. 

Therefore in the triangle QGS, ^-!-^, = |^ . 

Again since /: KQG = Z S'Q/= ^ GQS 
the refracted ray IQG bisects the external angle of the 1 
triangle S'SQ, 

SG_SQ 
■'■S'G'S'Q' 
sin0 _SG _S'G _S'G -SO 6"S 

■■■srn"*' ""^ ''-SQ-S'Q-S'Q-SQ-S-Q-SQ' 



The locus of Q is therefore a hyperbola with S and jS' Tot I 
foci The refracted wave-front RRf is consequently a parallel J 
to this hyperbola. The normals to this wave-front are t 
refracted rays and the envelope of these rays is the causti 
surface. 

The caustic surface cc' may therefore be described by 

SS' 



drawing the evolute of the hyperbola S'Q — SQ 
then causing the figure to revolve s 



- and 



e axis SS'. 
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Similarly it may be shewn that if the second medium be 
less refractive than the first, 



The locus of Q is therefore an ellipse, and the caustic 
surface is the surface traced out by imagining the evolute 
of this ellipse to revolve round the axis SS'. 

Caustics. The caustic cni-\-e produced by refraction at 
a plane surface can also be directly traced by employing a 
different method. 




Let S be a luminous point in a medium the refractive 
index of which is 1. Let OP (Fig. 65) be the plane surface 
bounding the medium at which refraction occurs ; let its 
refractive index be denoted by fi. Let SO represent the 
principal axis of the divergent pencil of rays issuing from S. 
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Then SO is normal to the plane surface OP, Let SO be 
denoted by o. Let SP represent an incident ray, PR the 
corresponding refracted ray. From let fall the perpen- 
diculars n and p upon the incident and refracted rays respec- 
tively. 

Then the angle OTP or ifr which the refracted ray makea 
with the asis is equal to <f>', the angle of refraction. Similarly 
the angle OSP is equal to the angle of incidence <f>. 

Now Bin0 = ^3ini^' (A), 

71 = ff sin (f>. 



0P = 



.\p = n sec cos <^' = a tan cos 0' 
dp ,, „ , dA 



= psec0 ; 
(1). 



From (A) 



d^p _ 



= a COS sec 



— 17. tan sin ^ 

/iCOS0', 

' 1^ — o tan sin i^' . . 



1 sec' cos' t 



^rf0' 



S;tasi 



— (I tan cos 0' — a sin 0' see- 



■• (2), 

i 0'Bin 0' 

1= rfi^-E^. : 



"rff 



.'. ^"=atan0eos0'(3/u.'3ec*0cos'0' — 3sec°0 — 1], 

p=p+p" =p [Sp- sec' coB^ 0' - 3 sec- 0} (3). 

Let ^ = 1'5. 

When = 0, 



0' = O, 



p = \j, p = fia, p = 0. 
There is a virtual cusp on the principal axis distant pa 
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When 



<t>-l 



4' 



<})' = sin-i -^ say 28'' 7'-53, p = a cos ^' = -882. . . a, 

p' = 2 V2/iia COS* ^' - a sin ^' = 28295 ... a, 

p=p {12/i,»cos«^'-6} = 15-0069.. .p = 13-237. ..a. 

The adjoining figure (Fig. 66) represents the caustic 
formed by the refraction of a luminous point in a dense 




fig. 66. 



medium {e.g. water /i = ^). The line OP represents the 
bounding surface of the rare medium the refractive index of ] 
which ia 1. The refractive index of the second medium 



i therefore - 
When 



of that of the first. 
<f, = 0, 



0' = 0, p = 0, ;>' = -, p = 0. 

There is a cusp on the principal axis ^a from 0. 

When 0=~, 

<^' = sin"' (i -H f) = siu~' ^ = 41" 48' appraximately, 
p = atan^coB^' = '4!304... a, 

p' = - cosi' if) Bee' <p — a t&n (fi sin if>' = '25QQ... a, 

p = p ] — sec' ^ cos' 1^' — 3 sec'^i^^ = 10'0-1... a. 

When (p ~ sin~' | the critical angle, 4S° 36', 

^' = ^, p = 0,y = -11339... ffl, /j==o. 

The tangent to the caustic passes through at right 1 
angles to the axis. This limiting point of the caustic is I 
1-1339... o distant from 0. 

It will be noted that as increases from 0^ to 48° 3ti , p \ 
first increases and then diminishes while p' changes sign from ] 
positive to negative. It will be found that when the £ 
of incidence is 39° 43''285.., the value of p' will be 0, while | 
p will have its maximum value of ■4349... a. 

On applying the general rule for converting all formula) 
relating to refraction to the case of reflection (p. 219), it will 
be seen that the caustic reduces to a point situated on the J 
negative side of the mirror. 



For on giving the values — 1 to /i and — ^ to (}>', 

(1) p= a tan ^co9{- <}>) = + a sin i^, 

(2) p' = —a coa' (— 0) sec^ <j> — a tan i^ sin (— tfi) 

= -. (1 — ain'A) = — a coa A, 

cos if, ^' ^ 

(3) p = ;) [3 sec' 4> COS' (- 0) - 3 sec' 0] = 0. 

A well-defined virtual image will be therefore formed of 
the point — a from whatever be the angle of incidence. 

Variation of Deviation. Certain statements were 
miide in the preceding chapter concerning the changes 
that the angles of refraction and deviation underwent on 
varying the angle of incidence. It will be found that the 
two following assertions are iiniversally true ; they are indeed 
involved in the acceptance of Snell's law. 

(1) The gi'eater the angle of incidence, the greater will 
be the angle of refraction and the greater will be the angle 
of deviation. 

(2) As the angle of incidence increases nnifonnly, the 
angle of deviation increases at a continually increasing rate. 

Let the refraction be supposed to take place from a rare 
to a dense medium, then /i<1 ; and let <^ denote the angle 
of incidence and let <p' denote the angle of refraction, 



sm<f> = fi.si 



thei 



Differentiating with regard to <f> we obtai 
cog0 = MCos*^, 



d^ fi cos 0' sin cos 0' tan 
Now the angle of incidence cannot exceed 90°, conse- 
quently tan 0' must always be less than tan and bear the 
same sign as tan 0. 



.". 7 — % or -j^ must be always positive and lef 



than I. 



VAMATION OF DEVIATION. 

The angle of deviation, we have observed, is given by the 

expression A — A', And j-r (^ — <^') = 1 — j ? . which is always 

a(p atp 

positive aad less than 1. 

Therefore the gi'eater the angle of incidence, the greater 
will be the angle of refraction and the greater will be the 
angle of deviation. In this case, when /* > 1 the increment 
in the angle of incidence is always greater than the corre- 
sponding increments in the angles of refraction and deviation. 

However as 



B than 1. 



d<f, 



= cot' sec° 0' tan tp' — cosec' (f> 
= cosec= tan A — — r, — 1 , 

^ ^ \CO9^0 J 

; must be positive and less than 1, 



Therefore as ^ 
decreases. 

Again, ~M - 



n- 



the rate of increase of 0' 



- and is therefore positive. 

' the 



Therefore as <ft increases the rate of increase 
deviation increases. 

In other words, if the angle of incidence increases uni- 
formly, the angle of deviation increases faster and faster. 

The table given on p. 142 illustrates these statements in 
the special case where /i= 1'54. 

If ^ < 1 it is evident that ^ < 0' and that the deviation 
s negative, or measured in the reverse direction. It 
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iquentty if <f) increase by a certain amount, 0' increases 
by a still greater amount, and the negative quantity 4> — 4>' 
increases also. 

Again, in this case -t%\, is positive, and therefore -t-t- 
aip dtp 

increases with if>, or in other words, as eft increases uniformly, 

0' increases at a continually increasing rate, while the 

negative quantity <f> — (f>' increases also faster and faster. 



QUESTIONS. 

(1) A small pencil of light, which is obliquely refracted 
through a plate o£ thicknesi w, ta received by the eye. The angle 
of incidence being tan~'/i, shew that the distance between the 
original point of light and the secondary focal line after emergence 



(2) Shew why a straight stick that is partly in and partly 
out of water appears bent at the surface of the water, when 
viewed obliquely ; further, why does the part that is in the water 
appear curved 1 

(3) A small white pebble at the bottom of a pool of water 
10 ins. deep ia seen by an observer standing on the margin. If 

^ and the angle of incidence be 
35.^3 . 



the refractive index of the water is 

30°, shew that the distance between the focal lines is - 



(4) In the last example the cross section of the astigmatic 
pencil that enters the eye has the following dimensions at the 
point of emergence: in the primary plane '0047 ins., in the 
secondary plane -0062 ins. Find the position and size of the 
circle of least confusion. 

The secondary plane is that which contains the axis of the 
emergent pencil and the first focal line. Use expressions (1) and 
(3), p. 113. 




REFRACTION AT A SPHERICAL SURFACE. CONJUGATE 
FOCAL DISTANCES. SIZE OF IMAGE. 

ConcaTG Spherical Surfta.ce. When a widely divergent 
pencil of rays undergoes refraction at a spherical surface, its 
constituent refracted rays do not intersect in a single point, 
but they touch a certain caustic surface, somewhat similar to 
that which occurs when reflection takes place at a spherical 
surface. If however a point be taken on the principal axis 
of the refracting surface, and if we confine our attention to 
a very small centric pencil of rays incident on the surface, it 
will be found that after refraction the pencil will converge 
to a single point, or at any rate proceed as if it had arisen 
from a single point. 

(1) Let the refracting medium {fi > 1) be bounded by a 
concave spherical surface KA (Fig. 07), the centre of which 
is at C; and let P be a luminous point on the principal axis 
PAG, On the surface take a point K near to the vertex A 
so that the angle KPA is very small. The ray PK may 
then be regarded as au extreme i-ay of the small axial pencil 
incident on the spherical surface. From centre C draw the 
normal CK and let QKR represent the direction of the 



CONCAVE SPHERICAL SURFACE. 

refracted ray, which being produced backwards meets the 
principal axis in Q. 



FigS; 



Then Z CKP is the angle of incidence ^, and ^ CKQ is 
equal to the angle of refraction ^', and in the APKC, 

PC _ sin 

CK^aiuKPC 
and in the ACKQ, 

QC _ sin <f>' 

c'K ~ si^mid' 

By dividing the first expression by the second, we get 
PC ^ sin ^ sill KQC 
QC sin^" sin K PC 

But 8in/i:QC = sin^QP and '?^?^ = ^, 

PC _ PK 

■■QC ^ QK ■ 
Now since K is very near to ^, the distances PA and QA, 
or j) ajid q, may be substituted for PK and QAT, 

.'. ; = M approximately, 

r denoting the radius GA or CK, 



i.e. fipr~rq = pq{fi-l). 
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Dividing by pqr we obtain = 



M-i 



q p r 

If now the figure be supposed to revolve round the axis 
PGA, the extreme ray PK will trace out the limits of the 
thin centric pencil that we are considering ; and it is clear 
therefore that all the constituent rays of this pencil after 
refraction will proceed as if diverging from the point Q. In 
other words Q is the virtual image of the point P. 

The effect of refraction at such a concave surface is, if 
p>r, to increase the divergence, or to diminish the con- 
vergence of the incident rays. 

Let us suppose that the incident light is convergent; 
after refraction its rays may be slightly convergent, parallel 
or even divergent, according to the degree of convergence of 
the incident pencil. 

If the refracted rays are parallel (Fig. 68), q=oo , so 

and } or — -^r, = , 

p f r 



.-. /' = - 



r 



/.-!• 



f/^. 68: 
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The negative sign shews that the distance /" is to be 
measured on that side of the refracting surface which is 
remote from the incident light. The point (F') towards 
which the incident rays converge under these circumstances 
is called the first principal foeua It is situated in this case 

in the second medium at a distance — — - from its boundine; 
surface. 

If the convergence of the incident light be less, i.e. if the 
incident rays converge to a point beyond F', the refracted 
rays will diverge as if from a point in the firet medium. 

If the incident pencil consist of parallel rays, 



p = xi and 



If then the incident rays are parallel, they will after 
refraction diverge as if they had proceeded from a point F" 



I the first medium situated 



^-1 



' from the vertex. 



Now let the incident light diverge from a point P on the 
axis in front of the refracting surface. As P approaches G 
from infinity, its image Q moves from F" up to C. 

On reaching C the incident rays from P are normal to 
the surface, and therefore traverse the second medium with- 
out refraction. This is also evident from the formula 

q p r ' 



As P moves onwards from C to A, Q also i 
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same direction at a gradually increasing rate, bo that when P 
reaches A, Q is also coincident with A. 

The distinction between the two focal distances should 
be carefully noted. It is evident that 

/" = -«/■■ 
and that -(fi-l)/' = r, 

that is, the numerical difference between the first and second 
principal focal distances is equal to the numerical value of 
the radiris of curvature. 

When the refracting surface (/a> 1) is concave, the image 
of an actual object is always virtual and situated in the first 
medium. The formula therefore for the concave refracting 
surface may be conveniently regarded as the fundamental 
formula, as all the quantities p, q, and r as well as /" lie on 
the same side of the refracting surface, and consequently 
have positive values. The formula may be applied to re- 
fraction at any spherical surface by pa\-ing due I'egard to the 
signs home by these symbols when the conditions are 
changed. That is to say, when numerical values are sub- 
stituted for the symbols they must be preceded by the 
negative sign, whenever they refer to distances of points in 
the second medium, distances in fact that lie on the side of 
the reiracting surface remote from the object. 

Convex Spherical Burfoce. If the surface be convex, 
r becomes negative. Two eases however now arise, for the 
image may be either virtual or real. 

If q be positive, Q is virtual, for Q lies on the same side 
of the refracting surface as F. 

If q be negative, Q is real, for Q now lies in the second 
medium. 

This ready method of treating refraction at a convex 
spherical surface may however appear somewhat unsatis- 
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fitctory to the reader, it may be advantageous therefore to 
discuss the subject in greater detail. 

If then the refractive index is less than unity the pre- 
ceding method of proof is applicable, for if RK be regarded 
as a ray incident on a convex spherical surface bounding a 
rare medium {/i< 1), KP may be taken to represent its 
course in this medium after refraction. 

If however the refractive index be greater than unity 
a alight modification in the proof will be necessary. 




f'i- 69. 



As before (Fig. 69) let P represent the luminous point 
and PK the extreme ray of the thin centric pencil considered, 
and let KR repre.sent its course after refi-action. 

Then if RK praduced meet the axis in Q, Q is the virtual 
image of P. 

Now ^ = ^NKP, .-. sm,}i = amNKP = smCKP. 
and ^ = lNKQ, .-. sin .*' = sin .V/TQ = sin Cfl'Q. 

As before 

PC _ QC _ _ ^n ^ _ _8in ^' _ sin KQP 
CK " CK~ sm KPG ' sm KQG ~ ^'smKPQ ' 



PC 



PK 



QC f^QK- 



QA+AG ^QK- 



COKVEX SPHERICAL SURFACE. 

As before let ua denote PA, QA and CA by p, q and r. 
Now as K approaches A, the distances PK and QK differ 
finally from PA and QA by a negligible quantity. 
So in the limit we have 

PA+AC PA- CA PA 

QA + AG '*'■ QA 



q~r 



q p 



~GA~ 
P 

u,-l 



QA' 



This is the same expression that we found before, onl 
this case OA or r is measured in the negative direction. It 
will be found that there is no ambiguity in the interpretation 
of the results of calculations baaed on this formula, if only 
due regard be paid to the signs which the algebraic sjnnbolB 
beai'. 

Now however the effect of the refi-actioo in every cai 
to render the incident rays more convergent. Consequently 
incident parallel rays converge to a point F" in the second 
medium, whereas F' the point, from which those rays diverge, 
that after refraction become parallel, is situated in the first 
medium. We see then that /' is now positive and that /" 
is negative. 

The expression for the distances of the conjugate foci 
may also be put in another form which is sometimes con- 
venient. 



It- 
1 


i^J 


-0 


1 


p 


-I. 


L 
p 




= 1, 


PI- 


pf- 


?/■ 
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and on adding ^y^" to both sides of this equation we get 

Esc 1. What curvature raaet be given to the bouoding 
surface of a. refracting medium (fi = 3) for the virtual image of 
an object in the adjacent medium {fi= 1) at 4 ins. distance to be 
formed at a distance of 16 ins. f 

As the imnge is virtual, it must be formed in the first medium, 
or in other words, q is positive. 

And since = ^— , 

9 P »■ 
j4 _1_J^ 
3 X 1"6 4 ~ 3r ' 

■ i-_ 2 

*■*■ Sr~ 12' 

.-. r = -2in8. 
The radius of curvature must therefore be 2 ins., and si 
carries the negative sign it must be measured in the negative 
direction. The surface must therefore be convex, 

Jix. 2. A refracting medium (fi = J) is bounded by a. convex 
spherical surface, its radius of curvature being 5 mm. : find 
the foci. 

As the surface b convex, >• = — 5 mm.. 



-1 



/'^iL_^or-20ii 



The second principal focias (F") therefore lies 20 ram. behind 
the refracting surface, wliile the first principal focus (F") Uea 
15 mm. in front of it. 

14—2 
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n a. Then a is image of the point A. (See Figs. 




Or we maWMUmt the method employed in (Fig. 73). 
n the ray F'A passing through the first 

|jrodiice it to cut the principal plane at 



It will be subsequently shewn that the complex optical 1 
syatem of the eye with its various refracting media j 
ronghly represented by a simple system consisting of a single 
refractive medium (/i = |) bounded by a convex sphencal surface, 
representing the cornea, with a radius of curvature of 5 mm. 
It would appear then that if the retina be 20 mm, behind the 
cornea, a fairly definite image of a distant object would he formed 
upon it. The first principal focus of this "reduced eye," as it ia 
called, is situated 15 mm. in front of the cornea. 

FormatioQ of Images. The images formed by refrac- 
tion at a single spherical surface may be either virtual or reaJ^ 
Virtual images are situated on the same side of the refractinj 
surface as the object, that is they are in the first medium, 
whereas real images are situated in the second medium. 

The geometrical construction for the image formed by 
refraction is veiy similar to that which we used for the image 
formed by reflection. 

Let AB (Fig. 70) represent the object situated on 
principal axis BCO which passes through G, the centre of th( 
spherical surface, and let H.OH' represent the principal plan^ 
i.e. the plane touching the spherical surface at where the; 
axis cuts it. Let F' be the first principal focus, and let F" 
be the second principal focus of the refracting system. From 
what has gone before it is clear that if the refracting surfacff, 
be convex, and /* > 1 (Fig. 71), F' lies on the object-side or in 
front of the surface and F" lies behind it. If however the 
refracting surface be concave (Fig, 70), F' lies behind the 
surface, and F" lies in front of it. 

Two methods may be employed for determining the imaga 
of a point which is not on the principal axis. 

For example, to find the image of the point A we may 
draw the ray AH parallel to the axis meeting the principal 
plane in H, then F"H will be the corresponding refracted 
ray. Join AG and produce it if necessary to meet F"H 
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produced in a. Then a is image of the point A. (See Figs. 
70, 71, 72.) 




Or we may adopt the method employed in (Fig. 73). 
Through A draw the ray F'A passing through the first 
principal focus, and produce it to cut the principal plane at 
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H, Then the line Ha parallel to the axis represents the 
direction of the corresponding refracted ray. As before, join 




Fi^.7l.[CoiivexSurface) h 



AG and produce it if necessary to meet Ha in a. The point 
of intersection a is the image of A, 




Fi§. 72. (Convex Surface) 



The position of the image of a point on the principal axis 
may be found by the method given on page 90. 

If B is the point on the axis, take any ray BB cutting 
the first focal plane in i), and the principal plane in H' . 
Join BC, and through H' draw H'h parallel to DC cutting 
the principal axis in 6. Then h is the image of 5. For 
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since D ia a point in the first focal plane, the pencil of rays 
from D incident on the principal plane HH' will after refrac- 




tion proceed with its constituent rays parallel to the secondary 
axis DC. (See Figs. 70, 71, and 72.) 

Size of the Ima^e. In each of the diagrams ab repre- 
sents the inaage and AB represents the object, and it is clear 
from the similarity of the triangles acb, ACB (Fig. 70), 
ab i__ be _q — ^ 
AB ™ o~'BC~^^' 



(1) that 



where p, q and r are positive. 

The condition represented in Fig. 70 is chosen as the 
standard case. It will be noted that in Fig. 71 r is negative, 
1 Fig. 72 both r and 5 are negative. 



Also since 



B 205) ; 



q—r i 1 q 
1 or - = - - . 
p — r tip 

Again, since AB = HO (Fig. 70), 

i_ab__ -^ =f"zSL 
o~HO F"0 /" ' 

In Fig. 71 /" is negative but in Fig. 72 both /" and q are 



(2) 



f3) 
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negative. We may also express the relation between the 
dimensions of the image and object in terms of the distance 
of the object and of the first principal focus. 

For our standard formula we must select a case in which 
the first focal distance is positive, and in which the image is 
virtual. Referring to Fig. 73 where these conditions are 
fulfilled we see that ab = HO. 



m 



BO 

'as' 



. f'_ 
■/'-?■ 



No difficulty will be encountered in using these formulas 
if due attention is paid to the geometrical meaning of the 
signs borne by the symbols. 

Distances on the object-side, or in front of the refracting 
suriace, are considered positive, and distances behind the 
refracting surface are considered negative. Similarly all 
distances above the principal axis are positive, while those 
below the axis are negative. 

If then the ratios, 



Is 



f'-v 



have positive values, the ratio - has als 



, positive value. 



and consequently the line indicating the height of the image 
is measured in the same direction as that indicating the 
height of the object, and similarly with its other dimensions: 
in other words the image is erect. 

If these ratios have negative values the image is inverted, 
for the height and the other dimensions of the image bx& 
measured in the reverse direction to the corresponding dimen- 
sions of the object. 

It can be easily seen that all virtual images are erect, and 
that all real images are inverted. 



Ex. 1. An object 4 mm. in height is placed 150 mm. from a 
convex refracting surface (fi = ^), the radius of curvatuie of which 
is 5 mm. Is the image real or virtual 1 What is its size and 
position 1 

From the fundamental formula = 

q p r 

«e obtain on substituting for the symbols the given numerical 

values with their appropriate signs 



-■- y = -lg^ or -22-2 ram. 

The negative sign shows that the image is formed in the 
second medium, or in other words that it is real. It is tben 
situated 22-Smni. behind the refracting surface. 

We may determine its size by applying the formula (1) or (2). 

-1? 



Thus by (2) 

•t 1 V 150 / 

The image is tlien "4 mm. in height, and the negative sign 
shews that it is inverted. 

If the data, had been different, one of the other formulje 
might have been employed. 

Ex. 2. The first principal focus is situated 15 mm. in fi'ont 
of the bounding (spherical surface) of the refracting medium. 
What is the size of the image that it forms of an object i mm in 
height and 150 mm. distant i 

Since - - J— , 




2L8 EXAMPL 

It has been already stated that as fur a.» refraction is] 
concerned the eye may be njughly represented by a singlt 
refracting medium (/* ~ ^), bounded by a apberical surface with a 
radius of curvature of 5 mm. An eye then (with relaxed 
accommodation) would form the image of an object 150 mm. oflF 
at a point 23-2 mm. behind the cornea. If we take 20 mm, as 
representing the distance between the cornea and the retina of 
" the reduced emmetropic eye," we eee that the image on the 
retina of this object would be blurred unleBs accommodation were 
called into play. 

If however a certain eye Ja 2'imm. longer than normal, its 
punctum remotum is situated at a point 1 50 mm. from the cornea, 
or in other words, the eye is myopic to the extent of 6'6 dioptres. 

It will indeed be shewn subsequently that each dioptre of 
asial ametropia corresponds approximately to an error of one- 
third of a millimetre in the antero-pofiterior diameter of the eye. 

Ex. 3. What curvature must be given to the bounding' 
surface o( a refracting medium (^ = J), in order that an object 
150 mm. in front of it may give rise i 
If the object is 4 mm. in h 



I 



behind it t 

the image ' 

Since 



. real image 30 "im . 



1 



-1 



3 (- 2o) 



15 150 3r' 



The negative sign shews that the surface must be conve 
The dimensions of the image are given by the formula 



- ? fzl9\ - 
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If then an eye of normal length be bounded by a cornea, the 
convexity of which corresponds to that of the case juat considered, 
its far point will lie at a distance of 150 mm. The curvature 
myopia of this eye is equivalent in degree to the axial myopia of 
the eye in Ex. 2. The two conditions do not however resemble 
e&ch other in every respect ; for the retinal image of the same 
object is in the one case -4 mm. and in the other case 'i mm. in 
height. Consequently in axial myopia smaller objects should be 
recognized when placed at the far point, than in curvature- 
myopia of equivalent degree. It follows therefore that the 
results of testing the acutenesa of vision by such methods are 
not directly comparable in the two cases. !No reliable conclusiona 
for instance can be drawn as to the sensibility of the retina in 
the two cases, without making due allowance for the difference in 
size of the respective retinal images. 

Helmholtz' formuta. We may also express the dimeu- 
siona of the image and of the object in terms of the divei^ence 
from the axis of any ray before and after its refraction. 

Let us denote by a the angle OBH' of divergence of the 
ray BH' from the principal axis, and by a' the angle ObH' 
which the corresponding ray H'b makes with the axis 
(Figs. 70 and 72). 

HV ... H'O 
= BO ^'^ ^^°°=T0' 



Then 



and 



tana ^hO ^ 
tan a' BO 

/A p' 



i _ I tan a 
' ' fj. ' tan a' ' 

Relation of the formula of refraction to those of 

V, 

reflection. In the case of refraction, >i = tt - the ratio of 
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the velocity of light in the first medium to that in the 
second medium. In the case of reflection the reflected light 
is travelling at the same velocity in the same medium but 
in the reverse direction. 

Hence in the case of reflection /it s — 1. 

And since the angle of reflection is measured on the 
opposite side of the normal to that of incidence ^ = — ^^ 

On making these changes any formula relating to re- 
fraction at a single spherical surface can be changed into 
the corresponding formula for reflection at a spherical 
surface. 

Thus instead of = f- we write in the case of 

q p r 

reflection 

q p r p q^ r' 
Instead of 

fip^ f" ^f-p Mtana" 
we have in the case of reflection 



^'^-g^/-g^ / ^ 



tana 



P f f-P tana" 
Instead of 2) = ^ — ^', we have in the case of reflection 

2) = <^ + <^ = 2^. 



(1) When doea t 
& converging effect J 



refracting aurface with ^>1 hiive 






(2) What curvature must be given to the bounding b 
of a refracting medium for the formation of a real image 20 mm. 
behind it, of an object 300 mm. in front of it, (i) when /u = 4i ■ 
(ii) when /i = § ! (iii) Compare the sizes of the images. 

(3) The second principal focus is situated 20 mm. behind a 
curved refracting medium ; a real image y'g of the height of the 
object is formed. Where is the image formed, and if the index 
of refraction is J where is the object 1 

(4) A sphere of glass n = 5 has a speck within it, halfway 
between the centre and the distal side. Where will its image be 
formed as seen from either side 1 

(5) IE the back of the sphere be silvered, where will be 
the image that is formed by one reflection and one refraction 1 
Consider both cases (i) when the surface near the speck is 
silvered, (ii) when the distant surface is silvered. 



CHAPTER XI. 



THIN LENSES. CONJUGATE FOCAL DISTANCES. 
SIZE OF IMAGE. 



A SPHERICAL lens is a portion of a refracting medium 
bounded by two spherical surfaces; the straight line that 
joins their centre is called the axis of the lens. The distance I 
between the bounding surfaces, measured along the axis, is 1 
called the thickness of the lens. 

A lens bounded by two concave surfaces is called a 
double concave or a biconcave lens, whereas a lens bounded 
by two convex surfaces is called a double convex or biconvex 
lens, A lens of which one face is convex and the other 
concave is called a meniscus. The terms plano-convex and 
plano-concave scarcely require explanation ; the plane face 
may be regai-ded aa a spherical surface of which the radius 
is infinite. 



Thin Lensei. The relation of the conjugate focal ' 
distances of a thin spherical lens can be easily determined 1 
from the furmulfe that we have already found. 

Let us consider, for example, a meniscus of glass, the 
Burrounding medium being air, Fig. 74, and let the curvature 
of the first surface be greater than that of the second surface. J 
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Let P be a luminous point on the axis of the lens, and 
let P face the concave surface of the lens. Under these 
circumstances the conjugate focal distances and the radii of 




f'g. 7f . 



curvature of the two faces of the lens will all be on the same 
aide of the lens as that of the incident Hght, all the measure- 
ments will consequently be positive. 

Let Q, be the conjugate focus of P irom refraction at the 



first concave surface of the lens, and let /* i 



be the 



relative refractive index between air ; 



1 glass. 



Then 'Z__ = r- , J 

where Q^A^ — q, and PAj=p and where j-j denotes the 
radius of curvature of the first surface. 

The light from P will traverse the substance of the lens 
as if it had originated from Q^ ; on reaching the second 
surface it will again undergo refraction, so that on emerging 
from the lens it will proceed as though it had originated 
from a point Q,. 

Since the refraction now takes place from glass to air the 

, and if the lens is so thin 

that its thickness is negligible, we may I'egard Q^A^, the 
distance of the point from which the light appears to be 
, as equal to Q,4, or 51. 
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To determine the distance Q2A2 or g'g we have therefore 
the formula, 

1 1 1 ^l"^ 

Or multiplying by fi, 

q2 qi ^2 V ^2/ 

On adding (a), ^ - 1 = ^iIl-\ 

we obtain = (a— 1)( ) (6), 

or changing the signs throughout 

i-- + 0.-l)f--i) = (6'). 

If ^ be infinite, in other words, if the incident rays be 
parallel, - = and gg becomes the second principal focal 
distance (/")• 

Thus parallel rays incident on the concave surface of such 
a lens as that represented in Fig. 75 will after traversing 

f""*^ ~n '"■■ p- 

the lens diverge as though they were proceeding from the 
point r\ 
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If q, be infinite, that is if the emergent rays are parallel, 
p becomes the first principal focal distance f. 



h-'^-<-l)- 



The principal focal distances are consequently numerically 
equal to one another and difl'er only in sign, that is to say, 
they are situated on opposite sides of the lens. Thus in 
order that light after emerging from the lens. Fig. 75, should 
proceed in parallel rays, it must before refraction have been 
converging to a point F", situated on that side of the lens 
that is remote from the incident light, and at a distance 
equal to that of F" from it. 

On combining the equations (b') and (c) we obtain 

l-i+^, = (4). 

P 9^ f 

We may suppress the subscripts if we remember that / 
denotes the second principal focal distance. These two 
formulae (6') and (d) should be committed to memory, as 
they contain the whole theory of refraction of centric pencils 
through thin spherical lenses of any form. The only re- 
quisite, when numerical values are substituted for the 
symbols, is that due regard be paid to the signs that the 
symbols bear. 

£x. (1). The radius of curvature of the first surface of a 
meniscus is 6 ins., the radius of the second surface is 4 ins., 
where ia the second principal focus of the lens? (ft- 1-5,) 

^!„.(F-i)(i-^)-(U-i)(s-i)— ,v. 



Incident parallel rays will consequently converge to a point 
24 inches from the lens on the side opposite to the incident light. 



EXAMPLES. 



Such a lens is called a converging meniscus. It ms 
noted that in all converging lensea f is positive and /" ii I 
negative, whereas in all diverging lenses /' is negative and f" 
ie positive. Moreover all converging lenses are thickest in 
the middle, whereas all lenses which are thinnest in the middle 
are diverging in function, or what amounts to the same thing, 
their second principal focus (^"} is virtual, being situated on the 
object^side of the leiia (p. 267). 



H 76. 



Ex. (3). A lens has one concave surface, its radius o(a 
curvature being S ins., what curvature must be given to ths'l 
other surface, in order that a real imttge at 2-1 ins. distance voAy 1 
be formed of an object at 1 2 ins. distance ! 

Since the image is real, it must be formed on the side of tha"! 
lens remote from the object, in other words q has a negative valu& \ 



Then a 



n-(zk)-('i->)(5-i)-o, 



■'■ '"a = ¥ or 2§ ins. 

Since the radius of the second surface is positive, it must b 

measured in the direction of the incident light. The lens is 

consequently a converging meniscus, the curvature of the seoonit' | 

surface being three times greater than that of the iirat surface. 



/I 



; and - = 
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Ex. (3), If the lens considered be bounded by two concave 
surfacea, r, bears a negative value, for the radius of the second 
aarfaoe is measured in ii direction opposed to that of the incident 
light. If, for instance, the radii of the two faces of the lens are 
Sins, and -12 ins., 



^^<''-<-^). 



'■^■/""sU (-12V"2' 24 '''' 48" 

Since/" is positive, F" lies on the same side of the lena as the 
incident light. Incident parallel rays will proceed after refraction 
as if from a point 9 J ins. from the positive side of the lens, that 
ia to say, the parallel raya will diverge after refraction, 

Ex. (4). An object is placed at 8 ins. distance from a 
biconcave lens whose focal distance is 4 ins. \ where ia the 
image I 

As the lens is biconcave, the second principal focus (/"') is 



virtual, a 


^/' 


is 


positi 


.e. 








Then 


sine 






1 
V 


1 
1 


1 


= 0, 










1 

a 


1 


1 


= 0. 



Since q is positive the image ia virtual. 

Ex. (6). A lens has one convex face the radius of its 
oui-vature being 9 ins., what must be the radius of curvature 
of the other surface, in order that F" may be real and situated at 
a distance of 6 ins. from the lensl 

Since F" is real, it must be situated on the aide opposite to 
the incident light, consequently /" must have a negative value. 
Aa one surface ia convex, let us place the lens ao that its radius 

13—2 



9 measured in the positive direction, i 
urvftture of the second surface. 



1111 



■ ■ 2r, 18 *"' *"' " *^ ™^" 

The radius of the firat surface must consequently be measured 
in the negative direction. The lens is therefore a biconvex, the 
curvature of one face being twice that of the other. 



('12 , 1 1\ 



It will be noticed that to the degree of approximation 
which these formulie apply, it makes no difference which surface 
faces the incident light. For had we put r, = -9, 



i.e. the radius of the other surface would have the sami 
numerical value as before, but it would have been measured ii 
the positive direction. 



Ex. (6). An object is placed 12 ins. ii 
lens, the focal length of which is 24 ins. ; 



front of a biconvex 

find the position o 



Since the lens is a converging lens, F" lies on the aide c 
the lens remote from the incident light, /" consequently has 
negative value. 
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The image of the object is consequently virtual, for it is 
situated on the same side of the lens as the object, and its 
distance from the lens is 24 inches. 

Ex. {7). If the object is placed 36 inches from the above 
lens, where is its image formed ! 



1 1 



1 2-3 



36 24 72 



.'. ?--72 ins. 
The image is therefore situated on the side of the lens 
opposite to the object, consequently the image is real. 

Ex. (8). The focal distaoce of a symmetrical biconvex lens 
is 10 inches, what is the curvature of each surface, the refractive 



<~^- 



Since the lens is biconvex, it is 
f" is negative, and r^ is also negative ; 
r, is numerically equal to r^. 



-10 2*, r, rj r,- 



a function, so 

s symmetrical. 






That is to say, the radius of curvature of i 
numerically equal to the focal distance. 

A similar result ia found for symmetrical biconcave lenses, 
and as the refractive index of the crown gla-is commonly used 
for lenses is about 1'54, the focal distances may in general be 
regarded as equivalent to their radii of curvature, when only 
rough approximate deter minatioua are required. 

Formation of images. As we are at present considering 
symmetrical lenses so thin that their thickneaa is negligible, 
we may regard the piincipal plane HOH' bisecting the lens 
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symmetrically at right angles to the optic axis as the singld 
surface at which refraction takes place. 

All I'ays passing through the optical centre of the len( 
may be considered to traverse the lens without refractioiq 
for any deviation that they may undergo on encounterij 
the first surface of the lens will be reversed on emergi 
from the second surface of the lens. 

Let AB represent the object and let the image 
denoted by ab (Fig. 77). For a point A not on the optic axis 
draw AH parallel to the axis, then HF"a cutting the t 











L r/ 




J2S 


77. \ 




L^^ 



in F" represents the corresponding refracted ray. The point 
a of intersection of this line with the ray AOa drawn 
through the optical centre of the lens determines the 
conjugate focus of A (Figs. 77, 79). 

The following is an alternative method. Fig. 78. Through 
A draw the ray AF'H' cutting the axis at the first principal 
focus F', then H'a drawn parallel to the axis represents the 
corresponding refracted ray. The point a of intersection of 
this line with the ray AOa di-awn through the optical centre 
of the lens determines the conjugate focus of A. 
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For a point B on the optic axis, Figs. 77, 79, take any 
ray BH' cutting the first focal plane in D. Join DO, and 




draw H'b parallel to DO, cutting the axis in b. Then b is 
the conjugate focus of B, and ab is the image of the object 
AB. 
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When the lens is diverging in function the image iai 
virtual and erect, and it is always situated nearer the lenBa 
than the object. This ia evident from the geonietricall 
construction (Fig. 79), as well as from consideration of thdj 
formula 



1 



0. 



P 2 /" 
It is clear that - must be always 

in this case always positive; consequently p must be always 
greater than q. 

When the lens is converging in function the image ia I 
virtual and erect (Fig. 80), or real and inverted (Fig. 77), I 
according as the distance of the object is less or greater than I 
the focal distance of the lens. 




SIZE OF THE IMAGE. 



Moreover from the construction employed in Fig. 80 it ii 



clear that ab = HO, and that 
HO 
AB' 



f'B' 



..(2). 



<• f'-p 

This formula is very convenient, as it enables us to 
determine the size of the image in terms of the principal 
focal distance and the distance of the object without putting 
us to the necessity of calculating its position. 

Again from Fig. 79 it is evident that AB = HO and that 
ub F"b 
HO~F"0' 



..(3). 



From this formula we can determine the size of the 
image, if ite position and the focal length of the lens is 
fenown, without ascertaining the position of the object, 
.<L, 



If 9 be positive, 



- is also positive ; that i 
of the image is drawn i 



the line 



that denotes the height of the imago is drawn in the same 
direction as that which denotes the height of the object, in 
other words the image is erect and therefore virtual (Figs. 79 
and 80). 

Similarly if -J- — or if ■ ■ ■ ' be positive, the image is 

virtual and erect; if it be negative the image is inverted 
and real 

In Fig. 80 /' is positive and /' —p is also positive, as/' 
is greater than p ; the image is therefore erect and virtual ; 

wliereas the image is inverted in Fig- 78 as -^ — 



s negativ 
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p being greater than/' 
is negative, the fraction 



With diverging lenses (Fig. 79)/'-I 

f 
.; has therefore a. positive valua 



and the image is consequently always erect. If the lena be| 
converging in function F" lies on the opposite side of it a 
in Figs. 77, 78 ; /" is therefore negative. 



Ex. (1). A convex lens, the focal distance of which is 4 inn., 
forma the image of hh ohject placed before it at a distance of 
6 ina. behind the lens. What is the size of the image compared 
■with that of the object 1 

Since the lens is convex /' is positive and/" is negative, and I 
since the image is formed behind the lens the valne oi q w &!■(>■ 
negative. 

_/"- 



The formula 



/"" 



The image is therefore inverted, and its linear dimensions \ 
are half those of the object. 

Had the situation of the object been given instead of that at j 
the image, formula (2) might have been applied. 

Sx. (2). An oli^eot 5 ins. in height tH placed at 12 im 
distance from a convex lena, the focal length of which is 4 ins., . 
what is the height of the image ? 

o r-f- 



-2Jto 



The image is inverted and 2J ins 




HAGNnrOATION. 

Magnification. When the image is real it can be 
projected upon a screenj and the results of such investiga- 
tions as to the size of the image can be actually verified 
with an ordinary foot-rule. But when the image is virtual 
it is not actually formed, but it only appears to be formed to 
the eye that sees it. The size therefore of a virtual image is 
only apparent'. Now the apparent size of an object or of 
an image, whether real or virtual, is determined by the 
tangent of the visual angle under which it is seen, as was 
mentioned in a previous chapter ; and in the case of virtual 
images, where we only wish to know what size they appear 
to the eye, it is only necessarj- to consider the tangent of the 
angle subtended by the image at the anterior nodal point of 
the eye. 

Let us consider first the apparent size of a real object 
AB, Fig. 81, situated on the optic axis BK where K denotes 
the position of the nodal point of the eye. Then the appa- 

^^^^^1 The formulie foood above niay be UBed in tl 

provided that their meaiuDg ia clearlj understood. 

means that the light from the object after traTersing the lens proceeds a> 
from an image itituatpd at a distance q from the lens, the size of this in 

ginary or virtuai image being"— -^ times that of the objeot. It will be fon 
that it is ouly under one condition that the apparent size of the image to 1 
eve ie of this value. 




fig. SI. 



le cane of virtual i 
For inxianoe = 



SS6 



MAGNIFICATION. 



rent size o( AB is determined by tan 6 where i 
angle subtended by AB at A'. 

It ia evident that tan 6 could theoretically be indefinitely! 
increased by diminishing BK indefinitely. In other words | 
the apparent size of the object could be indefinitely ii 
by bringing the eye close to it. The nature of vision how- 
ever forbids this, for the eye is incapable of distinct vision if 
the object perceived lies within a certain distance. This 
distance of the •punctu.m proximum, as it is called, varies in 
different individuals, and increases with age so that it is 
impossible to assign to it any definite value which shall be 
applicable to all cases. It is usual to take 10 ins. as the J 
distance at which most eyes can see objects distinctly with- 1 
out discomfort, and to estimate the magnifying power of an J 
instrument on this assumption. If I denote the least distance J 
for distinct vision of the individual eye considered, then the I 
greatest value that tan 6 can actually have is given by I 

mafeing BK equal to I ; when tan 6 = 

Similarly i^ AB denotes the image of an object, it is seeiiJ 
under the largest visual angle when the eye is situated a^'l 
distance I from it. 

We will now consider the very important case where a 
convex lens is used as a magnifying glass (Fig. 80). 

Let K denote the situation of the nodal point of the ( 
on the axis KOh, and let 8' represent the visual angle sub- \ 
tended at K by the virtual image ah. 



Then 



tan^ = |^ = 



where m represents the distance OK of the nodal point of thej 
eye from the plane of the lens. 
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Now i increases with q, therefore if m + q is to be equal 
to I the eye should be brought close up to the lens, making 
m as small as possible, and q nearly equal to /. As the nodal 
point of the eye is situated rather more than a quarter of an 
inch behind the cornea, the smallest value that can practically 
be assigned to m is about half an inch. 

If m + y = ?, 

But when the object is placed in the most favourable 
position for viewing with the naked eye its greatest apparent 

size is represented by tan 8 ot -.. 

Therefore the magnifying power of the glass so used is 
tan 8' f"—<l_ 1 

When the lens is convex, f" is negative ; when the leus is 
concave /" is positive, and the glass has a diminishing effect. 

There is another way in which a lens may be used as a 
magnifying glass, viz. when the object is placed in the first 
principal focal plane of the convex glass (Fig. 82). 

The incident cone of rays HAO diverging from the point 
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A of the object will after travei-sing the lens proceed s 
pencil of parallel rays in the direction of the secondary axis AO.A 

Similarly all the incident rays diverging from fiwill afbtfl 
refraction proceed as a pencil of parallel rays in the direction 
of the principal axis BO. In this case the convex lens does 
not form an image, either real or virtual, so we must consider 
the image, if any, that is formed by the eye itself. 

If an eye be placed on the axis BO behind the lens, an 
image of the point B will be formed at the second principal 
focus of the eye by the beam of parallel i-ays that it receives 
from B. Similarly an image of the point A will be formed 
at a certain point on the second principal focal plane of the 
eye by the obliquely incident beam that originally arose from 
A. In fact a complete image of the object AB is formed at 
the principal focal plane of the eye. It is clear that the siae 
of the image in such a case is independent of the position o£ 
the eye, for the actual size of the retinal image depends upoiu 
the inclination of the pencil from A to the pencil from S^ 
i.e. upon the angle BOA. The apparent size of the object! 

when viewed through the lens is tan^', or tan .B04, or ^, 

whatever may be the distance of the eye from the lens. Thfl' 
maximum visual angle under which the object may be seen 
distinctly being $, its apparent size when viewed under the 



moat favourable circumstances is tan 6 or 



The magnifying power of the lens when used in this way 
. tanfl' I 

18 , s or ;j,. 

It should be noted that in order to see the whole of AB 
the pupil of the observer's eye must receive light from every 
point of the object AB. If therefore it is situated beyond X, 
the central part only of the object will be seen, though und^ 
the same magnification as when the eye is close to the lens. 
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The greatest linear extent of object visible through a lens in 
any position is called the field of view. It follows that the 
nearer the eye is to the lens the greater is the field of view. 

On comparing the magnifying power of a convex lens 
used in these two different ways, we see that in the first 
case it is 1 — %-, or 1 + ^j , and in the second case it is p or 

—fT- ■ Therefore if tn is less than /' the first method gives 
the higher magnification and vice vei'sd. 



(1) The focal length of au equiconvex lens is 10 ins. If 
the index of refractioa is 1'54, what is the radius of curvature 
of each surface ? 

(2) The radius of curvature of the first surface of a lens of 
equal power is — 6 ins. What ia the curvature of the second 
surface when ^ = 1 '54 ? 

(3) The focal length of a convex lens is 6 ins.; an object 
is placed 36 ins. from it. What is the relative size of the image, 
and where is it formed 1 

(4) An object 5 ins. in height is placed 50 ins. from a 
planoconvex lens of which the radius of curvature is 7 ins., and 
the index of refraction is 1-54. Find the position and height of 
the image. 

(5) A convex lens of focal length \ in. is used as a 
magnifying glass, The nearest point of distinct vision is 9| ins, 
from the cornea or lOius, from the nodal point of the eye. Find 
the magnifying power (i) when the lens is J in. from the cornea, 
(ii) when it is \\ ins. from the cornea, (iii) when the object is 
Jin. from the lens and the eye is emmetropic. 

(6) Give the magnifying powers of a convex glaaa of focai 
length 4 ins. under the same conditions. 



CHAPTER XII. 



REFRACTION OF A CENTRIC PENCIL THAT TRAVERSES 
A SYSTEM OF THIN CENTRED LENSES. 

Equivalent Lenses. Let Fig. 83 represent a series of 
thin lenses of focal lengths fi, fa fs, ---^ so placed that their 
centres of curvature all lie on the same straight line. Such 
a series is called a centred system. 

Let us suppose that the lenses are in contact with each 
other and that their thicknesses are negligible. 

Let P (Fig. 83) be a luminous point at distance p from 
the nearest lens. Then if qi denote the distance of the con- 
jugate focus of P due to the refraction of this lens, 

+ 7^ = 0. 

P 9i /i 




— P 



1 In this chapter the term focal length and the symbols /j, /g, /g etc. refer 
always to the second principal focal distance. 
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The rays which reach the second lens will therefore pro- 
ceed as though diverging from a point at this distance q,. 
The refraction that they undergo at the second lens will so 
alter their course that they will appear to be diverging from 
a point at a distance q^ from the second lens, such that 



1 1,1 



0. 



q, ?. A' 

Similar equations may be formed for the remaining lenses 
of the system provided always that the thickness of each lens 
be neglected. 

We thus obtain a aeries of equations. 



1 1 



p 


s. 


Vr 


= 0. 


1 


1 

s. 


-r 


■0, 


1 
J. 


1 


^r 


■0, 





Byaddition I _i +(1 +^ + J") = 0. 

If now a lens of focal length^' be taken such that 



it may be regarded as equivalent to the combination of lenses 
that we have been considering, and 

1-1 1 1 

/'"/.V.V.' 

In the caae illustrated by the figure, _/i and g, are positive, 
while yi^ and q^ as well as/j and q^ are negative. 

This result is also obvious from the following considera- 
tions. The greater ihe refracting power of a lens the shorter 



CB*5'^ 



xo^ 



•c-^''-- 






^^vo*"* 






serves «" 
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takes the direction HjR aa if it were proceediag from the I 
point N. 

And on substituting the corresponding values in the I 
familiar formula 

1 t . 1 » 



F,B NB ^ 



1 



1 



1 



¥B~I\B^f, F^+TB^f,' 

A _^_ , 1 /.+/= + « 

■NB / + aV/'7>(/;"+«)' 

If then a lens of focal length NB or 4^7 — 

placed at B instead of the previous system, it would so 
the course of the incident light {SH^ produced) that it would' 
after refraction appear to be proceeding from the point N.- 
This is not however what is usually understood by the' 
term equivalent lens, for the course of the light refracted by- 
such a lens would not be parallel to H-iR. It is evident that 
the incident i-ay SHi would meet such a lens at B, not at S, 
but at a point the distance of which from the axis would be 
equal to AH^. 

One lens is said to be equivalent to a centred system of 
lenses when it produces in the axial ray of an eccentrio 
pencil, incident parallel to the axis, the same deviation as the 
system does'. 

The power and position of the equivalent lens can be 



IB important to remember that a lene the (ocas of which is 



■ /,+/,+" 

cannot, as is freqaently atnted, be regarded ab equivnleut to the combination 
of the two leneea. The virtual image fornied bj a lena of thi» power ia of ft 
difFerent size to that formed b; Che combiDatiou, Several errors haie found 
their way into certain books on ophthalmology from neglect of thia point. 
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determined in the following way. Produce SHi to meet 
NM, in K, and from K draw KX perpendicular to the axis. 
It is clear that a. lens at X of focal distance NX would be 
equivalent to the system considered, for the path of the light 
refracted by this lens would be identical with the final course 
of the light refracted by the system. 
By similar triangles we have 

NX _KX^ H^ 

NB H^ °^ HJi ■ 

Also = nr -tl_ 



NX = 



y.' 






A+A + a' 



The focal distance NX or f^ of the equivalent 1 
therefore 

„/■/. 

To determine the position of the lens we have 
NB _H^_HJ1 _FyB 
irX~KX~H,A~F,A- 



NX + XB 
■ NX 

XB-NX. 



F, A + AB 

F,A '• 

AB /, 

KA °' 'A- 



The equivalent lens should be placed therefore at a dis- 
tance XB or a y in front of the second lens, or af 1 — ■>) 

behind the first lens of the system. 

Ifthesystemconsistof more than two lenses the power and 
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position of the eqiiivaleut lens can be found by the s 
method. 

For example, let there be three lenses A, B, C of focal I 
lengths /i,_/j,/, respectively, the interval between .d and £4 
being Oj and that between B and C being (t,. 

If a lens of focal length fx be equivalent to the combina* * 
tion A and B when placed at a distance XB or x from B, 



1 I 



The system of three lenses may be replaced by two lenses 
of focal lengths f, and f, separated from each other by the 
interval Wa + ic. The focal length fy of the lens equivalent 
to this combination is given by the equation 







1 

I, 


1 1 a, + « 


Substituting for x the value obtained above, 








1/. 


get 


1 


=>.^^©-ia)^ 


1 

■'7. 


1 1 


1 

V. 


^%^^^%^j) 



This equivalent lens must be plai 
that its distance YC (or y) from the 
condition 



'A'f.f.' 

ed at a point Y such 
thii-d lens fulfils the 



The distance A Y from the first lens is 
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Precisely the same process may be applied for the deter- 
mination of the power and position of the lens equivalent to 
any number of lenses. The expressions in such eases are 
somewhat cumbrous and their evaluation is laborious, but 
they present no actual difficulty in their application. 

Practically we have rarely to deal with a combination of 
more than two lenses or two simple refracting systems. 

From consideration of the expression 



1 



1 



it appears that the greater the interval that separates two 
concave glasses the stronger must be the refracting power of 
the equivalent lens. 

Ex. (1). Let us consider the combination of a concave lens of 
focal distance ^m., with another similar lens of focal distance 
■J m., the interval between the first and the second lens being ^ m. 



1 



/. 



= 3+4 + -- 



n. 



The equivalent lens has a positive focal distance of -^ metre. 
We have however still to determine the position in which it should 
be placed in order that its action may be identical with that of 
the system considered. 



1 



10 



■075 n 



r75ir 



The equivalent lens must therefore be a concave lens of focal 
distance 100 mm. and must be placed 75 mm. in front of the 
second lens or 250-75, ie. 175 mm. behind the first lens. 

If however the two lenses had been placed in juxtaposition 
the term involving the interval a vanishes and we have the power 



^ metre focal length might be substituted for the combination 
since ite action will be precisely the same. 

If any of the lenses that constitute a given system are 
converging in function, attention must be paid to the signs 
carried by the numerical values, when these are substituted 
for the symbols in the formula. For since the symbols 
/ii/r/a. etc. all refer to the second principal focal distances, 
these will have negative values when the lenses to which they 
refer are convex. 

£!x. (2). Find the position and power of the iena, the 
action of which is equivalent to the system formed by one convex 
lens whose focal distance is 500 mm. combined with another 
convex lens whose focal distance is 250 miu., the interval 
the two being 333-3 

Let the incident light strike first the lens whose focal distance 
is 500 mm. or ^ m. Then 

'/>=-in,.,/. 

From the formula 



i 



I 
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of the second member of the syBtem or 1 33-3 mm. on the negative 
side of the first member. 

If however the system had been turned the other way, ao that 
the incident light struck the lens of 250 mm. focal length first, we 
should have obtained a different result. 

In this case 

/,.-im,/, = -Jm, ».Jm. 

As before, /c = — tb "^-i 

but its distance from the second lena must n 



I =5 Go) <-*>-" '»■'"*"<'■ 



But 400mm. is greater than the interval 333'3 mm. between 
the two lenBes. The equivalent lens must therefore be placed 
66-6 mm. in front of the previous position of the first lena of the 

It will be found that if the interval between two convex 
lenses be greater than the sum of their focal distances 
(a>/i+/s), the value of/^ becomes positive and the value 
of X becomes negative. In other words the combination is 
equivalent to a single concave lens placed on the distal side 
of the second lens. The reason will be apparent when it is 
remembered that such a combination would have the effect 
of twice inverting the image of a distant object. The final 
image will therefore be erect, as that formed by a concave 
lena. 

Hfc. (3). A screen is fixed at a distance of 7 ins. from a. 
convex lens of focal distance 10 ioa. What additional lena will 
be required, and where should it be placed in order that an image 
of the sun may be formed on the screen of the same size as 
that which would be formed by the original lens at a distance of 
lOins.! 



/•■ 



/J, 



/.(-i°) 



o.+ lO. 



Therefore a lens of focal length /j must be placed 10 ii 
front of the given lens, i.e. in its first focal plane. 
And 



XB = 



■■■/,= - 



---33': 



The total deviation produced by the system of lenses bXA and 1 
B is equal to the deviation D produced by the equivalent lens at J 
X situated at its focal distance {10 ins.) from the screen. 

Ill the figure (Fig. 86) N represents the position of the sen 
F^ the second principal focus of the lens at B. If the lens a.t B \ 



and the screen at N i-epreaent a badly focussed camera, the addi- | 
tional lens at A will cause a distinct image of a distant object t 
be formed on the screen of precisely tlie same size as would I 
formed by drawing out the lens to X. The determination t 
suitable correcting glasses for errors of refraction in the eyvfl 
involves a problem of a precisely similar nature. 



QUESTIONS. 



(I) Two convex lenses, ■whose focal lengths are 3/ and/, are 
placed at a distance apart equal to the difference of their focal 
lengths. (A Huygenian eyepiece ia such a combination.) Find 
the focal length of the equivalent lens iind its position. 

(9) Two convex lensea, whose focal lengths are each equal to 
f, are placed at a. distance apart equal to %f. (Ramsden'a eyepiece 
is such a combination.) Find the focal length of the equivalent 
lenB and its position. 

(3) A real image 1 m. in diameter is formed by the object- 
glass of a compound microscope. When the eyepiece is so placed 
that the emergent rays are parallel, give the magnifying power of 
each of the above eyepieces. 

(4) A concave lens of focal length 5 cm. is placed 3 cm. 
beyond a convex lens of focal length 5 cm. Find the focal length 
and the position of the equivalent lens. 




When after having tniversed one mediiim light meets a 
aeeoiid and then a third, and so on, each medium being 
bounded by a surface of different curvature and being of & 
dififerent refractive index, the problem of calculating the 
position and size of the image formed by such a refractive 
system becomes much more complicated. 

We have hitherto been considering lenses the thickness 
of which was negligible ; if we were to consider the formation 
of an image by a lens of considerable thickness we might 
first find the position and size of the image formed by the 
first surface, and then regarding this image as the object for- 
the second surface find the final image formed by it If 
had to calculate the refraction through several such media, 
as in the case of the eye, such a calculation would prove very- 
tedious and wearisome. Fortunately the labour of such work 
has been considerably reduced by the investigations of Gauss' 
on the refraction of thin axial pencils. We proceed to give 
an account of some of the results of his mathematical investi- 
gations. 

He has found that in every dioptric system, formed of 
any number of media bounded by centred spherical surfaces. 



there exist two pairs of cardinal points situated upon the 
axis ; to these Listing has added another pair, the so-called 
Qodai points. 

These six cardinal points are the two principal foci, the 
two principal points, and the two nodal points. 

The first principal focus (F') is the point on the principal 
axis where the incident rays intersect, or would intersect 
if produced, which emerge from the system parallel to the 
axis. 

The seamd principal focus (F") is the point of intersec- 
tion of the emergent rays, whose direction when incident has 
been parallel to the principal axis. 

The principal points hiLve the following property: when an 
incident ray (produced if necessary) passes through the first 
principal point {H') the corre.sponding emergent ray (pro- 
duced if necessary) passes through the .■second principal point 
(S"), but the incident and emergent rays are not necessarily 
parallel to each other. The principal points are each the 
image the one of the other. 

The nodal points are two points on the principal axis 
such that every ray which before refraction is directed to- 
wards the first nodal point (K') (see Fig. 88), seems to come, 
after refraction through the system, from the second nodal 
point (K"), and takes a direction parallel to its direction on 
incidence. 

These two parallel lines may be called the lines of 
direction ; they play the same part in the complex system 
considered, that the straight line, drawn through the centre 
of curvature of the spherical surface hounding a single refrac- 
tive medium, does in that simple system. The two nodal 
points are mutually the image of each other. The distance 
between the two nodal points is equal to the distance between 
the two principal points. The two planes drawn through F' 
and F", and H' aud H" at right angles to the principal axis. 



251 



OABDIHAL POINTS. 



in the case of axial pencils, ai'e called the two focal planes 
and the two principal planes. 

The rays that oiiginate, or appear to originate, from a 
point on the _^rsi focal plane, are after refraction parallel to 
each other and to the lines of direction. 

The incident rays which are parallel to each other, inter- 
sect after refraction in some point on the second focal plane. 
This point is where the corresponding line of direction outs 
the second focal plane. 

The principal planes have the following property. If 
throughthepoint J',(Fig. 88) where the incident ray (produced 
if necessary) cuts the first principal plane J,H', a line is 
drawn parallel to the principal axis meeting the second 
principal plane JJI" in /,, J, will lie in the corresponding 
emergent ray produced if necessary. In other words, the 
directions of an incident ray and its corresponding emergent 
ray cut the two principal planes in two points situated on the 
same side and at the same distance from the principal axis. 

The second principal plane ia the optical image of the 
first and vice versd. The principal planes are sometimes 
called planes of unit magnification, for if an area of definite 
shape and size be considered in the first principal plai 
virtual image of precisely the same shape and size will be I 
formed in the second principal plane. They ai-e the only two | 
conjugate images which have the fame size and are situated . J 
on the same side of the principal axis. 

The first principal focal distance (/') is the interval F'H* \ 
which separates the first principal focus {F') from the first 1 
principal point (H'). The second principal focal distance is J 
the distance F"H" between the second focal principal focuttl 
{F") and the second principal point (H"). 

We proceed to find the situation of the cardinal points o 
a lens the index of refraction of which is fj. surrounded by a 
medium whose refractive index is 1. The thickness of the lena 4 
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at the centre is t, and the I'adii of curvature of the two surfaces 
of the lena are denoted by r^, n^. 

In order to obtaiu a general expression for the position of 
the cardinal points which may be applicable to every kind of 
lena, it will be convenient to take as our standard example a 
meniscus in which the principal points lie on the positive side 
i>f the lens. Lines measured in the direction of the incident 
light are considered positive, those iti the reverse direction 
negative. 

The Principal Points and tbe Principal Planes. 
(Fig. 87,) As the second principal plane is the optical image 



' /rft>. 



F,^ 87 



rit the first principal plane, we may regard the first as form- 
ing an image at 0, distant OAj frona the first surface due to 
the refraction on entering the lens ; then the second principal 
plane will be the image formed on leaving the lens of the light 
that comes from this presumed image at 0. 

Let k, = H'Aj, the distance of the first principal point 
from the tiist surface of the lens; and let hi = H"A^ 

Then the following relation obtains between Oj4, and h-,. 



OA, h, >, 
the lens an image i 



.(«). 



_ 1 



formed at h.^ as if from 



256 PRINCIPAL POINTS AND PRINCIPAL PLANES. 

an object at 0, distant OA^ from the secoad (posterior) 
surface of the lens ; 

1 1-1 

U _ 1 /i _ _ l^ 

On multiplying by /tt we obtain 

K OA, fi ^'^^■ 

Also from (a) ^ ^'OA'^7' ^"'^' 

hi — 0-^i-fi /„\ 

•• K m// + OA, ^^^" 

We have, in addition, given to us the characteristic 
property of the principal planes, that they are conjugate 
images of each other of the same size, and that they are 
situated on the same side of the principal axis. 

Now if m denote the magnification of an object by a lens 
it may be regarded as consisting of two components, mj due 
to the refraction at the first surface, and ni^ at the second 
surface. Obviously m = mim2. 

In this case ??ii = — = — j- , 

_ h _ K t^K 

- - OAi 

And ni^in.,= 1 ; 

. OA, /xh, _ . 

• • fill, ■ OA, 
OA, li, 
•'• OA.,~k' 



k 
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Now from (7) we have 



h, OAj;ijj.f;+OA,)- 



An 

■ and 
I No 



'ft J- J- u *. OA^ 

On dividing by j- or gj ™ B«' 

And remembering that fifi = — //' we obtain this r 

/.■OA,-f,-f,'~/."OA.-f;'f,: 

■ OA. f; ^^ _»»>i^ >■.■ 
1 , »-l 



0As = 0i4, + (, 
r,(. 



OA,-^ 
OA, 



f;'t 
Si-fr 






/■•' 






• It may be observed that is in the position of the optical of 
lena (p. 275). 
P. O. 






»- = 



Hn« 



ll_- 












iK . *. --.-:* 1-:.: -■ 






■i-i". 
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Then from our fundamental formula we have 

i-l^h" <">■ 

,+ 77 = (6), 

M y A • 

and t=^y' — x' (c). 

But y'^-Mi:. fr°™(^)' 

/a "t-My 

and X = y^ from (a), 

/i - ^ 

And since - /*/i'=/i" and // = - /t/j", 

■■■ t if,' - X) (//' -y) = xf," (/," -y)- yfi (// - x) 
or <////' - X {tfi' + //'/,") = y (</;' - ////) -xy{t^ //' - /,') ; 

If y = 00 , the emergent rays are parallel, and the corre- 
sponding value of X will give F-^Ay^ the situation of the first 
principal focus with regard to the first surface. 

Therefore this value of x, i,e. 

Again, 

If a; = X , the incident rays are parallel, and the corre- 
sponding value of y will give F"A^. 

17-^2 



F"E". 
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Therefore F"A,-'^-/''^''',. 

The first focal point F' is situated on the negative sid 
of Ai in the figure (Fig. 87), whereas H' is on the positi?^ 
side of A,. 

Therefore F'S' ~ F'A, + A,B' = FA,- H'A„ 

„,„. _ tf;-f;fi /;■( _ _ -/;/: 

~t*f"-/i i+f^' -frt+ /;•-/;■ 

And rH"-F"A,-H"A„ 

JK±£fl_ fi't _ /,"/■ ■ 

*+/>"-/;■ <+/,"-/.' 1+/,"-/." 

It is easily seen that the principal focal distances F'l 
F"H" are numerically equal to each other, but are measure 
in opposite directions from the corresponding principal planeq 

For 

, _ / -n A / -r, \ fir, r, _ ( fit, \l ^2. ll 

.-. F"H" = -F-H-. 

This numerical equality of the principal focal distance 
occurs in any combined system of refractive media, providts^ 
that the first medium and the last have the same refractiv^ 
index. 

The Nodal points. In every complex refracting systeQ) 
in which the initial and tinal media have the same refractive 

index {i.e. when F"H" = H.'F'), the nodai points K', 
coincide with the principal points H', H". In order to giT( 
a geometrical constructioa for ascertaining their positia 
generally, we must take a case in which the final mediun) 
has a different refractive index from the initial medium. 
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Fig. 88 represents the principal planes and the focal 
planes of a converging refractive system in which the final 
medium is denser than the initial medium. Such a system 




is found in the eye, the refraction of which we shall have to 
consider in detail in a subsequent chapter. 

Let S he A luminous point in tlie first focal plane, and 
let SJiJ^ represent one of its rays, viz. that parallel to the 
principal axis. We know that it will be deviated on leaving 
the refracting system in the direction J2F" where J^ is the 
point on the second principal plane, corresponding to ^1 on 
the first. Similarly any other incident ray SIi meeting the 
first principal plane in /[ will emerge in the direction I^R, 
parallel to J-^F", where I. is the point on the second principal 
plane, corresponding to 7, on the first. 

In order to find the nodal points we have merely to draw 
a line SK' pai-allel to J^F", cutting the axis in K' and the 
first principal plane in i?,. Through I)^ draw D1D3 pa-"" 
to the axis, and through Z), on the second pri^ 



^3 
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1 K" and thM 



draw DjE parallel to JiF", meeting the axis i 
second focal plane in E. 

Then K', K" are the two nodal points, for an incident 
ray SK' emerges, after traversing the system, in the directum 
K"E which is parallel to SK'. 

And since K'DiD^K" is a parallelogram, 

K'K"^DrD, = H'S". 

Now as the sides of the A F'K'S are parallel to the side! 
of the A H"F"J^ and the side J..H" is equal to the corr 
spending side SF'. F'K' = H"F". 

It is customary to denote the distance of the fira 
principal focna from the first nodal point by Q' and i 
distance from the first principal point by F'. Similarly 0" 
and F" denote respectively the distances of the second 
principal focus from the second nodal point and the secon^^ 
principal poiut, 

.-. G' = H"F" = -F"H"=-T-. 

Similarly as F"E = J^Da^ JjDi it can be shewn that 

£^K"F"E=£.8J-I),. 

.-. r'K" = J,8 = HT^~F'H', 

or (?" = - F'. 

Now when F' = - F", - G" = G' (Fig. 89), 
.-. F'H' = ~F"H" = rK\ 

and similarly F"H" = F"K". 

The nodal points consequently coincide with the princip 
points whenever F' = — F". 

The value of P' is considered positive if the first princip 
focua F' is on the positive side of H', that is, if it is on t 
same side of H' as the incident light. 

Similarly G' is positive, iff is on the positive side of i 
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The distances F", G" are reckoned positive or negative 
according as the situation of the point F" is on the positive 
or the negative side of the points H", K" respectively. 

DUtance of the Image. If the distance of the object 
from the first principal point BW (Fig. 89) be denoted byp, 
and the distance of the image from the second principal 




point hR" be denoted by g, it will be found that the formnla 

1 = 1 atill holds good when the proper values are 

given .to the symbols. 

For on consideration of the diagram (Fig. 89) it will be 
seen that 



■F 


WH' 


rH- 


I,H' ab 




V 


~ BE' 


' AJ, 


I,J, I.J, 
ab 


bF" bF" 

:T:i-bW 



This is true universally. 



DISTANCE OP THE IMAGE. 

And since F" =— F' in the case considered iu Fig, J 

^-^+^, = 0. 
p q T" 

whenever the final medium is of the same refractive indes| 
as the initial medium. 

In a similar manner it may be shewn that the old I 
formulte for the size of the image formed by a thin lens,! 
hold good also for a thick lens when p, q, P', F" ; 
measured from their respective principal points. 

The cardinal points of the usual forms of lenses are-l 
indicated in the accompanying diagrams. In all of themj 
the value assigned to ^ is 1'5, 

Fig. 90 represents a biconvex lens. 

J-, = - 4, n = 2, i = 3. 



A'- 



= 6, /;' = -±/;': 



f;t _f,'t 



D ' 



H- = -zM = 



-m 



„.,„,, //X'il 
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Fig. 91 represents a biconcave lens. 

r, = 4, ra = -2, t = 2. 
.: // = - 8, //' = 12 ; /,' = - 6, /," = 4 ; 



A, 



= 4:*.-16 = _.8: A„=C*=»=- 



D 20 



D 20 



F'ff' = zf^ = 111? = _ 2-4 ; F"H" = 24. 



f; 




H" M' 



r 



t 



RgS/ 



Fig. 92 represents a converging meniscus. 

ri = 4, rj = 2, < = 1*5. 

/i' = -8,/x" = 12; /,' = 6,/," = -4; 

, //< - 12 , ^ . - 6 „ 
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F'H' = "^ = 6-4 ; F'H" = - 64. 



F' 



f; 



fa' 




•'/;f.5^ 



Fig. 93 represents a planoconvex lens. 

n = ± *. ^a = 2, < = 1*5. 
• ••/; = + x,/,"=±x;/,' = 6./, 



// 



= -4; 




Ar At on be ieaafly «»iiiiae«ii &v 






-l-S 
" l-S 



-i,- 



t* /r-fi t-r, . 



J^" -/X '-Kt- fi 






w-fx 



■ rH-/;- 



FB'-Jx — /,-, wkidi i 



.?=£.i 



/"B* /,'/,"/,• 



I,. when/,'-x. F~H'-f,'. 



fij.Sl. 

Fit;. '^'^ represents a planoconcave lens. 
j-, = ± a:, n = -2, f = lo. 
.■./,'=T^,/.»= + «;/,' — 6,/,"-4. 
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As before 
A" = 0, A'=— = -1; F'H' = -f," = -4, F"H"=f," = ^. 




M* 



Fi 



fa" 



Fig. 87 represents a diverging meniscus which has this 
peculiarity: it is thickest in the middle. 

ri = 2, r2 = 4, ^ = 3. 

// = -4,//' = 6;// = 12,/;' = -8; 

The following considerations will make the conditions on 
which this peculiarity depends apparent. 

If F"H'^ is positive, the lens is diverging in function : if 
negative, it is converging. 

Now 



^ +//' -f^ ^ ^ /^ /^^2 



/Lfc — 1 /Lfc — 1 



-/in ^2 



/i-l{^/i-l-/i(r2-ri)} 

Then in a meniscus, in which the values assigned to n, 
and rg are both positive. 

If ?% < ^'i> F"H" must be negative. 
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That is, the lens must be coaverging In Junction, and be 
thickest in the middle (Fig. 92). 
If r,>r,. 



1- 



Three cases may now arise : 

(1) If the centre of the first surface lies within the 
centre of the second surface, the lens is thinnest in the 
middle. 

7-j - n > (. 

(2) If the centre of the first surface coincides with 
the centre of the second surface, the lens is of uniform 
thickneBS. 

(3) If the centre of the first surface lies mthont the 
centre of the second surface, the lena is thickest in the 
middle. 



In this class three subdivisions may be made : 
(3') „-„>,(S^), 



(3™) 






n 
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It is evident on consideration of tlie above formula that 
F"H" is positive in cases (1), (2) and (3'), F"H" is infinite 
in (3"), whereas F" H" is negative in (3'"), 

Fig. 95 illustrates case 3". 

r, = 1, j-, = 3, t = Q. 



(1) A meniscus is made in which )■,-)■, = (" _ . show 

that incident parallel rays will emerge parallel, that, when the 
concave surface is turned towards a ladiant point at finite 
distance, it acts as a converging lens, but that when turned the 
revei'se way it acts as a diverging lens. 

(2) Show that in the case of a sphere of any refracting 
medium the principal points are coincident with the centre of the 

(3) A thick meniscuM is made in which r^-r,^l. Show 
that this will act as a diverging lens as long as the radiant point 
lies to the right of the centre of curvature, but that it will act 
as a converging lens when the radiant point lies to the left of the 
centre of curvature. 

(4) From Fig. 89 show that 

o p T'-p F" ' 
when p^BU-, q = bS'\ V = rH', T"==F"H". 



CHAPTER XIV. 



fECCENTBJC PENCILS. FOCAL LINES, CURVATURE OP 
THE IMAGE. CODDINGTON LENS. 

In the preceding chapters we have confined our attention 
to the consideration of the refraction of thin centric pencils 
in media bounded by spherical surfaces. We have now to 
consider the more general problem when the incident pencils 
are not so limited. 

Focal lines. We will first take the case of a thin pencil 
incident on an eccentric portion of a refracting medium 
bounded by a spherical surface. 




i 



-n 
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Let be a luminous poiot, and let C be the centre of 
curvature of the spherical surface (^ > 1). Join OC and pi-o- 
duce it to meet the surface in A, Then OA is the principal 
axis. Let OP represent the axial ray of a thin eccentric 
pencil from incident on the spherical surface, and let OQ 
represent an extreme ray of the thin pencil considered. 
Let PR, QR' represent the refracted rays ; produce them 
to meet in F^ and let RP produced cut the principal axis 
OA in F,. 

Now if we suppose the figure to rotate through a small 
angle about the axis CO A, PQ will trace out a small 
segment of the spherical surface, OPQ a small solid cone 
incident upon it. Meanwhile the point F, will trace out 
a small arc, approximately a straight line, and the line at 
F3, indicating the cross-section of the refracted pencil, will 
trace out a figure that also may be regarded as approximately 
a straight line. We proceed to determine the position of 
these two focal lines. 

Let OP = II, F,P = v„ and F,P = v^. 

Join PC and QG. Then the angles of incidence of OP 
and OQ are CPO and CQO respectively, whereas the angles 
of refraction are CPF, and CQFi. Now when the incident 
pencil is very small, the angle POQ is very small, and the 
axial and extreme rays of the pencil may be considered to 
form equal angles of incidence (<^), and equal angles of 
refraction (1^'). Moreover, under these conditions the arc 
PQ may be replaced by the chord PQ, and the angle CQP 
may be regarded as a right angle. 

Then in the triangle OPQ we have 

tPQ sin POQ _ sin POQ __ sin POQ 
OP " sin OQP sin {CQP- CQO) ~ cos UQO ' 



^POQ = PQ^^ 
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Similarly, in the triangle F^PQ, 
Pq _ Bin PFM _ Bin PF^Q 
f;p ~ sin F.QP 



And 



sin ioqp 

£ PF,Q - PQ ."'^ 
^PCQ.'-^. " 



sin PFJi 

CqF,)~ cm'OqF,' 



Now if we wish to find the limiting value of the i^tio 
between the small quantitieB CQO - CPU and F^QO- FjPO, 
we can no longer regai-d these differences as vanishing 
quantities. 

Since the vertical angles of the triangles PLO, QLC a 
equal, 

^POL+^LPO-^ICQ + ^CQL, 

or /lPOQ + d>-£PCQ + ^+ A^. 

.-. Acf-zPOQ-^PCQ. 
Similarly, from the triangles PKF, , QKG we have 
z PF,K + £KPF, = £ KCQ + z CQK, 
or / PF,g + *' -^ peg + .(,' + A ((.'. 

,'. A4>' - £ PF,Q - z PCQ. 



Then 



A<^' 



L the limit 



zPOQ -zPCQ 
' £PF,Q-£PCQ 



sin = /i s 
, dil, 



FQ 



I COS <f} 



PQ 



/cos ip IN 
l~i^ r) 



fi C OSIp' _ u 
COS coa if> 
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fi COS= <fi' cos' _ /t COS iji' - 



Again, since the area of the triangle CPO is equal to tl 
sum of the areas of CPF„ F^PO, 

lr(-M)8iii = ir(- Vu) sin i^' + itis(- «) sin i<p - tf,'). 



Dividing by 


2"~ 


we have 






^ 1 sin<^cos*'-co8.#. 


.ilKf' ,X0OS 


f- 


COS* 


V, u 


r sin 0' 




r 




On combining (1) and (2) 


we obtain 






/J, cos' 0' 


COS= (/> /J, 


1 flCOS<^ 


-cos* 



A simitar result is obtained, whatever may be the position 
of the source of light (0). An examination however of equa- 
tion (3) shews that the relative magnitude of v, and v^ 
depends upon the value of u ; i.e. upon the position of 0. 

For equation (.9) may be written 

a fisin'tb' 1 sin" A fj. 1 



I H 



J^{u-i,v,). 






Hence u, = r, if ^ = ; i.e. if the point is at the 
centre of the concave refracting surface, when there is no 
refraction. In this case u = r, which excludes the case of 
the convex refracting surface, for u is positive and cannot be 
equal to i' which is negative. 

Also Uj = u, as It = fiv, . 




274 FOCAL LINES. 

It 18 evident that v^ cannot be equal to v, if the surface 
be convex. For, since u and fi are alwajs positive, v, must 
also be positive (or virtual); and if /i > 1, f, >k; and if 
^< 1, v,<u. Therefore if the refracting surface be convex 
u cannot be equal to /ifi. 

If the refracting surface be concave v^ = v„ that is, there 
is no aberration, if u = ^«,. The oblique eccentric rays are 
in that case so refracted as to appear to come from the same 
point Q as the axial rays, where 



But then - and consequently - = It- 



p p r 

Or {/*+!) .■=p. 

Whether the refracting surface be concave or convex, 
will be evident that when v.,>v-„ the cusp of the caustic' 
points away from the surface, but that when v^KVi, the 
cusp of the caustic points towards the surface. When the 
refracting surface is concave, there are two cases in which m 
caustic is formed, viz. when p = r and when p = r + fir. 

Hence it is evident that under certain conditions 
spherical lens may be formed that shall be entirely 
from aberration. The lens must be of the form of a mi 
with its concave surface facing the object P. If r, 
the radius of curvature of the first surface, and if PA, 
p = r + /ir, the result of the refraction at the first surface 
be the formation of a definite virtual image at Q, such tl 

QAi = — i (Fig. 97). If now the second surface of 

meniscus be such that r.j= QAj. the image at Q will be d 
tinct and free from aberration. 



I 
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Similarly an aplanatic convei^ng meniscus for the point 
P may be obtained when PAi= r, and 




The distance of the image Q from the second surface is 
QA .^ and 

These are the only conditions under which an aplanatic 
lens can be formed of spherical surfaces. 

Optical Centre. Before considering the refraction of 
small oblique jiencils by thin lenses, it will be convenient 
to investigate the position and nature of a point which is 
known as the optical centre of the lens. 

The optical centre ia the point in which the line, joining 
the extremities of parallel radii of the two bounding surfaces, 
cuts the axis. 

Let BAOCiC, represent the axis of the lens (Fig. US), and 
let CiJ^ represent any radius (r,) of the first surface, and let 
GjJ, be a radius (rj) of the second surface parallel to OiJi. 
Join Jj/i and produce the line to meet the axis in 0. Then 
ia the optical centre of the lens, 

18—2 
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By similar triangles 

0,0 _C, J, r, 

The point is therefore a fixed point on the axis what- 
ever pair of parallel radii we employ, since its position on the 
axis depends merely on the dimensions of the radii. 



f 




Let the thickness of the lens AB be denoted by (, thei 
we have 

c,o Z'~_9-^ ='■' 

C~0 °^ r^-t~OA ;■,' 



.-. OA = 



r,t 



and ( = 



n 



'OA. 



If the lens is biconvex r, is negative, il 
positive but r^ is negative, consequently under these condi^fl 
tions the optical centre lies within the lens. 

The centre of a lens thus determined has the folIowiD 
important optical property. Any beam of light such as P'^iM 
passing throiigh a lens in such a manner that its directioE 
while within the lens passes through the centre, will i 
emerging from the iens have a direction J^Q parallel to i^ 
direction when incident on the lens ; and conversely, every^ 
emergent ray that is parallel to its corresponding incident 
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ray must have been dii'ected towards the optical centre in 
its course through the lens. 

This follows at once from the fact that the tangents at 
the two points where refraction in this case takes place, are 
parallel, and therefore the effect on this ray is the same as 
that due to refraction through a plate. 

It is evident that two cases of oblique refraction through 
a lens may occur. 

(1) Oblique centrical refraction, when the axial ray of 
the oblique pencil passes through the centre of the leua after 
refraction at the first surface. In this case the axial ray of 
the pencil undergoes no deviation. Whenever light from 
any natural object so falls upon a lens as to reach its whole 
surface, the refi.'action is usually centrical. 

(2) Oblique eccentrical refraction, when the axis of the 
oblique pencil while within the lens does not pass through 
the centre of the lens. This usually occurs when the 
light considered falls only on a peripheral portion of the 
lens. 

Oblique Centrical Refi-action. Fig. D9 (1). Let P 
be the origin of light, PK' the axial ray of the pencil con- 
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sidered, and let K'OK" be the direction of the axial i 
within the lens, passing through its optical centre, 
emerging from the second surface of the lena thia axial ray 
will proceed in a direction K"Q parallel to its incident 
direction PK'. 

If we regard the thickness of the lens as negligible we 
may replace the two nodal points A" and K" by the optical 
centre 0, and HO will represent the principal plane. Then 
in Fig. 99 (2) PO represents the axial ray of the incident 




Fii- 99 (2) 



pencil, j)i and j>,j represent the situations of the primarj' and I 
secondary focal lines after refraction at the fii-s-t surface, and I 
5i, qo denote the primaiy and secondary focal lines after thft 1 
second refraction. It ivill be noticed that as PO > fipi0,3 



Let <f) be the angle of incidence of the axial ray PO abM 
the first surface and the angle of its emergence at thea 
second surface, and let tf>' he the angle of refraction within I 
the lens. 



Let 




PO=U. q,0 = 



qM = 
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far the first refrjictioii 

<fi fj, cos 4' — cos d> 



fj. cos' tp 
p,0 



U 



(i cos (/)' — COS if 



For the second refraction ^' is the angle of incidence, 
is the refractive index. We have 



<^ that of refi-action, and - 
therefore the relations 



1 



cos°^' 
1 



- cos ^ - COS (^' 



On multiplying these equations by fi and adding the first 
of the latter pair to the first of the former pair, we obtain 
cos"0 cos-0 , { \ 1\ 

Similarly on adding the remaining equations together we 
have 



-pr--^ = Ocoa^ 



'^•^^ijtrh 



If the iingles 1^ and i^' are small we may neglect all 
powers beyond the second, and we may replace cosi/i by 



n* by 1 — 0', 



, and, by Snell's 




(j.0Osf-CO.*)(i--A_)-(^-l)(l + |")(i-;i). 
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Now let the second principal focal distance of the lens t 
denoted by/", then 

1_ 
7" 

and cos' (^ ( -j^ — 

approximately. 



Op 



1 



1 _1 




approximately. 

If (E denote the distance of the circle of least confusit^ 
from the centre of the lens, and if we regard the crosa-sectioi 
(at 0) of the astigmatic pencil, that enterH the pupil of thn 
observer's eye, aa circular, we have 



■'■i-u—jX^-'M^T^H 

If then a lens be so inclined that the plane of the gla* 
makes an angle with the incident wave front, two focal 1 
are formed when the refraction is centric. Consider, 
example, a. plane wave incident on a biconvex lens at t 
angle of 20", 

ft = 1 -54, i2, = - 108 mm., R~ = 108 mm. 

When the angle of incidence is normal, 

jr, = H--^ ("YOS " lOsj - " 100 " 
In other words the lens is \QD convex. 
On inclining this lena 20" to the vertical or normal pla 
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— -.r=(^'^<*8l2°' 



'■"'Km)- 



As the incident light is considered to be of plane waves 
U is infinite, and therefore the term containing jy vanishes. 



and 



Thus 


■883 (1-54 X 975 - -9397) 




F, 54 




1 -5618 

n — 5r- 


There 


™ ^=-^J<F=-— 




V.. = -~*--mimm. 



■5618 



The lens bo inclined in fact refracts light in much the 
same way as a 

+ 10-4i) sph. 3 + ViD cyl. ax. - 180. 

This property of tilted lenses is sometimes of service to 
aphakic patients. After the lens has been removed by opera- 
tion, the cornea is usually rendered leas convex from above 
downwards than from side to side. As these patients usually 
require strong convex glasses, their astigmatism if alight may 
be corrected by inclining the convex spherical lenses instead 
of providing them with spherocylindcrs. 

The cornea of a hypermetropic or of a myopic person is 
veiy often more curved from above downwards than from 
side to side. Hence astigmatic myopic patients often see 
best through biconcave lenses when they are tilted. Such a 
patient, if not provided with the appropriate spherocy tinders, 
will wear his pince-nez inchned on his nose, and so will be 
able to correct his astigmatism if it he of low degree. 
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Oblique Sccentrical Reflractlon. Oblique eccentrical 
refraction takes place when for some reason the axial ray of the 
incident light does not traverse the optical centre of the lens. 
Sometimes an opaque obstacle is in the way. At other times 
the source of light is itself an image formed by reflection or 
refraction. The light emitted by such an image differs from 
that emitted by a real object in that it can only diverge from 
the image in the lines in which it had previously converged 
to form the image. Hence the pencil of light proceeding from 
any point of such au image is limited by its own mode of 
formation. Thus in the compound microscope eccentrical 
refraction occui's at the eyepiece by which the image 
formed by the objective is magnified. 

The exact mathematical investigation of the form of a 
pencil after oblique eccentrical refraction through a lens is 
laborious and difficult, and moreover does not admit of any 
simple approximate expression. It will be sufficient for our 
present purpose to consider the principal consequences of 
oblique eccentrical refraction in the case of a microscope o^— 
telescope. 





\ 


L_ 


' >^^0^^ 




Flg.lOO. 



The compound microscope consists of a system o 
called the objective, situated at 0, the purpose of whi 
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fbrm an inverted distinct plane image ab of the object Ali. 
This image ab is subsequently magnified by the eyepiece. 
In practice it is found expedient to form the eyepiece of 
two plano-convex lenses separated by an interval ; the lower 
leus is called the tield-lens, for it increases the field of view 
of the instrument, the upper lens is called the eye-lens. In 
the Huygeniau eyepiece, the most common form, the field- 
lens F is placed below the image formed by the objective. 
Consequently the image ab is not actually formed, but the 
converging pencils, proceeding towards the separate points 
of the image ab, are made to converge towards the separate 
points of the image a'b'. Now since the cone of light that 
corresponds to any point of the image meets only au 
exceedingly small portion of the field-lens, we may neglect 
the aberrations which occur within each of the incident 
cones. The point b' therefore will be distinct, for it is 
formed by a small direct centric pencil. Similarly we may 
regard each point of the image a'b' as being fairly distinctly 
formed by a minute eccentric pencil, and we have to consider 
in what way the spherical abeiTation of the field-lens will 
affect theii' relative position. For this purpose we may 
consider the non-aplanatic field-lens as consisting of several 
annular zones, the refracting power of each zone increasing 
with its distance from the centre. The axial ray of the 
peripheral pencil aa' will consequently undergo a greater 
deviation than that of an intermediate pencil such as yc'. 
The consequence of this will be that the image a'b' will not 
only be smaller than ab but it will be distorted, for the 
surfiice elements of the image will be diminished in pro- 
portion to their distance from the axis. 

Further, since the refracting power of the peripheral 
zone is greater than that of a more centrally situated zone, 
the focus a' of the peripheral pencil ' i.rer the lens 

than the focus c' of tho intermedia ence the 
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image will appear curved, its coDcarity being directed towards 
the incident light. 

It is important to bear in mind that the distortioD of 
the image does not depend apon its curvature, though it has 
been so explained in some of the older books on thiii subject. 
Aq image may be strongly curved yet may not appear 
distorted, aud ince versti. 

If the image ab were represented as a network of squares 
(Fig. 101), the eflect of the field-lens would be to form a 
distorted image (Fig. 102) owing to the peripheral parts of 
the image being more diminished than the central parts. If, 
however, a plano-convex lens were placed ou the further side 
of oA so as to form a magnified virtual image of it, the 
distortion would be opposite in character as in Fig. 103, for 




Fig. 101. 



then the peripheral portions of the image would be more 
Tnaguitied than the more central portions. In like manner 
the image will l>e curved, its concave surface being directed 
upwanls. 
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The construction of the Huygentan eyepiece depends 
upon the choice of such an eye-lens that the distortion and 
curvature of its virtual image shall be exactly equal and 
opposite to the distortion and curvature produced by the 
field-lens (Fig. 102). When then the image a'b' is magnified 
by the eye-lens the resulting virtual image is undistorted 
and flat'. 

The Huygeuian eyepiece consists of two plano-convex 
lenses separated by an interval a. The curved surface of 
each lens faces the incident light. If the focal distance of 
the first or field-lens be denoted by /i, and that of the secoud 
or eye-lens be denoted by/j, 

/,=3/, and a = -%U 

Ourrature of Images. The image of a plane object, 
whether real or virtual, formed by a spherical lens is not 
plane but appears curved. 

The effects of spherical aberration may be practically 
eliminated by placing a diaphragm pierced with a small 
central apertui-e immediately in firont of the lens. The 
refmction is then limited to the central pai't of the lens, and 
in such cases the curvature of the image is entirely due to 
the obliquity of the pencils that proceed fi-om those points of 
the object that are more remote from the principal axis. 

Let represent the optical centre of a thin concave 
lens, the principal axis of which is OB. Let AB represent a 
section of the curved object and let ah be its image. The 
divergent pencil from B that falls on the lens whose axial 
ray is represented by BO is centric and direct, whereas the 
pencil from A will be centric and oblique. Hence the 
virtual image a of the point A will not be so distinct a,s 

^ It may be aleo noted tliat the ohromRtic nbeiration onuaed bj th« 
field-lens ia oblileratsd in the ' ' "■'-tnal imnRe formed by thia combination, 
owing to the inverse chrom* i induced by the cje-lans (p. 311). 
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This gives die reiocioiL hetpveen :iiie onryiacnres of an 
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plane, the image, whether real or virrnaL, woald haire been 
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It i^hould be remarked that the CTirvatnre of tbe image is 
ind^jpfiTident of the distance of the object. 

In aa^i^iing a value to i, we mast determine whether 
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The defects of an image formed by a lens when the light 
is homogeneous may be summed up in the following way ; 

I. When the lens is provided with a diaphragm or 
" stop " (as in the preceding case) and when the object is 
real. 

The central part of the image is distinct, since it is formed 
by a direct and centric pencil. 

The peripheral parts of the image are indistinct, since 
they are formed by oblique and centric pencils. 
A The whole image is curved owing to the obliquity of the 
I incident pencils from the peripheral parts of the object. 

II. When there is no stop, and the source of light is 
itself an image formed by some previous refraction or re- 

, flection (Figs. 100, 102, 103). 

The individual parts of the image are approximately 
distinct if each individual cone of light meet only a very 
small portion of the lens. 

The peripheral portions of the image are distorted from 
spherical aberration, i.e. from the greater refracting power of 
the peripheral zones of the lens. 

The image is curved from spherical aberration. 

III. When there is no stop and the source of light is a 
real object, the whole surface of the lens receives the incident 
cones of light. 

The centra! part of the image is indistinct from spherical 
aberration. 

The peripheral parts of the image are indistinct, both 
from spherical aberration and from the obliquity of incidence 
of the pencils that form them. 

The image is curved chiefly from the varying degrees of 
obliquity of the incident, pencils. 

Refiraction of a Sphere. The sphere may be con- 
sidered as a kind of double convex lens, and there are 
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On dividing by iixx'Tj we obtain 

For the second refraction, by substituting - ,a:',y and i\ 

for fi,, X, x', and r, in the last expression, and on dividing 
throughout by ^, we obtain 

On adding these expresaions we get 

X y \ ij,) \i\ rj 
If as is infinite, i.e. if the incident rays are parallel, 

/ V ^/\r, r,/ ^ y f 

And since ;■, ia numerically equal to r.^ but is negative in 
sign 

1^ 2(^-1^ 

/" /*»■» 

If the sphere be glass (^ = l-5) the second principal focus 
is at a distance of half a radius from the posterior surface of 
the sphere. 



F,^ 'OS. 



The " Coddington lens " is a very serviceable pocket 
magmfying glass and has thi" ' ortant advantage over an 
ordinary convex lens — the ' parts of the virtual 
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image are as distinct as the central part, since the pencil 
from A is centric and direct as well as that from B. In 
practice it is found that the central apt^rture must not 
be gi-eater than a fifth of the focal distance of the sphere or 
appreciable indistinctness will occur from spherical aberration. 
The image will be curved owing to the greater distance of 
the peripheral parts of the object from the centre of the 
sphere than that of the more central part of the object. 

This form of lens however suffers from two serious defects ; 
it has a very limited field of view, tor only those emergent 
pencils are effective which can enter the pupil of the eye of 
the observer, and it has a very short working distance. It is 
advisable therefore for the eye of the observer to be brought 
as close as possible to the posterior surface of the lens. 

The Stanhope lens is somewhat similar to the Coddington 
lens and may therefore be mentioned in this place. It ia 
a short glass cylinder with its ends groiind convex to an 
unequal degree of curvature to diminish the spherical aber- 
ration. The length of the cylinder is such that when the 
object is placed on the surface of lesser curvature, and the 
more convex surface is turned towards the eye, a distinct 
magnified image of the object is seen. 



(1) Parallel raya strOte a tliin lens at aa e 
30°. Give the ratio of the dLstances of thi 



ogle of incidence 
focal Hues from 



the lens. 

(2) An aphiikic patient requires the following glasseK for 
distance; + 12i>sph. C + 1'5 /J cyl. ax. -180". What inclination 
should be given to biconvex spherical glasses to correct the 
astigniAtiam, and what should be their focal lengch ii fi — l 'Si ? 

(3) A spherical water bottle of radius 3 ins. ia filled with 
water. Where is the focus for a small incident parallel pencil, 
neglecting the thickness of the glass and assuming ^ as the refrac- 
tive index of water 1 

(4) A Coddington lens of ^ in. radius is placed so that its 
posterior surface is ^ in. from the nodal point of an eye whose 
punetum ^jroxivtrtm ia 10 ins. from the nodal point. What is the 
magnifying power, and what is the curvature of the image, sup- 
posing the object to be plane 1 {/j.= 1'5.) 
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In this chapter we proceed to find an approzimatg-l 

expression for the aberration of a wide centric pencil when'^ 
refracted at a single spherical surface and when re&acted by 
a lens bounded by two spherical surfaces. The method 
adopted is taken from Professor Heath's Geometrical Optics 
with such alteration of the signs as to make the expressions 
consistent with the convention employed in this book — that 
the direction of the incident light is considered positive, and 
the reverse direction negative. 

Let P be the soui-ce of light, Fig. 106, and let KAK' be 
the refracting surface. We have seen in the previous chapter 
that the thin eccentric pencil, whose axial ray is denoted by 
PK, will be so refracted that it appears to come from two 
focal lines at /J and/j. Now if we consider the wide cone of 
incident light on the whole refracting surface, the locus of /i 
will be the caustic curve produced (shewn in dotted lines), 
while the longitudinal aberration is denoted by_^Q, and the 
lateml aben-ation will be represented by 2QR. The longi- 
tudinal aberration /;,Q is the more important, and is what is 

dly understood by the term aberration when used alone. 
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Aberration at a ilngle spherical inr&ce. Let CA 

be the radius of curvature of the refracting surface KA 
(Fig. 107), let P be a puiut on the principal axis, and 
let Qo be the focus conjugate to P for the thin centric 
pencil from P. Let Qi denote the position of the second 



focal line formed by the refraction of the eccentric pencil PK. 
Let the angle KGA or 9 denote half the angle of aperture of 
the surface considered. 
Then we know (p. 205), 

PC PA p-r p 

— Q;c=''Q:A°'i^r=''-,- 
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. PC PK 

""' wc-i'm- 

(FCy , (CKf + (f Cy + 2f C . C A' COS g 

■ ' (ftc)'"'' (,CKy+iQfiy + 2Q,c.CKm,e' 

where the angle PCK orQ,CK = ir- 0, or 
(PCy{(CK1' + (Q,C)' + 2Q,0.CKmae} 

= p" (Qfif l(CK)' + {Pcy +2PC. OK cos e] . 

On dividing the last expression by (PC)' {CKf {Q,Cy we 
obtain 

_1 ^_1_ 2coB^ ,/ 1 1 2cosg -^ 

(e,c)"'^(cii-)''^e,C'.cif~'' l(?co"*iCR7'*i'c.o«- 

If we denote 
1 It 111 



1 



by Va, this expression becomes 



by «', 



u'' + p* + 2w'p cos 9 = fi? («.' + p' + 2wp COB 6) (1 ). 

This espressiou gives the relation between o' and u for J 
all values of ^. 

It maybe noted that when v' = /i'u, the terms involvioj 
disappear, so that the value of v' is independent of th(y 
aperture allowed. 

In this case, 

p.*u' + p' = p,'ti' + fi,y, 

or tt'uHf>?-l) = p'(^'-l), 

or fiu = ± p, 

i.e. fir=p—r,a&p must be positive. This is the same result i 

that was given on p. 274. 

"-yv when fl is a small quantity of the first order, and n 
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merely wish to obtain an approximation of the second order, 
we may replace cos 5 by 1 ~ -q ■ 
Equation (1) then becomes 

(u' + p)' - «'p^ = ^' {(« + p)' - «pn 

On extracting the square root by the binomial theorem, 
and omitting the terms that contain higher powers of than 
the second, we get 

But when the pencil is thin and centric, 6 = 0, and 
Since B' is of the second order of small quantities, we 



If we denote - by 0, and - by a, 



Then v' — v,, represents a small quantity of the second 
order; let it be represented by the differential dv. Similarly 
let the differential rfyS represent a small quantity of the 

second order such that the fraction -j may be equal to the 
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r of differentiation wbidi is ginailarlj- ei- 



.'a» 



I 



I 



_i J^ 2 fW_^ 

' ' ff Ao vf d» tv*' 
Jkb» fiom the same eqaation 



Then 



<(« = 






Now we may replace — by y*, if y denote the ordinate 
Kit or the semi-ajierture considered, and within the biacjiet 
for p. 



w« may substitute 
Then rfj9 = 



C/S- 



-l 



Hi'-'^r 



Since 



■.dq--, 



»V_ 



(/3-a)-(«-^). 



..(3), 



It will be uoticed that the aberration QiQo or dq is nega- 
tive an in the figure unless is less than /ta or unless is 
negative. 

Aberration of a Leni. Let Q„ Q, be the conjugate foci 
of P due to the refraction at the first and second surfaces of 
the lens in Fig. 108. 



Let 



O 



1 

'FA, 



ff = 



1 



^ = 



1 



1 
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and let />,, p^ represent the cnrratiires of the tirst and second 
3 of the lens respectively. 



If the incident pencil be thin and centric. 

(a-p,) = MO-p,) and {o! -p^) = ti{ff -p^i ..,(\), 

since the index of refraction at the second surface is - . 

t^ 
When the aperture of the lens is not negligible, we must 
take into account the effective aperture at each surface of 
the lens. Let the semi-apertures y and y be small quantities 
of the firat order. Then if we consider the extreme pencil of 
the incident cone of light, the value of a' must depend on the 
values of ^ and y', or a' =f{ff, Tf). 



.da' = 



d^ 



da 



rf^+g,rfy'. 



where ^, dff" means the partial differential of «' supposing 

that 1/ does not vary, and . , rfj/' means the partial differential 

of a' supposing that ^ does not vary. 
J 1 
Now it is evident that 7 
P 
thickness of the lens. 



= ( where t denotes the axial 



•d'g- 



If' 
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But d^ denotes the variation of (3 due to a change of y 
the semi- aperture of the first surface, and the vahie of this 
was found in the previous investigation (3). 

Let it be denoted for shortness by ki/'. 



hd0' = 



da' /3'' 



;«¥■ 



We have now to find 



3/3- /S"' 

It is clear that a 



fining ourselves to the second order of approsimationss, and y^ 
is of that order of small quantities, a first approximation of 

the value of ^ is allowable; equation (1) will serve this pur- 



pose, whence we get 



Now ^ dy' means the partial differential of a.' due to a 
change of ^ ; it is therefore comparable to d^ and may be 
denoted by ie'y\ A glance at the figure will shew that — is 



very nearly equal to ^ . and that to the degi'ee of approxim 



tiou to which we are working y'^-- 



j.dy'^K ^^y". 



Then da' i 



d0' 



dS' + ^,dy' = y-'UK^+K 



We have now to assign to k and k their proi 



ABERHATION OF A I.KNH, 
From equation (3) 



and on niakiug the proper substitutions ff, o' i'"! '<"' a. H 
and ft, we get 



-^</3'-a'r(^-(«')J «). 



Rom Uns eziveflBon the sphencal aktemivia of s Urfu, 
«ditfevGr ma;- be its UliclcDeBS, may be <let«nnil>ed to tlw 
aeotBd onler of small quantities, it y the aeoU'a{ieftilt« m»f 
be BepgJpd as a member of the first onkr of inantl qiUB' 

liliBa. 

WfcfAetinAnH»of theleMJinegiiyiMfe^^g. 

B« from B^MMiM (1> u< a fi 

-—I 



*-^ /|te-.fi(»-,+l.»-(ft-<-f<ft-»+l<(PJ 



» 



iKffofBMMl 



^ ptatu^ ▼^r^-frrior: Their -nsomce of die ^^i^ect is then in- 

x=^0. mil « =-=;7. 

/ 

Firtic let lift ^3uce % piano-^piii^ical lens with its carved 
.«Hir&ce &ciiur :iie 'fgnrr diea a.. = 0, 

ami <^nice «=—,=/* — Ipi, 

*«'=rp-.'^^/«'-V+2) (A). 

If the pla]i«>^pherical lens be turned the opposite way, 
so that its plane sor&ce &ces the incident light, pi = and 

d^'=-y'p.'f(M-i) (B). 

If the lens be a double spherical lens, either biconvex or 
biconcave, which has surfeices of equal curvature, pi = — />2> 

da' = yV^^^(V- 4/^^-/^ + 2) (C). 

Now a' = ^ where / denotes the second principal focal 
distance, 

''d/^'f' or d; = -f'da\ 

r. in cai^e (A) where /= 

M~ Ipi 
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e(B)where/= _ 



in case (C) where/: 

KG'). 

It will be noticed that the aherratiou is least in A', 
greatest in B' and intermediate in C Supposing the lenses 
to be made of a crown glass having an index of refraction 




1'5 the aberration or d/" in A' is 



, in B'it is 



Af 



, while 



in C it is 



At 

"3/- 



It must not be thought from thb expres- 



sion that the aberration depends upon the focal length ; it 
depends essentially upon the curvature of the surfaces. Thus 
a biconvex of flint glass will shew considerably less spherical 
aberration than a biconvex of crown glass of the same focal 
length. It is found that the form of lens which will bring 
parallel rays of light to a focus with the mioimum of aberra- 
tion must be such that, if r, denote the radius of curvature 
^^^^f first surface and r, that of the second surface, 

I BO that 



BO that if /I =1-5, - 



2/1'+^ ' 

f u.= 1G86. the leoa should have 



its posterior surface plane. 

Lenses formed with this relation of their curvatures 
to minimize their spherical aberration are called "crossed 
lenses." It will be seen that in a crossed lens for an index 
of refraction lo, ^, = -6^,, and from the expression (3) it 
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15 j^ 



■spherical lens for' 
, when made of gloss of the 



crossed lens is little better than the pli 
which the aberration d/= — j: y 
same refractive index. 

Hence in most telescopes the object-glass consists of a 
planoconvex lens with its curved surface facing the incident 
parallel rays'. The lowest lens in the objective of a micro- 
scope consists of a hemispherical lens with its plane surface 
facing the object which is placed very nearly in the principal 
focus of the lens. The rays of light therefore which emerge 
firom the convex surface are nearly paralleL 

It is indeed impossible to construct a lens of spherical 
surfaces that shall be entirely free from spherical aberration, 
when the incident rays are parallel. When the incident 
pencil is divergent and direct, an aplanatic meniscus may be. 
constructed on the principles described on p. 274. Such 



I 




aplanatic meniscus is represented in Fig. 109, where Q is thai 
virtual image of P formed without any spherical abeiTatioil, ' 

Aplanatic Sur&ccB. We shall proceed to find what J 
shape the surfact^s of a lens should be in order to bring 1 
incident parallel rays to a focus without aberration. Hitherto 
' For a similar reaion, wiien sphero-cjlindrical glaasea are ordered for 
aatigmatid patienta for distauoe, the opiioiaa stioald so arrange them that the 
cjlicdrieal aide faces llie eye, while the Bpherical aide (aees the incident light, j 
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it has not been practicable to make lenses of this shape, for 
there are great mechanical difficulties in the way of grinding 
glass to any shapes other than plane, spherical or cylindrical. 
It should be remembered that white light consists of various 
coloured coniponents, each of which travels with a different 
velocity through glass, or in other words /i has a different 
value for each of these components. Since the form of a lens 
of a given power depends on the value of ft, it is impossible 
to obtain a lens which shall give the minimum spherical 
aberration ibr more than one of the components of white 
light. 

In order therefore to find the theoretical shape of a 
surface that shall refract incident spherical waves of light 
to a focal point without aberration we must consider the 
light to be homogeneous. 

Let N {Fig. 110) be the monochromatic luminous point 
from which spherical waves are diverging in all directions 



in the first medium ; and let S' be the point in the second 
medium, which is bounded by the surface AP, towards which 
it is required that the incident waves should converge 
without aberration. A definite image of S will be formed 
at S' if all the incident light that enters the second medium 
reaches jS' in the same phase. The surface AP must then 
be such that the light incident at any point of it P must . 
take the same time to traverse the course SP + PS'. 



APLABATIC SDBFACE8. 

Let the velcwity of the light under consideration in the 
first medium be V and its velocity in the second medium 
be Y'. 

Then the time taken in traversing the path SP + PS,' 
must be constant, 

,-. + -^, = constant. 

y J 

Multiplying by Y and remembering that = is the 1 
relative re&active indes of the second medium, 
SP + iLPiS = constant. 

The locus of P determined by this equation determinef 
the form of the siirface. But this is the equation to i 
Cartesian oval, its more usual form being r + ,11/ = a, wherel 
fi and a are constants. In the case given r + ff' = 14^. It ia^ 
only the part of the curve in the neighbourhood of the vi 
that resembles the arc of a circle, which explains w 
spherical surface refracts a thin axial pencil without ab* 
ration. An aplanatic lens would be formed by giving t 
other surface of the medium a spherical curvature, the radiui 
of which is S'P. 

If ]S be at infinity so that the incident light consists 
parallel rays, let the plane H'X' represent the wave-front E 
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a finite distance from the surface (Fig. Ill), Then it AP 
represent the surface of the medium, whose refractive index 
is fL, all the light incident on AP will come to a focus 
at S' if E'P + fiPS" = c a constant. Draw the plane EX 
parallel to H'X'. so that ITP + PB = c. 

Then PH = /mPS' or Jp = - 

The curve AP is therefore an ellipsoid of revolution if 
^>1, and a hyperboloid of revolution if /i<l. 

If it is required to form at S' a virtual image of the 
luminous point 8 a slight modification in the investigation 
of the form of the surface will be necessary. 




Let P be any point oa the surface (Fig. 112), then SP will 
represent the path of the light from S which is incident 
at P. Let this pencil be refracted in the direction PQ 
so that PQ produced backwai-ds passes through S'. 

Now if all the light that enters the second medium 
appears to come from 8', it is cleai- that this refracted tight 
must present a spherical wave-front with centre at S'; the 
locus of Q is therefore part of a sphere ; 

.-. S'P + PQ = c a constant ; 
.-. f,S-P + f^PQ = fLC. 
But SP + fiPQ = ka. constant, 

since the locus of Q is a wavefront ; 

.-. SP — fiS'P = k — fic a, constant. 

20— S 



.iPLANATIG SUBFACISu 



'rh«f looits >t P IS then the second fiMrm of Cartesiaa oval 

«,««hlly dwioced by the expression r — /iir^=sa. 

op 
tf the v^i.»ustaut k-fAC. aP^/jSP^O and ^ = /a 

aP 




* It tn>. H^ iu^ v\uHv>ii»ii ov-hI becomes a circle, as indeed 
,,,j^tu ♦v- :\:M«xvi t^»iu :iu' re^rti It obtained on p. 274 where 
,^,i t'lT.mi -^1*1 n tMtTK'ium U' :4 :«U4cle spherical snrface there 

7 I < MX v\ 'UMiMtt. V* — »AL' ii> negative, and for one 

tiix*^r' • •^*' ^^'' *^'^*^^ ^ ^^^^1 c\Huoide with the point S'. 

r^u-^^- V !»-" \: tx» >-^?i\.'•,tl»u «Ki :he Cartesian oval again 

■*,:»-. ri.- \ — ." vr -n: 'it^.u'it r^^ruces to *SP (1 — yLt) = — 6 

6 

AcbrcsiAtic Cc^^xisi^txufif. \V\^-^ the incident li^ht 

'.V . - . - • . . . ^ ;• .-• .» :>vv. ;: light of diflferent 

\\.4^ -: ' .. -"^ r :"7\w::ve index of the 

ci.\^> > " . : V i\',:>. 'A-:\ve-frequency. 

H, nv\^ :.".^ '. . ,'. . .-. > .;v. c ■-. .i:ro rent value for 



1 • . 



-?v*' :>^ •. Yi.- ^M-x-'C :5> C>P or 
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each wave- frequency, for ^=^— 1 f J. If then the 

incident light coming directly from the sun traverse a simple 
convex lens, a series of images of the sun of different colours 
from violet to red will be formed along the axis of the lens. 
Now owing to the different dispersive powers of different 
kinds of glass we have some means of partially getting rid of 
this defect by uniting two lenses of different kinds of glass. 
We cannot make a combination of two lenses perfectly 
achromatic owing to the irrationality of dispersion (p. 183). 
We shall shew in an elementary way how light of one wave- 
frequency, say that corresponding to the line F in the blue- 
green part of the spectrum, may be brought to the same 
focus as the orange coloured light of the line D. 

Let the thickness of the lenses be negligible, and let the 
focal distance of the first lens for the blue-green light be 
denoted by f^, and for the light intermediate between F 



and D by/,. 




Then 


h^^^r^- 


Similarly 


Kr^^^-'^- 


Therefore the difference between these is 


1 1 

t\. /» 


, , 1 1 \ ^f-fi.„ \ w, 

'•"'-""'U-J';-:^-/-.'// 


where ». = ''-'- 
sidered. 


— ^^ , the dispersive power of the lens con- 




Similarly 


1 1 TD-g 


Hence in order that the two images may coincide it i 



I 



/■ /. 
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This is the condition that two thin lenses in contact may 
form an achromatic combination for F and D. It is obvious 
that fi and /j must carry opposite signs. Thus the object- 
glasa of a telescope usually consists of a biconvex lens of 
crown glass cemented to a diverging meniscus of flint glass 

such that^y = ^ - In order that the two lenses may be 

cemented together it is necessary that the posterior curvature 
of the first lens should be equal to the anterior curvature of 
the second lens, i.e. r., = i^i. As the achromatism of a com- 
bination of two lenses in contact can never be made perfect 
for sunlight, Herschel recommends the union of the kinds 
of light denoted by the D and F lines of the spectrum which 
are at the same time powerfully illuminating and very 
different in colour. He says, "The exact union of these 
will ensure the approximate union of all the rest, better on 
the whole than if we aimed at uniting the extremes of the 
spectrum, and a fai- greater concentration of light will be 
produced." 

It is often necessaiy to correct a system of two lenses 
separated by an interval tor chromatic aberration. The 
necessarj' conditions when each lens is made of the same 
kind of glass can be easily found. Let a denote the interval 
between the first lens and the second lens, then 



I 
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This expresaion must be equal to if the combination ii 
to be achromatic ; 

Kl + ICa 



■ ■ " 2 ■ 

This condition is satisfied by Huygens' eyepiece which is 
formed of two plano-convex lenses, the focal length of the 
field-lena/i being three times the focal length of the eye-lens 
/s, and the interval between the lenses being numerically 
equal to 2/a. 

The condition is not satisfied by Ramsden's eyepiece in 
which /■■ —fi and a = ~'^f. Ramsden's eyepiece is therefore 
not achromatic. 



QUESTIONS. 

1. A refracting medium of index ^ is bounded by a convex 
spherical surface with radius of curvature — 5 mm. If it be 
provided with a diaphragm having a central aperture of diameter 
12miu., what wil! be the longitudinal aberration for incident 
parallel rays 1 

2. What is the radius o£ the circle of least confusion, and 
what is its distance from the principal focus? (See p. 117.) 

3. Shew how an achromatic object-glass of 4 ft. focal length 
can be made for a telescope out of these two kinds of glass : 

Flint ^D = l-60, ^r=l'61; Crown ^p = l-52, /*j,= l-526. 
Spherical aberration may be considered sufficiently corrected 
by making the combination a plano-convex. 



CHAPTER XVI. 

CONTOUR OF THE REFRACTED WAVE-FRONT. 

CAUSTICS. 

Contour of the refiracted Wave-firont. We will first 
investigate the form of the wave- front of a system of spherical 
waves, that have undergone refraction at a single spherical 
surface. The method adopted is taken from Professor Heath's 




Heal Optics, Let C (Fig. 114) be tV^ 
•• surface, S the source of light, an<3L 






e A "^^ 



vocAe^^ 
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ray, PR the corresponding refracted ray. Through 8 describe 
a circle touching the radius GP in P ; let this circle cut 8C 
in H, and PE produced in Q. Join SP, SQ and SQ. 

Then SC . CH=CP"-, (Euc. ili. 36.) 

and as SC and GP are constant, if is a fixed point, also the 
triangles PCH and SCP are similar, having their sides about 
their common angle proportional ; 
HP GP 
" ■ SP~ SG^ 
The angle of incidence </>= C/'iS = supplement of SPT 
= supplement of SQP in the alternate segment. 

(Euc. III. i 
And the angle of refi'action <j>' = GPQ = PSQ i 
alternate segment. 

And in the triangle PSQ, 

SP _s m SQP _ sin i}} 
PQ sm PSQ' 
HP . 
PQ'' 
SP.QH + HP.SQ^PQ.SH; 

(Euc. VI. d) '] 

If the variables QH and SQ be denoted by r and /, the 
ratios by ;* and A, and the constant SS by c, the equation 
becomes 

fj.r + \r' = c (1). 

The locus of Q is therefore a Cartesian oval, of which S 
and S are the foci. 

On differentiating (1) with regard to s we get 



Therefore also - 

Now 



which is a constant ratio. 



= /i a constant. 



a constant ratio. 



.SQ = SH. 



the 



1 



d,^ 



da ' 



..(2). 



But, J 



ds ' 



ds 



the angles which the radii vectores r and r' {QH and SQ) 
make with the tangent to the oval at the point Q. 

If m, <o' be the angles which the normal at Q makes with 
the radii vectores, 



dr 



■ cos (90 + w) = 



, dr 

), and -,— = c 

ds 



-90) = 



ds ' ds 
.". sinn) : sin((i' = X : fi. 
s seen from the figure that 
ffP _ sin PSH sin PQS 

SP '' sia PHS ' sin PQSy 



and from (1) ^ =-. 



Therefore 



n 



sin P'QS 

In other words, the angle SQH between the radii vectores 
of the oval is divided by the line QPR into two parts, such 
that their sines are as \ : /*, i.e. as sin u : sin w'. 

The line QPR, the direction of the refracted ray at P, i 
therefore the normal to the Cartesian oval at Q. 

Similarly every refracted ray in the new medium mui 
be a normal to the Cartesian oval considered. 

The wave-front in the new medium must therefore 1 
parallel to the Cartesian oval. 

The caustic formed by refraction at a spherical aui 
may be regarded as the envelope of the normals to a Cartesian 
oval. 

In a similar way it may be shewn that if the refracting 
surfiice present a convex spherical surface to the incident J 
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light, and if m > 1. tte locus of Q is a Cartesian oval 
of the form fj.r — Xr' = c. 

The conatruction becomes impossible if the luminous 
point S be placed at an infinite distance, or if it be situated 
at C the centre of the refracting spherical surface. In the 
latter case there is no refraction, and the wave-front in the 
second medium maintains its spherical form. 

There is one other case in which the form of the wave- 
front in the second medium ia spherical, \'iz. when the 

constant c or SH vanishes, for then the ratio - is constant, 

r 
and the oval reduces to a circle. 

In all other cases, when spherical waves enter a refracting 
medium bounded by a spherical surface, the form of the 
refracted wave-front becomes a parallel to a Cai-tesian oval. 
Consecutive normals will not therefore intersect in a single 
point, but they will intersect along a certain caustic surface 
similar to that which obtained after reflection at a spherical 
surface. 

When a widely divergent pencil of light, arising from a 
luminous point on the axis (as in Fig. 106), undergoes 
refraction at a spherical surface it may be considered to 
consist of an axial core and of a number of oblique pencils, 
which are incident upon eccentric portions of the refracting 
surface. It is only true of the axial core that light proceeds 
as if irova a definite point Q, the position of which is given 

by the familiar formula - — = , 

_ 9 P_ r 

Each of the oblique pencils after refraction loses its 

conical shape and assumes that of a sphenoid, converging 

to two focal lines at right angles to one another. The 

primary focal line touches the caustic surface, while the 

secondary focal line is the cross section in the primary 

plane of the refracted pencil where it cixjsses the axis. 



rftte 





ftg. its.. 



L^ti .<P represean an incident ray, TPB ih^ corresponding- 

i'fr:i.rr.«-(j ray. 

K-n I 'SO be denoted by 6, CPS br o. KFR jr CFT by f 
•HI. I /'Wby ^. 
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From C let fall the perpendiculars p and n on PT and 
}P, the refracted and incident rays. 

L We will first consider the case when the light is inci- 
ient upon the concave sur&ce of the medium. 

Now sin = /^ sin 0' (A). 



r 



j? = r sin <^' = - sin (B). 

n = a sin 5 = r sin <^ = /ip (C). 

^ = ^ + <f>-6' = sin-i^ + sin-^^-sin-i£...(D). 

.*. from (C), p = -sin5 (1). 

From(D) 1 ^ ^ /^P . /^ 1 /^/> 

1 I dp 

Let ^ be denoted by p\ and -^^^ by j^". 

Then — = - sec 6 ■\-- sec <f) sec d>' : 

pa r ^ ^ ^ ' 

.". - S- = c sin ^ sec'^ ^ - sec 6p' + - sin <f) sec^ d> - sec <f)i)' 

- - sin <^' sec2 </>' - sec </>>'; 
.-. ^- = - ^' i/^ sec^^ e - ^2^"' sec« + -, /« sec» 0'. 

iSow »= ^ -> (2). 

^ ^ir sec a + fia sec — a sec (f> ^ ^ 

Let this expression be denoted by p , then 1 = Pp\ 
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Similarly let the previous expression for — be denoted 

by Qp'. 
Now 
p=p+p"^p{l + Qp"} =p {P»p» + Qp"} =_p |^!^| . 

_ f - Q) _ L g' sec^ <^ ' - /x V sec' ^ — /iW sec*<^) 
P—P"^ p8j~P| (/Ltr sec ^ + /ia sec ^ — a sec ^'^ J 

(3). 

These three equations are suflScient to enable the caustic 
curve to be traced whenever the light from a luminous point 
falls on the concave surface of the medium. In the following 
examples the value of /a will be supposed to be 1*5. 

Ex. (1). Let a = 0. 

jt? = 0, / = 0, p = 0. 

The caustic reduces to a point at the centre of curvature of 
the refracting surface, i.e, it is coincident with the situation of 
the luminous point. 

Ex, (2). Let a = ixr. (Fig. 116.) 

p = r sin d>' = - sin ^ = r sin : 

.*. <l>' = 6 and \l/ = Kf>j 

p-j)+p" = 0. 

-r , . , rvT^^ sin 6 r r 
In the tnande iaPC, —. — , = - = — . 

sm <j> a fxr 

In the triangle FTC, 

sin <^' _ rC _ sin (9 _ 1 

sin \j/ r sin <^ fx ' 

.-. TC=-. 
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The caustic reduces to a point on the diameter situated 



- from C, 




Ex, (3). Let 



a=^r. (Fig. 117.) 

T d T 

p- -sin^ = -sin^ = -sin^: 
H- H- H- 



.*. ^ = ^, and i/r = 2^ - ^' when B is not greater than ^ , 



When 



V = 



2ft sec — sec ^' ' 

f se c« <^' - 2/1^ sec^ ^ ^ 
^"-^ 1 "*■ (2/1 sec ^ - sec <^7r 

^ = 0, 
jO = 0, <^ = 0, <^' = 0, l/r = 0, 



^=2;.-T' 
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There is a cusp on the diameter situated 



2/1-1 



from C. 



When 



T IT T 

1? = - sin -T = — 77= ^TH . . r. 
^ /I 4 /iV2 



<^ = ^, ^' = 8in-^28^7'-7.. 



= •321675 . .r. 



^ 2/1^2 - sec <^' 3-10872 

p = y|l-H, l^t:-W2 l .413..,p=a947...r. 
'^ ^1 (2/1^2- sec <^7J ^ 




^'^. //7. 



When 



"'i' 



« = - sin - = - = -6 r, 
/x 2 ^ 
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* = 



2' r fi 



=p\i + 



sec* <^' - 2//? sec* g 
(2fi sec 6 — sec ^') 







The fraction is of the indeterminate form — ^ but it can be 

easily evaluated by putting it into the form j^ ry- :?, 

^ J r © (2/1 COS <^ - COS ^/ 

which is equal to — J when = -x. 



p=p{^-i} = h''^'^''- 



Ex. (4). Let a = 3r. (Fig. 118.) 

St t 

p — — sin ^ = - sin 6: 
/I li. 

.'. <^ = sin"^ 3 sin ^, 
3r 



P = 



fx sec ^ + 3/1 sec <^ — 3 sec ft> ' 



p. o. 
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When * = 0, 

p = 0, ^ = 0, <^' = 0, ^ = 0, p = 0, 
, 3r 

3r 
There is a cusp cm the diameter j ^ from C 

When e =tan-i - = tan-» i = 18' 26'. 

a 3 

This is the maximum value of B for light incident upon the 
concave sur&kce of the medium. 

3r 
»= - sin d= -6324 ...r, 

<A = 7r34', ^'=39M4', 
^ " fisec^+3/t8ec<A-3 8ec<A' " 11-93949" *^^^^^ * ' ^' 

^«, (5). Let a = 00, (Kg. 119.) 

It is required to find the caustic produced by refraction at a 
concave spherical sur&ce, when the incident light presents a 
plane wave-front. 

Since the rays of incident light are parallel, ^ = and 
^ B ^ + <^'. Hence we must take <^ as the variable instead of 6, 

p=r sin 4^' = - sin <f> (1). 

^ = if>-if, =sin »^_sin-^5; 

r V 

• 1 1 H' > 1 1 , 

. . 1 = — . -p - , -p; 
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1 1 

.•.-, = ^sec^--sec<^'; 

p T T 



, -p" ft. . «.M ..../ l„-__i/ -9.'^ 



P 



= ^ sin<^ sec' <^ ^ sec 4»p - - sin <^' sec* <^' - sec 4>p' ; 



/. ■?!' = - ^ see* ft>p'^ + i sec« <^y « = Qp'\ 



Now 



P = 



*■ -,=4,thenl=P;)' 



ft sec ^ — sec <^' jP 



(2), 



=P + p"=P {1 + ep"} =P {P'P" + ^i*"} =P (-^}' 



C_ $1 f, sec* <^ - /t * sec* <^ ) 



(3). 




/7^. //«. 



When 



<^ = 0, 






21—2 
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There is a cusp on the principal axis or diameter distant 



from C. 



u-1 



When <^=4> 

/ = 1-0127 ...r, 

IT 

When <^ s ^ , its maximum value, 

<^'=4r48'-6..., 
r 

{- sec" <^' - /m' sec' if>\ 
(Atsec<^-sec<^7r 

The fractional expression is of the indeterminate form 

00 

can be easily evaluated by putting it into another form, for 

_. cos' 6 - u' cos' 6' 

2 (/■* cos ^' - COS <^)' ^ 

/. p=;?{l-l} = 0. 
There is a cusp at the point determined by 

i/r = 48°ir-4( = <^-<^')and /? = -. 

II. When light is refracted by a medium bounded by a 
convex surface, the same formulae hold good provided that 
proper values are given to <^ and <^\ 



— 00 

— ^. It 

00 



825 

Thu3 in Fig. 115, if the surface were convex, KPS 
would be denoted by <^ and KPR by ^', the angles being 
measured in a clockwise direction. 

We have again, remembering that r is now negative, 



- sin fl ., 



-.(1)- 



p = 'p\\ + 



fir see + tJ.aa< 
a" sec' <}>' — fih^ sec' ( 



{fir sec + fui aec </> - 



Iffai. (1). Let 



(Fig. 120.) 



.■..^=sin-'(-3Bine). 
p^O, <^ = 0, 0' = O, 



p = 



3-2;^ 




!he small oentvic cone of rays diverging from S will traverse 
Eoe second medium parallel to the principal axis. 
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Whentf = sin-iJ=19'28'-27.... 

This is the maximum value of d, for then 



— r 



p will be found 0, for 



y=o, 



J ^ a' sec* ^' — fiV sec* 6 — ftV sec* <^ 



'\8 



*= 2 (a^^ sec tf + /xa sec <^ — a sec 4>) 
There is a cusp at the point determined by 



= -1. 



Ex. (2). Let 
As before 



p= — , «/r = -28'43'-13.... 

a =00. (Fig. 121.) 
^ = 0, iff = <l> - <l>\ 

T 

» = - sin 6, 



;, = 



ft sec <^ — sec <^" 

P^^^^^^^^ f sec*<^->/i*sec*<^ K „ f -3/isec<^sec<^- -| 
p t'-rp ^ V (ft sec <^ - sec <^7/ ^ l(ft sec <^ - sec <^7J ' 




/7^. /^/, 



When 



</> = 0, 



c/>'-0, jt; = 0, /= -, p = 0. 

/x- 1 
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T 

There is a cusp on the principal axis at a point =- from C, 

/A — 1 

i.e. at a point 2r from C measured in the negative direction. 






j.t A^^ AQ*,Ci "^^ I i\ ( 3/LtC0S<^C0S<^ ) ^ 

<^=-41 48-6,;? = — I P =0, p^'-p] ^ / ^2r=^- 

ft ^ '^ l(ftCOS<^ -cos<^)'J 

There is a cusp at the point determined by 

^ = — , <^' = sin-^(--^=-4r48'-6, i/r = -48nr-4. 
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The human eye is a nearly spherical ball, capable of 
tumiBg in any direction in its socket. Its outermost coat 
is thick and homy, and is opaque except in its anterior 
portion. The opaque part ia called the sclerotic. The 
transparent portion is more protuberant, and has the shape 
approximately of a very convex watch-glass. This is called 
the cornea (Fig. 123). 

The eyeball has two other linings. Immediately within 
the sclerotic ia a vascular coat called the choroid. This coat 
is attached to the inner surface of the sclerotic, but at the 
comeo-sclerotic junction it becomes free, and passes in a 
nearly vertical plane behind the cornea as the iris. The 
iris terminates in a circular aperture, called the pupil. The 
iris being opaque forms an annular diaphragm for the optical 
instrument. 

Within the choroid is a thin membrane which is traversed 
by a ramified system of nerve fibres diverging from the optic 
nerve. This is the retina, the part of the eye that is sensitive 
to impressions of light. It is lined posteriorly by a laj-er of 
pigment cells which absorb the light. It is consequently in 

B region that the energy of light is transformed into 
[y of another kind ; and the processes here started 



i 
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travel from the layer of rods and cones to the layer of nerve 
fibres on the inner surface of the retina, and thence pass as 
visual impulses along the optic nerve. 

The space between the cornea and the iris ia filled with 
a watery fluid called the aqueoiLS hemour. 

Placed immediately behind the iris is the crystalline 
lens. This is of the form of a biconvex iens, the anterior 
surface of which is less curved than the posterior. It is 
composed of successive layers, whose refractive index in- 
creases towards the centre, its solid nucleus refracting light 
most strongly (Fig. 122). 




nf'^^. 



It will be easily seen that the action of the lens is i 
powerful than if it were composed of a 
substance that had the same refractive index as the nucleus. 
For it may be regarded as the combination of a double 
convex lens n (the nucleus of a high degree of curvature) 
with two diverging menisci a and b. Consequently the 
higher the refractive index of the menisci, the less ia the 
total refracting power of the lena. This explains the 
so-called acquired hypermetropia of old age. As Dondera 
has shewn, at the age of 60 the refraction of the eye has 
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diminialied a third of a dioptre, at 68 it haa diminiahed on* 
dioptre, while at the age of 80 a person, who has 
emmetropic imtil 53, becomes hypermetropic to the extent 
of 2-25 dioptres. With age the index of refraction of the 
peripheral layers of the lens increases; on oblique lUu-J 
mination therefore one sees an increased reflection fromB 
the surface of senile lenses, which may even be so intense! 
as to simulate cataract (p. 62). An examination by trans- 
mitted light proves however in these cases that the lens is 
perfectly transparent. This acquired hj-permetropia must be 
sharply distinguished from presbyopia which is a progressive 
diminution of the power of accommodation, i.e. a diminution 
of the power of voluntarily altering the curvature of the lena 
and hence its focus. This presbyopia is due to the increasing 
rigidity of the lens with age. 

In youth the increase of the refracting power of the lens 
from the outer layers to the inner nucleus serves partly to 
correct the spherical aberration, by increasing the convergence 
of the central rays more than that of the extreme rays of the 
incident pencil. 

The apace between the lens and the retina is occupied 
by a semiviscous fluid called the vitreous humour. From 
an optical point of view it may be considered as a fairly 
homogeneous medium of a refractive index practically equal 
to that of the aqueous hum<]ur. 

The Eye considered as an Optical Instrument. The 

values of the optical constants of the normal human 

"e been elaborately worked out by Helmboltz from 

ained by direct observation of the eyes of living 



alues with some corrections by Stammeahaus are 
lolt in the Traits Complet d'Ophthalviologie, 
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(a) The radii of curvature of the bounding surfeces 
have the following values: 

(1) The anterior surface of the cornea 

n=- 7-829 mra.- 

(2) The anterior surface of the lens 

7-, = -10000 mm. 

(3) The posterior surface of the lens 

^3= 6000 mm. 
(6) The distances between the refracting surfaces are : 

(1) From the anterior surface of the cornea to the 
anterior surfece of the lens 

^ij^, = 3'6mm. 

(2) From the anterior surface of the cornea to the 
posterior surface of the lens 

-i„-4, = 7-2mm. 

(3) The thickness of the lens therefore 

AiAi or ( = 3'6mm.' 
(c) The indices of refraction are : 

(1) For the aqueous and vitreous humours 

/i=l'3365. 

(2) For the lens (total) 

m' = 1-4371. 

As might be expected the surfaces presented by these 

different refractive media have not a geometricaUj tme 

jpberica] form, nor indeed the form of any simple geometrical 

&ce. The cornea for instance was regarded by Helmb(4tz 

as part of the surface of an ellipsoid of revo]ati<m. Solxer* 

8 however recently shewn that it has do axis of cymmetzy; 

■ Hill }m ihencoall; accepted vkloe of the Oii^BeHcfhHBmftafiiMR 
KB die c^e hu been lenunad Ilia ftiWt—i of Oe Imm ii ^aA 
Ota^oma p. 89, Mr Piieidejr Snnth. 
HmW A la Corntt kHmaimt. Dt D. E. Solza. 
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that three-fourths of the total number of cases investigated 
by him were characterized by the following peculiarities : 

1, The nasal parts of the cornea were more flattened 
than the temporal parts, and the superior pai-ts than the 
inferior. 

2. The visual line cut the cornea at a point within and 
either above or below the point of maximum curvature of 
the cornea. 

The value for r^ given above must be regarded as the 
radius of curvature of a small area of the cornea, the centre 
of which is the point of intersection of the visual line. This 
small area may be regarded &s a small spherical cap termi- 
nating the unsymmetrical cornea. 

Similarly the values given for r^ and r, are the radii of 
curvature of minute areas of the anterior and posterior 
surfaces of the lens in the immediate neighbourhood of the 
points of intersection of the visual line. 

The index of refraction of the cornea is not given, aa 
practically it may be neglected. For the two surfaces of the 
cornea are very nearly parallel, and as the anterior surface 
is always moistened with a watery fluid, the conjunctival 
secretion, whose refractive index is the same as that of the 
aqueous humour, the cornea acts like a plate of refracting 
medium and produces no deviation in the incident rays. 

What is called the total refractive index of the lens is 
determined in the following way. The focal length of the 
lens is found by experiment and, its shape being known, that 
value is assigned to the refractive index which the lens 
would hare were it homogeneous. From what has been 
't follows that this total refractive index is greater than 
lo nucleus. 
"atermiuing the position of the cardinal points of 
ding to the method previously given, there is 



I 
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one condition that ought to be satisfied. Is the optical 
system of the eye accurately centred ? Unfortunately, as 
we have juet obaerved, this la not the case; indeed the 
visual line outs the cornea at a point usually situated on the 
inner side of the optic axis. However, this deviation being 
sl^ht, an approximate result can be obtained by using 
Gauss's method. 

We begin by determining the focal distances of the 
several refracting surfaces. 



Surface of the coi 
rst focal distance 



a (or aqueous humour). 



K)nd focal distance 



Anterior surface of the lens, 
rst focal distance 

,n_( - 1-33 65) (-10) 
■u, 1-4371 -T-3365" " 



132-8628827... 



^ (1-4371) (-10) __ 
"{jl-fL 1-4371 -1-3365 

Posterior surface of the lens, 
it focal distance 

(-14371) (6) 



-142'85 28827... 



/.' 



13365 -1-4371 

md focal distance 

(l-3365)(6) 
"1-3305-1-4371 " 



= 8.5-7117292... 



n 

face at tb^^f 
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The principal point of the cornea is on its surface a 
point of intersection with the optic axis. 

The principal points (Hi, fl,) of the lens aiid the 
principal focal distances (0i, <^s) can be easily found by the 
formulas already given (pp. 257 — 260), for the surrounding 
mediums are of the same refractive index. The nodal points 
of the lena coincide with the principal points {Fig. 123), 




5,4,=- 



A-t 



(132-85288) (3-6) 



H,A^- 



5-711729 

= 1-275588. . 



t+A"-A' 3-6 

^ /,"t ^ (-79-7117) (3-6) _ 
' +fi" -A' ~ - 224-96461 
The principal focal distances (0', <f>") of the lena measured 
from B,ff,j are 
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We have now determined all the cardinal points of the 
two refracting aystema of which the eye is composed. We 
proceed to find the cardinal points of the complex system 
presented by the eye. 

Principal Points of the Eye. It is easy to see that 
the principal plane of the cornea plays the same part with 
respect to the principal planes of the crystalline lens, as the 
first surface of a lens plays with respect to its secoud surface. 

To find the first principal point (H') of the system, we 
have only to substitute the appropriate symbols in the 
expression for the lens. 

Instead of 

fit V fo'e 
. ' /,i — TT, we write — •■hr, r., 

where 



. H' 



f:e ^ (23-26597) (0-72598) 

e+};' - 0' 5-72.598 - 31-09497 - 50-61707 

= -1-753091... 

Similarly to find the distance of the second principal 
point {H") of the system from the secoud principal point of 
the lens, we have 

Now 

H"A,= A,A,-{A,H^ + H,H") = -A,A^ + {H,A,-\-H"H,) 
= -7-2 + (l-275588.. + 3-814749..) = - 2-109662... 

The second principal point is therefore 2'109662.. mm. 
behind the cornea, whereas the first principal point is 
1-753091.. mm. behind the cornea. 
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The distance between the principal points, 

H'H" = AM" - A,H' = ■35C571 ra 

Principal Focal Distances of the Eye. By Bimilar I 

reasoning we shall obtain the first principal focal diatanca | 

{F'H') of the eye by substituting the appropriate symbols in i 

the expression for the lens. 

Instead of 

i+/.--/,''"'""'".+/."-4." 

_ - /.'y _ -(23-26o97) (50-61707) _ 
"«+/."-*'" -7O-98606.. "■ 

Similarly 
«■" H-" _ /.'y _ (-31-09497) (-5 0-61707 ) 



FH' = 



"e+/.'-- 



-75-9 



-F'H" 



= -20-713189. 
The ratio - -vstt,-; - should be equal to the ratio of the 

iudex of refraction of the last medium to that of the first 
medium 

- f'g" ^ 20-713489 ^ 1-3365 
' WH' "15-498308" 1 - 
Now 
F'A^ = F'H' +H'A^= 15-498308 - 1-753091 = 13-745217, 
and 
F"A,-F"H" + B"A, - - 20-713489 - 2109662 

= - 22-823151. 

The Nodal Points of the Sye. We have already seen 
(p. 262) that F'K' = H"F" and F"K" = H'F'. 
Then since 

^F"H", and K'A,-K'F'-A,F' = F"B" + F'A,, 
1.- - 80-713489 + 13-745217 - - 6-968272. 



And eince 
F"K" = - F'H- and K"A„ = F"A, - F"K" = F"A, + F'H\ 
K"A, = - 22-823151 + 15-498308 = - 7-324843. 

The distance between the nodal points 
K'K" = AJC- - A,K' = 7-324843 - 6-968272 

= -356571 =ff'ff". 

The following table gives the distances of the cardinal 
points from the cornea, and from the principal points. 

Ao represents the anterior surface of the cornea. 

M' and H" represent the first and second principal points 
of the eye. The signs attached to the numerical values of 
the distances denote whether the points mentioned are on 
the positive or negative side of the cornea or the principal 
point from which they are measured. 

It will be noticed that all the cardinal points, with the 
exception of the first principal focus, are situated on the 
negative side of the cornea, i.e. within the eye. 

Cardinal points of the eye. 



H'A, 


-1753091mm. 


H'H" 


■356571 mm. 


B"Ag 


-2-109662 mm. 






E-A, 


-6-968272 mm. 


HE' 1 


5-215181 mm. 


K'A, 


-7-324843 mm. 


K'K" 


-356571 mm. 


F'A^ 


13-745217 mm. 


F'H' 


15-498308 mm. 


«"■■«. 


- 22-823151 mm. 


F-B" 


-20-713489 mm. 



r 
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It will be noticed that the two principal points and the 
two nodal points lie very close together, bo that without 
introducing much error we may regard them as coinciding 
in one point H and in one point K, ao that 

^^„ = -l-931377, ^^ = -7-146557, HK = 5-%15im. 
Then ^^ = 15-676594, J"'ir=- 20-891775. 

On this supposition ^| 

/^ = ^^^= 1-33267, 1 

and r which must be equal to — (/i-l)P' must be 
- 5*2151... mm. 

This is the principle on which the 'schematic eye of 
Listing ' is founded. The figures given by Listing vary very 
slightly from those given above. 

The 'schematic eye of Listing' corresponds to a single 
refracting medium bounded by a spherical surface, the vertex 
of which is at the principal point H. 

We owe to Bonders a further simplification of theae<' 
figures. The ' reduced eye of Donders ' is exactly equivalenl 
to a single refracting medium {^ = |) presenting a spherical 
surface whose radius of curvature is — 5 ram. The principal 
point {H) is at the vertex of the spherical surface, and its 
centre of curvature coincides with the nodal point (K). 

The first principal focus (F'H') of this reduced eye k 
therefore 15 mm. 

The second principal focus (F"H") of this reduced eye 
therefore — 20 mm. 

The simplicity of this reduced eye makes it exceeding^ 
convenient to use in practical questions that relate to the 
refraction of the eye, as the calculations with regard to it 
can be ^x^^BAmya$% head ; the results are sufficiently 



4 

a 
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accurate for most practical purposes, as will be seen in the 
following examples. 

The mode of using the cardinal points in any 
combined Byatem. Let H'H", K'K", F'F" be the first 
and second principal points, nodal points, and focal points of 
any combined system of refractive media. Let AB (Fig, 124) 
represent an object distant p from H', or g' from K', and let 
ah represent its image distant q from H", or g" from K". 
In order to find the position of the image graphically we 
have merely to draw the line AJ'J" parallel to the optic 
axis, cutting the first principal plane in J' and the second 
principal plane in J". Then the line J"F" will represent 
the direction of the corresponding emergent ray from the 
system. 

li AK' represent an incident ra,y, K"a will represent the 
corresponding emergent my, where K"a is parallel to AK'. 
For we know that every ray that on incidence is directed 
towards the first nodal point K', seema to come after re- 
fraction through the system from the second nodal points'", 
and to take a course parallel to its original direction. 

Or we may make use of the property of the first principal 
focus F'. Any incident ray as AF'I' which passes through 
F', and meets the first principal plane in /', will emerge as 
I"a parallel to the optic axis. 

The point a is the point of intersection of all the 
emergent rays that originate from A. It is evident that the 
incident cone of light diverging from A (viz. J'AI') becomes 
after refraction the cone of light {J"al") that converges 
towards a. 

It is convenient to denote the distance F'H' by F', and 

the distance F"H" by P", and to regard them as positive or 

"ording as the points F', F" are on the positive 

ide of H', H" respectively. 
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Similarly the distances F'K' and F"K" are denoted by 
T;he symbols G' and 0" whicb are regarded as positive or 
negative, according as the points F', F" are on the positive 
or the negative side of K', K" respectively. 



I 

^^f In the figure-^" is negative while g' is positive, therefore 
the image i is negative or inverted. 

Since AB = J"H", and the triangles J"H"F", abF" are 
similar. 



Size of the Image. Since the triangles ABK', abK" 
similar, 

i _ ah 

'o'AB 



_ bK'- _ 
~BK'~ 



ab 



F"b 



H"h- H"F" _ F"S" " bS" _ r"-q 



F"H" ~ F"H" 
Again, since ah = I'E', and the triangles I'H'F', ABF' 
) Bimilar, 

rs' 



F'H' 

F'B '' 



F'H' 
H'B-H'F''' 



F'H' 
F'H' -BE'' 



These expressions are evidently analogous to the ex- 
saions for the aimilar ratios that we obtained when 
sidering the size of an image formed by refraction at a 

1 spherical sur&ce, with the exception that ^ 



pbstituted for " . 



Distance of the Ima^e. Since the triangle aJ"I" is 
oilar to the triangle F"ub, 

P^_F^_rH^_I'H_^ 06 

p~BH' AJ' I' J' I" J" -J"!"' 
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Then 

or (p-P')C,-F") = P'F". 

Ex. 1. I£ an eye be one millimetre longer than normal, where 
will its jrunclum remotum (p^) be 1 

That is, if the antero-poaterior diameter of an eyeball be 
23-823151 mm. instead of 22'823151 mm. (the lens being normal 
and in its usual position 3-6 mm. behind tlie cornea), at what 
distance must an object be situated in order that a definite image 
of it shall be formed on the retina? 

In this case F' and P" have their normal values, and 5 i 
negative, being equal to F" - 1 -- 20-713489-1. 



f — = 1, .-. — = 



-1 



.-. ;,= - F'? = - {15-498308) {- 21-713489) = 336-522... mm 
in front of the first principal point, or 334-769 mm. in front of 
cornea. 

TJaing Dondera' 'reduced eye' and the second formula f or. j 



(p-F-)(3-P0 = F'F". 
0)-15)(-21 + 2O) = {15)(-20); 
.-. p-15 = 300 or ^ = 315 mm. 
I is a fairly correct result for such a rough and readyH 



Ex. 2. In the above example if the object is 5 mm. in heigH-'fl 
what is the height of the imaged How many retinal cones wifl T 
it cover assuming that the cones are in contact with each otherT 

The transverse diameter of a foveal cone is -003 
parts of the retina the diameter of a cone is -006 m 
i_T"-q 
o~ T" ' 



1 
-20-713- 



20-713489 



The negative sign shews that the image 
, The approximate result given by Dondi 
i T"-q . i 1 




iber of foveal cones it will c 
■2-tl388 



■002 



- = 120-69. 




Ex. 3. In a normal eye what will be the minimum visual 
angle 1 

The extreme minimum will be the angle subtended by a foveal 
cone at the second nodal point. 

If a denote the minimum visual angle and c denote the trans- 
I verse diameter of a foveal cone, 

f thet 
direc 
versf 






W^ TIT 15'49«30S 
.'. <i = 26"'617 approximately. 



= -000064523, 



Erron of ReftacUon. The Retraction of the eye is 
the term used to denote its minimum power of altering the 
direction of incident rays of light, making parallel rays con- 
vergent, and divergent rays less divergent. The refraction 
of the eye can only be determined when the eye is at rest, 
i.e. without any effort of accommodation. The refraction of 
an eye is said to he emmetropic {e filter pa, ayfr) when incident 
parallel rays converge to an exact focus on the retina, while 
if the incident light is at all convergent, it comes to a focus 
in front of the retina. Incident divergent rays however may, 
by a special effort of accommodation, whether conscious or 
unconscious, be brought to a focus on the retina. Thus an 
emmetropic child of 8 or 9 is one to whom the stars appear 
as points of light, yet by a special effort of accommodation 
ay be able to focus light on his retina that is diverging 
■'v 2J ins. from his eye. 



ERKOBS OF REFRACnOET. 

If the curvatures and refractive indices of the media o 
I the eye are normal the second principal focus of the eym 

must, aa we have seen, be 22823151 mm. from the come* 
I The retina must therefore be situated at this distance from 
I the cornea. 

metropia denotes that condition of the eye in which th* 
Iseeond principal focus of the eye is not situated on the retin 
I It may be subdivided into three varieties, 

Hypermetropia when the retina is in front of the second| 
I principal focus. Incident rays must therefore be convergf 
I in order that they may be adequately converged by the e^ 
I to come to a focus on the retina. 

Myopia (/xvw, <u^) when the retina is behind the Beconffl 
principal focus. The rays of light therefore which come to if 
focus on the retina must have been divergent on incidenra 
Hence the vulgar term for this defect is near-sightedness. J 
The word myopia alludes to the habit many such patients 
have of half closing their eyelids when viewing objects at 
, a distance. They obtain a clearer view of distant objects by- 
raking at them through a narrow aperture as this diminish^A 
e of their confusion-circles. ^| 

Astigmatism {a, a-rlyfia) is the condition in which the 
refraction of the eye in different meridians is different. This 
is usually due to the curvature of the cornea being diflFerent 
a different meridians. It may be associated with either t 
i other forms of ametropia. The stars are not seen I 

tnatica as points of light but as small ovals or some otha 

r orted form. 

~Xi what is called regular astigmatism the refraction ( 

<ye is such that an incident pencil converges to tin 

lines which are at right angles to each other. 

nnaou form of regular astigmatism is due to thi 

in the vertical meridian of the cornea being greats 

IX the horizontal meridian. 
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In this case the first focal line is situated in the horizontal 
plane nearer to the cornea than the second focal lioe, vhicfa 
is in the vertical plane. To remedy such a defect cylindrical 
glasses are required, plane in the vertical direction hut 
curved to an appropriate degree in the horizontal directioiL 
Should the patient be also hypermetropic or myopic this 
defect can be easily remedied in addition, by giving the 
requisite spherical curvature to the opposite face of the 
cylindrical glass. 

Irregular astigmatism does not admit of accurate correc- 
tion by cylindrical lenses. It is usually due to what may be 
called a minute crumpling of the cornea resulting from the 
contraction of scars of previous corneal ulcers, 

Hypermetropia or Myopia may depend on one or more of 
three physical conditions. 

1. The most usual condition is a defect or excess in 
length of the antero-posterior diameter of the eyeball. If the 
eye has not developed to its full size, and the retina is in 
front of the second principal focus of the eye, hypermetropia 
results. If the eye has grown too big, or if in any way the 
retina is behind the second principal focus, the eye is myopic. 
Such abnormalities are called amal hypermetropia and aa^l 
myopia respectively. 

2. Hypermetropia may aleo result &om an undue flatten- 
ing of one or more of the refracting surfaces. The cornea is 
the snr&ce moat usually at fault. An increased bulging of 
the cornea will similarly give rise to a curvature-myopia. 
These curvature defects are however relatively i-aro. 

3. Ametropia may also result from a change in the 
index of refraction of the medium. Reference has been 
already made to " acquired hypermetropia " resulting from 
an increase of the refractive index of the cortical part of the 
lens. It may be added that sometimes in incipient cataract 
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a central myopia will be found. The first stage of the forma- 
tion of senile cataract is usually sclerosis of the nucleus. 
If now spaces filled with serous fluid are formed in the 
cortical layers of the lens, the refractive index of the cortical 
part diminishes and consequently the total refracting power 
of the axial part of the lens is increased {vid. p. 329), where- 
as the refracting power of the peripheral parts of the lens is 
diminished. When the pupil is widely dilated the central 
refraction of the eye may be myopic, while the refraction of 
the peripheral zone near the pupillary margin may be hyper- 
metropic. 

Correction of ametropia. We must consider in greater 
detail the typical form (1) of ametropia, and the means that 
we have for its correction. 

Suppose that an eye is I mm. too long ; its retina is then 
situated I mm. behind the second principal focus of the eye. 
(Fig. 125.) 

Let p denote the distance of the puticttim remotwm (P) 
from the first principal point (H') of the eye. Let q denote 
the distance of the retina from the second principal point 
{S"), and let the focal distances from their respective prin- 
cipal points be denoted by F' and F". Then q — F" is a 
negative quantity denoting the distance between the retina 
and the second principal focus of the eye, 
.-. 9-F" = -i 

Light from P will on entering the eye converge to a focus 
on the retina. In order that distinct images of distant 
objects may be formed on the retina, a lens must be placed 
somewhere b(.'tweeu P and the cornea such that incident 
ii,::.ill.'i i.^v-- II iv lifter traversing the lens diverge as if they 



I presently that there is a peculiar 
I'firrecting glass in the first princi- 



CORRECTION { 
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about half an inch in irotit 



pal focal plane of the eye, that 
of the cornea. 

If the second principal focal distance of the glass be 
denoted by/"" wheny"=p — F', the proper correction will 
be given. With auch a glass incident parallel rays will be 
converged to a focus on the retina by the system formed of 
the correcting glass and the eye. 

But we know (p. 342) that 

(p-P')(g-F") = F'F", 



FT"_(15- 

V" " " " 

3 expression I 



f" 



321. .. 



■ 20-713189) _ -331-024... 



- gives the relation between the 
amount of axial ametropia and the glass required to correct it, 
! 3'21 mm. too long, what glass will 



£x. 1. If the eye b 
correct it for distance ! 



321 



/- = 3^.100„m. 

As the second focal distance is positive, the lens must be 
concave. The dioptric strength of the glass is given by the 
expression 

1000 



-/"■ 



In the case g 



-WD. 



Ex. 2. If an eye be axially hypermetropic and require a 
^aas «£ + \D to correct its error of refraction, what will be its 



- — r- and in this case ^ = 1, 



Since I is 



;ive the length of the eye must be defective bf>J 



or q-T"--l, 

:. ? = F"-i = - 20-713.., + -321...=- 20-392... mn 
The length of the eye is therefore 

9 + a'"J„ = -20-392...^ 2-109... --22-50L.. mm. 

The advantage that is gained by placing the correcting 
glass in the first principal focal plane of the eye is that when 
so placed the retinal image of a distant object formed by the 
combined system, is of precisely the same size as that which 
would be formed by an emmetropic eye. This renders all 
tests of visual acuity strictly comparable to the results of 
the same tests applied to an emmetropic individual. 

Suppose an axial anietrope, suitably corrected with glasses, 
when at 6 m. distance from test types can only read as far as 
a normal sighted person can read at d m. distance. His 
visual acuity is then ^ of noi-mal. This defect cannot then 
be assigned to any incidental effect of the correcting glass, 
for the retinal image is of the same size as that of the normal 
emmetrope placed at the same distance from the test types. 
The cause of the defect must be sought for in an opacity of 
the media, a defect in the retina itself or in the brain and 
the nerve iibres uniting it to the retina. 

Correcting Lens in First Focal Plane. We proceed 
to shew how this peculiar advantage arises when the correot- 
s of an axial ametrope is placed in the first focal planei 
hia eye. 

*!oiisider an eye I mm, too long provided with a thin 
ting glass in the plane at H, distant HH' or d from 
mI pUneo f the eye. Let /', /" be the focal 
t h', k" represent the principal 



( 
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points of the combined system of tlie eye and the lens. 
(Fig. 123.) 




ii+/"-P" 
if d ie the first focal distance F', 

fV fF 

F+/"-T'~ /■ " 

HH'~T' aBH- 

.". the iirat principal point h' of the system coincides with 
the first principal point H' of the eye. 



and when 



d = F', k"H" 



F'F" 

' r " 



-i(p. 347). 



The negative sign shews that the second principal point 
of the system (A") is situated f mm. on the retinal side of the 
iecon d principal point K" of the eye. (Fig. 125.) 

Bow if 5' and g" represent the distances of the iirst and 



CWRRECTIITQ LENS IN FIRST FOCAL PLANK, 
second focal points of the syatem from the principal points 



_-/'F^_ _^'F' 
i+/"_p'-/" '- 



F', 



The principal focal distances of the system have therefore 
under these circumstances precisely the same value as the 
principal focal distances of the emmetropic eye. 

It follows that if ®', ®" represent the distances of the 
first and second foci from the first and second nodal points of 
the combined system, A", kf', 

' ®'. g" = -F" = G', 

©" = _ g' = _ F' = G". 

The addition of a concave correcting glass in the first 
focal plane has no effect on the situation of the first nodal 
point, but the second nodal point is situated I mm. nearer 
the retina. The retinal image formed by the system is there- 
fore of the same size as would be formed in an emmetropic 
eye in the same position'. 

If we consider the case of an axial hypermetrope whose 
eye is I mm. too short we shall find that on the proper addition 
of a convex correcting glass the second principal and nodal 
points are displaced towards the cornea I mm., so that their J 
distance from the retina is that which obtains in emme-f 
tropia. 

As before h'H = , -^.f „ , = - F' when d = P'. 
d+j -F 

' The menticin of the dlaplacetnent of the second nodsJ paiot b 
fivpn to niiike the discuEsioii complete, but it ia reall; a 
could Isfor the eqnali^ of the retinal image since 



CORRECTING LKNS IN FIRST FOCAL PLANE. 351 

Therefore K coincides with H'. 

T"d T'T" ^ _ ^ 



Also 



h"E" = 



d+f"' 

But as Ha a negative quantity (the eyeball being I mm. 
too short) k" is situated I mm. on the corneal side of H". 

The relative position of the principal points of the system 
is indicated in the annexed diagram (Fig. 126). 



A table is given below shewing the required strength of 
the glass (in dioptres) which when placed in the first focal 
plane will correct an axially ametropic eye. 

The first focal plane is situated 13'74-52... mm. in front 
e cornea, 
e normal length of the eye is 22'8231 . . . mm. 
e excess and defect of this value ia denoted by + I and 
ipectively. 

e distance of the punctiim remotum (p,) from the first 
)int is given in a separate column. In hypenne- 
ilne of p, is of course negative, 



CORRECTION OF AXIAL JMMXBO¥lA. 



H-"— 


Myopia. 


I 
(mm.) 


D 


A, 


(mm.) 


D 


Pr 

(mm.) 



-1 
-2 
-3 



+ 8'1I5 
+ 6-230 
+ 9-345 
+ 12'460 


-806-5 
-145-0 

- 91-5 

- 64-7 




+ 1 
+ 2 
+ 3 
+ i 




- 3-116 

- 6330 

- 9-845 

-13.460 


+ 336-5 
+ 176-0 
+ 122-5 

+ 95-7 



It is evident that if an axial ametrope requires a concave 
glass of — 6'23-D in order to see distant objects distinctly, his 
eye must be 2 mm. too long. Similarly 'if, when the fundus 
of an eye is examined with the ophthalmoscope by the direct 
method, it is found that part of the fundus requires a lens 
+ 9D stronger to see it distinctly than is required for the 
remwning part of the fundus, we may draw the conclusion 
that this part is raised nearly 3 mm. above the general level 
of the fundus. It is important that the ophthalmoscope 
with its correcting lens should be held in the right position 
(13'7,.. mm.) from the patient's cornea. If for instance the 
ophthalmoscope glass be held about IJ ins. from the patient' 
coniea the + 9D glass would correspond to an elevation of 
about 3'7 mm. instead of 3 mm. 
_ YT" 

It is only true that I = — ^, — if the glass of focal length 

/" is placed in the first focal plane of the eye, i.e. at a distance 
'3'7... mm. from the cornea. If, as in the above example, 
186 is placed IJ ins. or 38'1 mm. from the cornea, it ia 
ry to add the difference 24'4 mm. to the denominator 

ipression. 



1 
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=/-./" 



1 = 



- P'F" 



32 1 

-86-7 



'-37.. 



- 111-1 + 21'4 

If a concave glass of — 4'5i) had been required to see 
part of the fundus we may draw the conchision that this 
part is depressed below the general level of the fiindus by 
about 1'4 mm. If however the ophthalmoscope be held at 



an improper distance from the cornea, say 1^ 
estimation of the depression would be incorrect, 

.„ ^ 1000 . 



this 



For i 



1 = 



- F'F" 
222-2 + 24-4 ~ 



= 1-3... mm. 



It will be easily seen that in a similar way the convex 
glass, required to correct a hypermetropic eye for distance, 
must be stronger the nearer it ia placed to the eye ; whereas 
the concave glass for myopia must be weaker the nearer to 
the eye it is placed. 

Let p, denote the distance of the pwictum remotwm of 
the eye from its first principal point, and let d denote the 
distance of the correcting glass, and p the distance of the 
object from the first principal point. 

The correcting glass will be such that its conjugate foci 
are p — d and p, — d. Its second focal distance f" will be 
given by the formula 



1 



1 



0. 



p- d pr — d f" 
When the object for which the eye is adjusted is at 
j may be 



a considerable distance (6 metres or more) - 
1 
regarded as equal to 0, 



For 



POSITION OF THE C0HEE0TIN3 LENS, 

1 ^ P-Pr _ _P-Pr 

/" {py-d){p-d) Prp-d{pr+P)-^ 

The numerator is always positive, and the denominator i» I 
always negative for d must be always less than p, for the ] 
correcting glass must be placed between the object viewed 
and the eye. Therefore f" must be negative or the correct- 
ing glass must be convex. 

If pr +P is * negative (quantity or even if it is a positive 
quantity but smaller than d, the negative value of the deno- 
minator diminishes with an increase of rf. If p, -l-p is a 
positive quantity and greater than d, the negative value of ] 
the denominator increases with an increase of d. 

So we see that with a high degree of hypermetropia».l 
when Pr+p is positive and greater than d, the further the J 
lens is removed from the eye, the weaker the lens should be, J 
In other words, an increase of d will have the effect of virtually J 
increasing the strength of the lens. 

For example, suppose a hypermetropic (or aphakic) patiend 
requires + lOD for seeing distant objects when the glass isn 
15'498.., mm. from his first piincipal point, 

p,= - 100+ 15'498... = - H4-502... mm. 

Now if he have lost his power of accommodation, a 
lens of + 11J3 at the same distance from his eye will enabla 
him to see an object 1015'498. , . mm. from bis principal pi 
However the original glass (+ \QD) will serve for the s 
purpose, if placed about 1 inch from his eye, say 26749 n 
from the principal point instead of 15'498 mm. ; for 



1 



P~Pr 
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8«r 



Patients who have been rendered hip;hl_v hyimriiiotii)|»if' 
by the extraction of their cataractoiiB Ion", ftr« of ooitn>ii 
deprived of their power of accommrxliitimi. They aru how- 
ever enabled in thia way to virtually incruiwi? tho Htrtiiigt^h 
of their correcting glass for distance whdii th«y wibIi tn 
see distinctly objects at a distance of not Io«m than about 
1 metre. 

Patients with a low degree of hyijurmotropii huva not 
the same advantage. For if Pr + p it negative or oviiri If 
positive when less than d, an increase of the (liNtancn of th'> 
glass from the eye virtually diminifthex this Ntruiigth of thu 
glass. 

For example, suppose a hypermetropic [mticitt, who hwi 
no power of accommodation requin^H +!iD for wwing At « 
distance of 250 mm. from hix principal poiut — th'i ffUum 
being iu his first focal plane ; fin* what (li»tanc«! will fain ^u 
be adjusted if the glam be removed to 3tt mm. (1^ 'um.t trvm 
bis principal point t 



k 



1000 soo 

250j),-8a)(1.5*ab3)-y,(I5»9l«)»(l5-««r' 
JKSOO- S50 + li-«9(>3) - SWKIK- »W«-57S + J«t>1il7„. 

'■--»i«ij — i»»*>--»»t 
3t<» if Ik -1^ 3i> kia » rfand » MB. faiB Iktr |ra«<H 







aam-i 



-in«-i 



-25 76... D. 
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I vision. But such an eye is 8*27l8 mm. longer thau normal 
and we know that the strength of the glass required to 

I correct its myopia when the lens was present is given by the 
formula (p. 347) 

, IQQQ^ 321 

"-x ~8'2718' 

H If a patient then of this degree of myopia have his lens 

removed, he will require no lens for seeing distant objects, 
provided that the curvature of his cornea has undergone no 

^ change subsequent to the operation. 

It is an easy matter to determine what correcting glass an 
emmetropic patient will require for distance if his lena is 
removed. His eye is 22*823151 mm. long; let it be denoted 
by J, then the position of his punctum remotum (p^) is given 
by the expression 

■ '""' 

^^P 23-26597 17-0768' 

^^^ .-. p, = - 64-1941... mm. 

We have therefore to provide the eye with a convex lens 
which will cause incident parallel rays to converge to a point 
64-1941 mm. behind his cornea. We must first decide how 

, far in front of his cornea it is to be placed. There is now no 
advantage in putting it in the first focal plane, as the retinal 
image must necessarily be larger than that of an emmetropic 
eye owing to the displacement forwards of the second nodal 
point. For convenience we may assume that the spectacles 
will be worn in the usual position, 13'7452 mm. in front 
of his cornea. The second focal distance (/") will then be 
/" = p, - d = - 64'1941 - 13-7452 = ~ 77-9393 mm. 



p, r 
■3365 

"-7-829'^ 



- 22-823151 



The dioptric strength of the glass is given by the expresJ 



-/" 



= U-S3D nearly". 



In a Bimilar way the glass required for any degree of asial] 
ametropia may be found. 

For instance, take an axial hypermetrope whose eye isM 
2 mm. too short (I = -2) 

1 it-1 u 1 1-3865 



3-2(i597 -22-S23151 + 2' 



1 ^ 31-094973 -20'82315 1 _ 10-271822 _ 

Pr - (20-823151) (23-26597) ~ -484-471 ~ 



_^000__ ^ 1000 _ 

-(p;-d)~ 47-165 + 13-745' 



h 16-4176... D. 



The following table gives the position of the punctum 
pToarvrnwin (p,) and the value of the correcting glass {Dji 
required for distance by aphakic ametropes. The excess o 
defect in the length of the eye is denoted by I, The correct J 
ing glass which was required for distance before the leas was 
removed is denoted by ly. The column D — U gives 
change of refraction that follows on removal of the lens. Ig 
will be noticed that this change of refraction increases witl 
the length of the eye. The correcting glass, required 



's voine thau is given ia Ecgliah books on the aabjecC. 

titiee give + lOD Bfl the strangth usually required after 

'Tom an emmetrope. CoDtinenUl aatborities huTe 

if tlie olmnge of refraotion Ihat ensaee on remnvftl 

■es +11Z', DoDders .^„ to ^„ or +11-23D to 

dal that in indging from clinical experieuoe _ 
I' pteoediug acquired hjpermetropia (p. i 





I 


Pr 


1) 


D- 


D-D- 


If 


-3 mm. 
-2 mm. 
-Imm. 


--40-916 

-47-165 
-54-761 


+ 18-294 
+ 16-417 
+ 14-597 


+ 9-346 
+ 6-230 
+ 3-115 


8-949 
10-187 
11-482 







-64194 


+ 12-830 





12-830 


1 


+ lmm. 
+ 2 mm. 

+ 4 mm. 
+ 5 mm. 
+ 6 mm. 
+ 7 mm. 
+ Smm. 
+ 9mm. 


- 76-221 

- 92-084 

- 113-964 

- 146-089 

- 197-851 

- 295-181 

- 545-567 
-2638-235 
+ 1016-T79 


+ 11-115 
+ 9-449 
+ 7-831 
+ 6-256 
+ 4-729 
+ 3-237 
+ 1-788 
+ -377 
- -997 


- 3115 

- 6-230 

- 9-345 
-12460 
-15-575 

-18-690 
-21-805 
-24-920 
-28-035 


14-230 
15-679 
17-176 
18-716 
20-304 
21-927 
23-593 
25-297 
27-038 



aphakia, if 13-7... mm, in front of the cornea does not vary 

directly as the length of the eye. This would only occur if 

the correcting glass were placed in the first focal plane of the 

aphakic eye, i.e. 23-26597 mm. in front of the cornea ; for then 

(ae on p. 347) 

Y'T" 

-l' = q-T = =7. 

^ 11 — IP ' 



If then it is required to estimate correctly the amount of 
swelling of the optic disc in optic neuritis of an aphakic eye 
with a refraction-ophthalmoscope, it ivill be advisable to hold 
the instrument in such a way that the lens behind the eye- 
piece is about \^ in. from the cornea. In that case p — F' is 
the second focal distance {/") of the lens used. 

_ TTl = (2 3-26597) (- 310949 7) _ -723;455^. 



or if A' denote the dioptric strength of the glass uaed in thi^J 



positio 



.T = - 



^^^ftl 



23455 

i' = --723455Z. 
Now —l' = q — F" or the difference between the actualj 
length of the eye and its second focal distance. 
In an aphakic eye of normal length 

~l' 22-823151 + 31-094973 = 8'271822. 

The eye is therefore S'271S22 mm. too short. 
The correcting glass required 23"26597 mm. from the J 
cornea is 

-l-38225r or +11-4337... D. 
Whatever the length of the eye, the above expressiona 
will give the value correctly as determined by the dioptxitfl 
strength of the correcting glass of the ophthalmoscope J 
provided that it be held in the right position and the curra^ 
tare of the cornea is normal. 

Suppose that the edges of the optic disc in an aphakic 
eye require a lens of + 3i> more than that required to view 
the rest of the fundus, 

i' = --723455A'=-2-17... mm. 
of the disc are therefore raised above the level* 
of the fundus 2-17 mm. A similar observation of a normal 
(containing its crystalline lens) would indicate a swelling 
'■tf barely 1 mm, if the ophthalmoscope was held J in. from 
e cornea. 

Size of the retinal Image la aphakia. Since the' 

!e of the retinal image of a distant object varies directly a 

"'istance of the second nodal point from the retina, and 

equal to 5' the first principal focal distance 



^4 

a 



ed e 



we must find the value of g'. 



I or THE irnxu vuax a apsaxu. 
lo an ^pfcjfcT^ eje of DflRoal cm-TattLre of cornea 

^ = 33-26397 mm. 
If the eje be of normal la^tb it requires s I«is 
(/* = - 77-9393) 
St a disfauioe of 137152 mm. from its eomea to oon«ct i* fc« 



%■ 



d +/■'-¥• 13-7*52 



(77-9393) (g^^6597> 



7-9393 - 

. g' = 20-73327... mi 
£a a nonoal emmetropic eye 

V = 15-498308. 
g' 2073327 



1549830s" 



1337; 



It will be found that %' undergoes a slight rariktioQ accocd- 
ing to the degree of axial ametropia, but for practical purposes 
we may consider that a corrected aphakic eje fonns letinal 
images about one third larger thaa it did before the extiactaoo 
of its lens. 

When testing an aphakic eye with test types, this &ct 
should be remembered, for what would ordinarily repreaeot a 
visual acuity of %, would represent in an aphakic ej-e a visual 
acuity of only /j. 

of estimating the refi-actiTe condition of 

A. The direct examination o/ Ute eye mth th« 
There are three conditions which must be 
fulfilled to render this a satisfactory method. The aooom- 
modatioD both of the patient and of the observer must be 
relaxed, and the ophthalmoscope must be held about \ in. 
from the patient's cornea, so that the correcting glasses that 



I 



the eye. 
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are required may be placed in the lirst focal plane of tht 
patient's eye. Under these circumstancea if both patient and 
observer are emmetropic, a distinct view of the details of the 
fundus will be obtained without the use of any correcting 
glaaa. For since the patient is emmetropic, his retina lies in 
his second focal plane, and the light emerging from his retina 
will proceed to the eye of the observer in parallel rays. But 
the observer's eye is in such a condition that parallel rays 
come to a focus on hLs retina, hence a distinct image of the 
patient's fundus is formed upon it. The weakest convex 
glass in the eyepiece of the ophthalmoscope will blur the 
image, for the parallel rays which come from the patient's 
fundus will after traversing this lens be rendered convergent, 
and hence will come to a focus in front of the observer's 
retina. Similarly if the observer keep his accommodation 
relaxed, a weak concave glass will render the light from the 
fundus divergent and hence will tend to come to a focus 
behind the obsei'ver's retina. It is however exceedingly 
difficult for a young observer to keep his accommodation 
relaxed under these conditions. If he fail to do so, he will 
see a distinct image of the patient's fundus, owing to his 
neutralizing the effect of the concave glass by his own 
accomm odation. 

If it is found that on bringing successive convex glasses 
before the mirror of the ophthalmoscope, + 2D is the highest 
convex glass with which a distinct image is obtained, it may 
be inferred that + 2D is the glass the patient requires for 
distant vision. For + 2D is the lens required to render the 
emergent rays from the patient's retina parallel and therefore 
the same lens is required to bring incident parallel rays from 
a distant object to a focus on his retina. SimiSarly should 

- bD be the weakest concave glass with which the details of 
the fundus are observed, it may be inferred that a glass of 

— 5-D will correct the patient for distance. 
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Now suppose a case of compound hypermetropio aHtiRiiiii- 
tiam in which the distance of the cornea to tho retina is about 
1mm. too short, and the curvature of tho cornea in nornml 
from above downwards but rather flattened from side to nidn, 
In such a case a +SD giaas will be the wtrongeMt glam with 
which the horizontal, vessels are seen diiftinctly, whilfi n 
strongerglass, say + 5i) will be the strongest giaHs with which 
the vertical retinal vessels and the lateral edges of tho dine 
are seen distinctly. The + SD glass will render the vortical 
meridian of the patient's eye emmetropic and hence he will 
see horizontal lines distinctly, whereas a + 5lJ glam will ensbin 
hi'm to see distinctly only vertical lines. Hin correcting gl»Mi 
will therefore be + 3Z) sph. + 2D cyl. axis vertical'. 

If the observer be ametrojnc he must sabtract the smi'nint 

of his own ametropia from the re«tilc obtaioed, ThuR it ihtf 

obaerver have ID of hjpermetropia and made tbe sbove 

obeiavUtiaa the patient woald reqnire tor i 

+ ±Dsp]i. + tDcjl axis vertical 

Sinulariy if the obserrer have — 2/> of myopia, tbe p 
oonectii^ gtaaees will he +oD sph. + tD cyL a 

?«■ +3i>-(-2i)>=- + 5i>, 

Thw K insefa tbe readiest method of Mttanto^ ft fatisoC'* 
: it iwppita a good deal of y i aet i Be «> be at a> 
it. Even e^erieaeed aphlbalwulfyiM «mm( 
ttheHae aeenai^ia tb^ iw^\t,m tm be maAtJ 
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patient's blind spot, and moreover is often on a higher level 
than the macular region especially in cases of myopia. Now 
it is the macular region that embraces the area of moat acute 
sight and consequently is the part that requires accurate 
correction. Unfortunately however there are no fine blood- 
vessels or other markings to serve as good test objects in the 
macular region. In addition to this unless a mydriatic has 
been previously employed, the pupil at once contracts when 
the Kght from the opthalmoscope mirror falls on the macula. 
There are almost always some fine horizontal blood-vessels 
passing from the optic disc outwards towards the macula, 
and these should be made use of by the observer as test- 
objects. 



B. Retinoscopy. (Syn. Skiascopy, or Shadow Test), 
This is the most accurate test for estimating the stal 
reiraction of an eye. It is usually carried out in thi 
following way. 

The patient is seated in a dark room with his back to 
a convenient form of artificial light — preferably an Aigand 
burner. This light is placed some little distance behind the 
patient and just above the level of his head. The observer, 
provided with a perforated concave spherical mirror of 25 cm. 
focus, stations himself in front of the patient about 150 cm, 
in front of the light. He now reflects the light into the eye 
he wishes to examine, and looking through the central perfora- 
tion or sight-hole of the mirror he will obtain the ordinary 
red fundua-refiex from the patient's eye. On slightly rotating 
the mirror from above downwards the illumination may 
appear to move across the pupil either in the same or in 
the reverse direction according to the refraction of the eye 
examined. A little consideration will show the reason of 
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be represented by A {Fig. 127), 150 c 



ESTIMATING THE REFRACTIVE CONDITION OF THE EYE. 867 

distant from the concave mirror of focal length 25 cm., a real 
inverted image of the light will be foimed at a, 30 cm. from 
the mirror, for 

p'^~Q~ f ' q~ 25 150 ^30' 



1/ 
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The light from this image will illumine a small area of 
the patient's retina at 6 ; in fact an inverted image of a will 
tend to be formed at h. Now on turning the mirror slightly 
downwards, the image at a will move downwards to a'. 
Consequently the illuminated area on the patient's retina 
at b will move upwai'ds to h'. Whether the patient's eye be 
myopic or hypermetropic the illuminated area on his retina 
will move in the reverse direction to the mirror. If the 
patient's distance from the observer be less than that of bis 
far point, the observer will see a magnified erect image of 
the patch of light through the patient's pupil. Suppose the 
patient be 1 metre from the observer : then if the patient 
be hypermetropic, or even myopic but to a less extent than 
\D, on turning the mirror, the observer will see the light 
move in the reverse direction across the patient's pupil. If 
the myopia is greater than 17) an inverted image of i will be 
formed at the patient's far point, which is situated somewhere 
between him and the observer. This inverted image will 
the reverse direction to b and therefore in the same 
"s that in which the mirror is turned. 
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Hence in estimating s, patient's refraction accurately by 
retinoHcopy the following method must be adopted. Some 
mydriatic (e.g. homatropine) that will temporarily paralyse 
the muscle of accommodation must be first instilled into the 
patient's eyes. When his pupils are fully dilated he must be 
placed as above described with his back to the artificial light. 
The observer at a distance of at least 1 metre from him 
directs the light to one of his pupils, the patient being 
enjoined to gaze at the mirror. If the observer, on turning 
the mirror slightly from right to left, sees the red reflex in 
the patient's pupil move also towards the left, the eye is 
certaiBly myopic in the horizontal meridian. A dark shadow 
will be seen to follow the light, and if preferred the course of 
this dark shadow may be noted across the patient's pupil. 
Successive concave glasses are now placed in the trial frames 
before the patient's eyes until one is found with which the 
shadow just moves in the reverse direction. Suppose with 
— '2D the shadow moves in the same direction as the mirror, 
whereas with — 2'252) the shadow moves against the mirror; 
we know that with — 2D the patient's far point is j' 
situated on his side of the observer. If now the observer 
a little more than 1 metre from the patient we may expect 
that — 2D, — ID, or — 3D will correct his horizontal meridian 
for distance. If the same observations are made when the 
mirror is turned from above downwards, we may conclude 
that no astigmatism is present and that — 3D sph. will correct 
the eye for distance. 

It is important that the patient should keep his eye fixed 
on the mirror, for then we are sure of correcting his macular 
region for distance. In myopia the macular re^on almost 
always bulges backwards behind the level of the 
of the fundus ; hence a stronger concave glass will 
necessary to correct the macular region than the adjoii 
ijprto nf retina. In hyper metropia there is usually 
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posterior staphyloma as it Is called, so that if the patient relax 
bis accommodation by directing his attention to some distant 
object, a feirly exact estimation of his refraction may be made 
even without the use of a mydriatic. 

If astigmatism be present, the iiluminated area on the 
retina at b will form an ovaL In the usual form the cornea 
is more curved from above downwards than from side to side. 
The first focal line will therefore be horizontal, and if it be 
situated nearer the retina than the second focal line, the 
major axis of the oval will be horizontal. 

Let ns suppose that with + '2D before the patient's eye 
the shadow just moves with the mirror when it is tilted from 
above downwards or rotated about a horizontal axis. An 
inverted real image of the horizontal focal line is then formed 
between the observer and the patient, and the shadow will 
move at right angles to its direction. If attention be paid 
to the lateral margins of the image while the mirror is 
rotated about a vertical axis, the latei^al shadows will be seen 
to move in the opposite direction to the mirror. 

Let us suppose that +4i) has to be put before the 
patient's eye in order that these lateral shadows shall 
also move in the same direction as the mirror. Then the 
difference (4J3 — 2Z>) or 2D is the amount of astigmatism 
and the correctiug glass will be + IX* aph. + 2D cyl. axis 
vertical. 

It may be noted that from the appearance of the edge of 
the shadow and from the rate of its movement a rough 
estimate of the degree of ametropia may be made. Thus 
when niiarly — ID of myopia is present a fairly sharply de- 
fined image of the hght will be formed bounded by a dark 
area with a fairly sharp edge. This will be seen by the 
observer as a real inverted image if the eye be myopic more 
- ID, and as a virtual erect image if hypermetropic, or 
'•«« than —ID. Hence if the ametropia be not far 
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removed from — ID the edge of the shadow will appear fairlj 
well defined. Also the greater the ametropia the nearer t 
the nodal point will the image of the illuminated patch i 
the retina be formed. If then the ametropia be of high ' 
degree, the shadow which is seen on slightly rotating the 
mirror will have ill defined margins and will move slowly. 
As the ametropia approaches correction by glasses placed in 
the trial-frame on the patient, the edge of the shadow will 
become more sharply defined, and its movements will be mor8.~| 
rapid. 

Some ophthalmologists prefer using a plane mirror in I 
place of a concave one for retiuoscopy. In that case since I 
the image formed by a plane mirror is virtual and erect, itA 
will move in the opposite direction to the mirror. The I 
shadow therefore moves with the mirror in hypermetropia- J 
and against the mirror in myopia when a plane mirror mM 
used. 

If the ametropia be of high degree some details of t 
fundus may be seen, when the observer is at a distance < 
1 metre or so from the patient, and reflects the light into his 1 
eye. It is clear that if the eye be highly myopic, an inverted>J 
image of the fundus will be formed between the observer a 
the patient. If the observer now moves his head from e 
to side, the retinal vessels or other details that he may s 
will appear to move in the reverse direction. 

If the eye be hypermetropic, the observer may see aaa 
erect virtual image of the fundus behind the patient's eye>a 
The retinal vessels will therefore now seem to move in tibe^ 
same direction as the observer's head. 



The angles a, y and k, the vlBual line and the! 

■'e have said before (p. 333) the surfacewS 
dia of the eye are not accuratdn 
■il centres of cun-ature of thjl 
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THE VISUAL LINE AND THE FIXATION-LINE. 

surfaces do not lie in one straight line. We have therefore to 
isider in some detail certain lines and angles which hava 
received apeciiic names in ophthalmic literature. 

In fig. 128 the line AE'K"<^" represents the optic ajcis, 
F represents the fovea, represents the object viewed. "What 




is called the visual line consists, strictly speaking, of two parallel 
lines, one OK' drawn from to the first nodal point, the other 
K"F drawn from the second nodal point K" to the fovea. It 
will be noticed that the visual Hue cuts the cornea on the 
side of the optic axis in the diagram. This ia always the c 

letropia and hypermetropia. Thus if a hypermetrope view | 
distant object so that his visual lines are parallel, his o 
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axes will divei^. This divergence is less iu myopiii, while i 
extreme degrees of myopia the optic axes may even con\'erge. 

Now it is found that slight moTementa of the eyeball may b 
considered as movements of rotation about a fixed t 
which is called the centre of motility. The position of this 
centre varies slightly in dilierent eyes. Perhaps we may say 
that generally it lies about 2 mm. behind the centre of the optic 
axis, that is about 13'4 mm. behind the cornea'. 

The fixation-line is the line MO joining the centre of motility 
to the object viewed. 

The angle y is the angle OMA between the (ixation-line e 
the optic axis. It may, as indicated in the diagram, attain a 
positive value of 10° whereas in extreme degrees of myopia in 
may be negative. 

The angle a was the term used to denote the angle OX^ 
between the visual line and the major axis of the coi 
ellipsoid when the cornea was thought to be of that aliape. 
now know from Dr Sulzer's investigations that the shape of thd 
cornea is not that of an ellipsoid of revolution and that it has a 
axis of synmietry. The angle a is however frequently referred fe 
in books on ophthalmology, so though it has now no detiniti 
meaning some reference to it is necessary. 

The angle « is of importance in measuring the angle 
strabismus or deviation of the eye, It is not easy to determins 
at what point the optic axis cuts the cornea, whereas the poia 
of the cornea opposite the centre of the pupil is easily S' 
therefore forms a simple point of reference from which to n 
deviations of the eye. The angle k is the angle that the fixation- 
line makes with the normal to the cornea that passes through 
the pupUlary centre. As tlie pupil is usually rather to the ini 
side of the centre of the cornea, the angle k is not equal to ( 
itngle 7, hut lieiiii; mufh I'lisier to measure than y, is far mi 

■ Ijiiid Ihe oenlre 0! the oorliea, which wo_ 

C'l' the opUo aiiB. Uoudera gives frol 

■ ni. ia hyponnotropiu, as the i 
Iwf.'.'O tt Hi»l tV ciidtiii i.F 111* optic axia. 
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convenient to make use of in the measurements of atrabismuB. 
For the way in which such measurements are made, books which 
deal with the subject must be consulted. 

When an object is viewed at a distance for instance of 
1 metre, it is essential for accui'ate binocular vision that a 
distinct image of the object should be formed on the macula 
of each eye. The distinctness of the image is attained by 
the exercise of the focussing power or accommodation of the 
eye, or, if that is insufficient, by means of the spectacles 
that may be necessary. In order that an image of the 
object may fall on the macula of each eye it is necessary 
that the fisation-lines of both eyes should meet at the object. 
Both eyes will then converge towards the object. It will 
be advantageous to consider accommodation and convergence 
separately. 

Accommodation. Langenbeck, Donders, Cramer and 
Helmholtz all found that when attention is directed towards 
near objects, the anterior surface of the lens becomes more 
convex. The refracting power of the eye is in this way \ 
increased, so that the image of the object is formed on the 
retina. Until recently it was supposed that this change of 
shape in the lens was brought about in the following way. 
The longitudinal fibres of the ciliary muscle arise from the 
junction of the cornea and the sclerotic and are inserted , 
into the choroid. When these fibres contract the choroid I 
with the ciliary processes is drawn fonvard, and the sus- 
pensory ligament is relaxed, The tension of the suspensory , 
ligament and the anterior capsule of the lens being 
diminished, the anterior surface of the lens from its 
elasticity bulges forwards, and so it becomes more convex. 

Recently however Tscheruing has shewn that the lena J 

ye during accommodation has a shape that cannot be I 

i for by this theory. While the central part of the | 
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lens is more convex, the peripheral part, behind the iris, is I 
very much flattened. He has caused a similar alteration ofT 
shape in a lens that has been removed by increasing the I 
tension of the suspensory ligament. According to TsehemingJ 
we muat suppose that the contraction of the ciliary muscle I 
increases the tension of the suspensory Hgament. The effect l 
of this will be that the peripheral pai-ts of the lens are.l 
flattened, while the central part in front of the solid nucleus I 
will become more curved. The cortex 
of the lens in young eyes must be 
considered as a plastic semifluid ma- 
terial that during accommodation is 
partially pushed aside by the bulging 
forwards of the more convex nucleus. 
The los,s of accommodation in old age 
is due to the cortex of the lens be- 
coming less plastic. 

Convergence. If the distance of 
the object, as compared to the distance 
between the eyes, may be considered 
infinite, the fixation-lines are parallel. 
In Fig. 129 MM' represent the centres 
of motility of the two eyes, the 
object situated in the middle line at 
1 metre's distance from either; MN, 
M'N' represent the parallel fixation- 
lines when viewing some infinitely 
distant object in the middle line, f,^ i^g 

Then NMO is the angle of conver- 
gence which each eye undergoes in viewing an object at t 

But iV"JlfO=50Jlf=8in-J^>. 

OM 

Now BM is half 
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eyes, which of course varies with different people. When 
OM is 1 metre the angle NMO is called one metre-angle 
and is denoted by 1 ra.a. If the object be J metre off, the 
angle of convergence is 3 metre-angles or 3 m.a. It is true 
that the angle of convergence is now rather more than three 
times the angle of convei^ence required for viewing i 
object at the distance of 1 metre, for angles are not simply 
proportional to their sines, but they are ao nearly so within 
the limits that this notation is used, that the error hereby 
introduced is negligible, 

In adults the average interocular distance MM' is 64 ram., 
so that the average value of BM is 32 mm. 
32 

and 3 m.a. or sin"' }•' ^ = 5° 30' 32". 

Now if a case was presented in which the power of 
accommodation was normal although the power of (positive) 
convergence was completely lost, the patient would complain 
that when reading music at the distance of half a metre he 
saw double. Since his fixation lines remained parallel, the 
point for which he was focussing his eyes would form two 
distinct images on his retina, but they could not fall on the 
macular region of each eye respectively. What means have 
we to enable him to have macular images of his music in 
each eye while his fixation lines maintain their parallelism ? 
Clearly an abducting prism of 2 m.a., the deviating angle of 
which is 3° 40', must be placed before each eye. Such 
prisms with their edges directed outwards towards the 
temples worn as spectacles would so deviate the course of 
the incident light that it would enter the eyes in the same 
direction as the fixation -lines, and so an image of the object 
^ormed on the macula of each eye, and the object 
re appear single to the patieut. 



Simitarij in tfae emte irf ■ fttieat who cooU aol sntnefy 
reiax the convngenee of tm tjf^ lalihytiiig p n^Ki wnold 
be nqmred far bnaeobr vinoa at a Atsaefc Bfywe tfait 
wb^t his «invcx;geace is retaxai his fixstiaB-bBes neek at a 
pmnt 1 metee off He has then 1 m.*. of e uBi i ryeii ee. and 
to correct his diptojaafor tfiiif npr hr wooid ret^oire addoct- 
ing prions of 1 iiLa^ or prams at V 5ffd. vith their edges 
inwards must be mooiited beJwe boith eyes'. 

Sappose the patient had reqoired coDcaFC glasses of 
— iD for correcting his refraictioa for distance it woold be 
foand thai a stronger prism than 1' ■SO'd. wonld be required 
to correct the deviation of his eje. 

We shall therefore have to determine what is the dertation _ 
induced by the combination of a lens and a prism. 



Deviation of Priamospheres. In the figure (Fig. 130n 
AA' represents a lens with its optical centre at 0. Th< 
part APQ may be regarded as a Jecentred lens with i 
geometrical centre at D distant BO from its optical centi 
or as a combination of the prism (marked in dotted linesn 
with a convex leos. Such a combination may be called a 
prismosphere. A narrow pencil incident in the directionl 
SD will be deflected towards F, and if fl be the ai 
deflectioQ e=OFD. 



■ There sie eeveiai diflerent methods of numberini; prisms, and flome 
eonfuaioQ boa resulted therefrom. It will simplify lasttera if we coosidet 
only the afleot of a priBm, and nuaifaer it either according to the angle at 
deviation it indnces when in thit position of minimum deviation, or according 
to the syrtem of metre-angles. TIir apical angle of the reqnired prism ma? 
>Dtly exactlj obttuned by thense of the simple formiila d = {iJ.-i.)A 

I m.a. = l'' SO' l"d. = 3' 2a' 44"^ if m = 1'54. 
Tds, a prism (hat prodncea a deviation of one meti 
mid be termed by a prism ot glass whose index of refraotiol 
-al angle ot which was 3° 23' 44". 
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If I denote the amount of decentration DO and if/ denote 

the second focal distance of the lens, tan = -^ = ^, or if the 

— xl 
dioptric strength of the glass be denoted by x, tan = ttjxx • 

When is small no great error is introduced by considering 
proportional to tan 0. 

Then 0^^xl tan-^ -001 = - a?i x 3'-4376. 



A<: 




Fig. 130. 



Thus if a 102) lens is decentred inwards 2*6 mm. it will 
have the same effect as the combination of a +10D lens 
with an abducting prism the deviation of which is 

- 26 X 3H376 = - 1° 29'-377. 
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If the lena were concave x would be negative, so 6 woula 
be positive, and the prism would be adducting in function. 

This means that a lens decentred I mm. has the samt 
effect on the course of light that passes through it, as i 
prisraosphere the focal length of which is_/j and the deviatioii^ 



9 or tan' 



An eye however which is placed behind the prismosphere' 
no longer undergoes the deviation of the prism. An eye, for 
instance, which is viewing some distant object in the directioHi 
CD, will after the interposition of the prismosphere have tO' 
diverge in order to retain the image of the object upon it*l 
macula. If C represent the centre of motility of the eye, 
CD represents the original direction of its fixation-line 
while GE represents the final direction it must adopt after 
the interposition of the prismosphere. Let the angle DGE 
through which the fixation-line deviates be denoted by x- 
It is easily seen that in this case x > ^ the deviating angle 
of the prism, 



For 



e=OFD = CDF<x- 



It will be found that only under certain conditions 
^ be equal to S. 

If we regard decentration inwards as the positive dii 
tion, 6 is positive or adducting if y is positive as in 
lenses ; whereas if the decentred lens is convex, _/" is negative 
and d ia alao negative, or the equivalent prism is an abducting 
prism. 

In order to investigate the relation of ^ to we 
find it convenient to express in terms of the decentratii 
I.I ;■.. I ■.- . -,,■■1. . ;uid then by a simple geometr: 
r.. ''inniila which will give the relatioi 
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iwl itfc co»()id«J' the ciwo of a concave lens, of focal lengi 
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FO or /, its position represented by a principal plane DM 
which passes through its optical centre 0. Let G represent 




ihe oeoatre of motility of the eye situated DC (or k mm.) 
bebind the lens. Then D represents the part of the lens 
opposite the centre of the eye, and the lens may be regarded 
as beiiig displaced or decentred DO or {I mm.) inwards. 
P be an object situated in the middle line between the 
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eyes, a virtual image of P will be formed at Q. The eye 
behind the lens will therefore direct itself towards the image 
at Q when viewing the object P through this decentred lens. 
If CD represent the direction of the fixation-line of the 
eye when viewing an object immediately in front of it, GE 
represents its direction when viewing the image Q. The 
angle of convergence x ^ therefore DCE. Let PM and (, 
be denoted by p and q. 

0S_ OM 
^"^ QS~PM- 



. os= 



_«^r 



-1)0)=^ {DM -I). 



PM PM^' 

Let DM he denoted by m 

DS = DO-\-OS = l + 'hm-l)= ^-^^ I ■ 
P P 

Since the angle x or ^^^ = ^Q^^ 

ED CG DS 

. ■ . tan y = ii. " 



q + k 



Now if the incident pencil from P be not too oV)Vvt\^ 
formula 




.•p be infinite, </ = /, and it ia 
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I Whatever the value of p it is evident that the sign of 

tan X ind therefore of x must depend on the sign of I in the 
case of a concave lens. 

In other words, the decentration mnat be positive or 

I inwards for adaptation to a converging tixation-line, but 
negative or outwards for a diverging fixation-line. 
Now consider the case of a convex lens with ita optical 
centre displaced Ixara. inwards. The second focal distance 
of such a lens will be negative so that on assigning the 
proper negative value to ^in formulas (2) and (3) the direc- 
tion of the fixation-tine of the eye will be given ; or if the 
direction of the fixation-line of the eye is fixed, the appro- 
priate decentration of the lens can be found. 

In these examples and in the tables following, the value 
assigned to m is 32 mm., being half the average distance 
between the eyes. The distance between the position of the 
lens and the centre of motility of the 'eye is denoted by h, 
which when spectacles are placed in their proper position 
I (13'7...mm.) in front of the cornea is 

13"7. .. +13'4.,. = 27 mm. approximately. 

Ex. A patient with an extreme degree of hypermetropia 

requiring + \0D for correcting hia sight for distance, complains 

I of diaootnfort when reading at \ m. distance with the same 

I glasses. Hi.s accommodation is equal to + Bfl, i.e. he can read 

test types at 6 metres distance with either eye alone when 

provided with + 10/) or with any glass between that and + 4Z>. 

I Explain and state what should be done to relieve his discomfort. 

Clearly it is not due to the refractive condition of hia eye ; for 

y, distance of ^ m. requires only 32> of accommodation 
ng the proper correction for distance. This patient 
accommodation and symptoms of accommodative 
only arise when more than | of the total power of 
ion is continuously maintained. On examination it 
at hia spectacles are normally centred for distance, 
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i.e. that when his fixation-lines are parallel they intersect his 

spectacles at their optical centres. 

The amount of convergence required when reading with these 

spectacles a book at J metre from the centre of motility, is given 

by the formula 

pi +/m 

fp + k{p+/) 

Here Z = 0, /= - 100, p = 333-3 - 27 mm. = 306 mm. approxi- 
mately, 

• fanv= >^ - (-100) (32) 3200^ 

" " ^ /p-^k(p +/) (- 100) (306) + 27 (306 - 100) "" 25038 ' 

.'. x = tan"^ •1278... =7* 17'... which is about 4 m.a. of con- 
vergenca 

The patient therefore when provided with these glasses for 
reading has to exert 3D of accommodation and about 4 m.a. of 
convergence. A normal person can only maintain 3 m.a. of 
convergence associated with 3D of accommodation, although he 
may by a special effort for a short time increase or relax his 
convergence beyond this point. 

The patient is therefore presumably suffering from muscular 
asthenopia due to the improper position of the optical centres of 
his glasses for reading. 

If the relation between his functions of accommodation and 
convergence is normal we may expect that relief will be given by 
so displacing his glasses that when reading, his ocular fixation- 
lines may pass through the optical centres of his glasses. The 
result will then be that the angle of convergence is 3 m.a. when 
exercising 3D of accommodation 

tan 6 m.a. or tan ^ = ^^7^ = 7 , 

.-. ^ = ^tan5°30'...=27 x -0963 = 2*6... mm. 

We find that all discomfort is relieved when his glasses are 
displaced 2*6 mm. inwards, we consequently order him for reading 
spectacles with + lOZ) lenses decentred inwards 2*6 mm. 

It is important to remember that wh 
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whether convex or concaws ^^"^^ ivquiitnl i\\V V^wWw^ \sv \A\\(^s^ 
work, they should be dooentixni inwiviHli^ U\ \\\\^ m\y\\\\\\h oi« 
considerable discomfort umy arino* Nt^^lt^oli wf lihU |IIimhvm 
tion is a frequent souroo of tiH)ublo with a|ilut.Mi> |imIiImiiIiM 
who require + 13jD or -f IS/) to Ykhh\ with. 

Beading glasses should alMo \u\ \m\\\m\ (Imwiiwm.I'()m If)", 
as the eyes are rotated downwardN about IJiIn aiiMMiiil/ wIimm 
using them. If this is not dono ()bli(|iH< MMtitrfMal hilil'm^\i)Hh 
will occur, which, if the IcnHCH ar« of lii^li rMfr^M^l/JVM ^inwuif 
will occasion much diMComfrirt from Uim hMii^im^mn )HfUwfifi 
(p. 280.) 

An examination of the f/mouU (/>) f/;f fii^/Hhm Hh^Wfi 
that in the case of a convex UttiH tUui^mimii^fff ihWf$^^ ///^M 
always be given fi/r diverging tl%fiiUff$^lU$Mt^, fts^i fi^^^^U^ki^m 
ontwards Ux crmverffistf( H%HiUft$^iif$^, 

Far tan X^ /^l ^*^^ ^^^^ ^ ^^/r#y^# ^^/ ^ *^^^^* *^j(^ 
tire aod in all tb^ <;art>^ tlwit ^i»i/# *rWP*f m ^M^i^A / iJ^/rV ;*»*< 
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DEVIATION" OF PHI8M0SPHEHES. 



effect on convergence of a priaaioapbere is equal to that < 
the equivalent prism with plane sides. 

It will be noticed that whether the lens be convex or conJ 
cave, tan x=0 when pl=—fm, and also that tan;;^ = tan3in.fcfl 

when T = tan 3 m.a. Tables II. and III. have been drawn up ' 

oa these two data with the assumption that the tangents 
of the small angles considered are proportional to the angles 
ihens^ves. Table I. has been drawn up from the formula 

la^X^ fT^t.- These tables though only approximately 
1 will be foond accurate enough for all practical pur- 
B they never involve an error as great as 1 per cent. 



Ktamplea iUiistrativff the use of the Tables. 

Tatfe L A hypeniietn>pe of ■:- 8D has an esophoria of 1 d 
wfa« Uk atHMMwdatkwi is relaxed ; i.e. his eyes tend to con- 
Vfqp «» a paiBt t uetre from him. This error of convergence 
«a W tam^md hy decentring the + SI) lens 31 nmi. outwards, 
M- wftM ■wiimii W Hue SMue thing, by associating with it a 
prfi rf r Strd. (not 1' 50') edge inwards. 

T^U* n. A latieot requiring + 12D glasses for reading 

vim an tmir —iwnin convergence for a distance of h metre 

(i maV >mM bA.«« Us ^waes decentred 4-6 mm. inwards (or 

I «tA |a«iiij- <tf y 11' d. edg^s outwards). 

^^ tn A ati^fv T«(}iunng - QD for reading, wlio can 

t 3 mA. tt iMcvet^PDC«, mast have his glasses de- 

r ttMnbined with prisms 1° 24' ed 



^■IM fffmi tm Ibe Ubies may be used to give a 

' tk* nOunr nat^t of oonrergeace. Suppose a 

^ iiwiTwig nl } tMtre's distance can obtain 

«• i. prima hM «xlge inwards before both 

iBonsqB {nuns of IS' d. before both eyes. 

^ for ^ UKtre when pro\-ided 



DEvunoir ov pbishosphbrbs. 



with —5D glasses is not however 16° d. but about .„,: 

about 13" 9', I.e. a little over 7 ni.a. which is sin-' -X^jy. or 
13" 57'. 

It is sometimes found that patients who require different 
correcting glasses for each eye, complain of a curious difficulty 
in using them which depends on this property of decentred 
lenses. For example, suppose a hypermetrope requires + ID 
ibr his right eye and + iD for his left eye. With these he 
may see satisfactorily when the visual line of each eye passes 
through the optical centre of the glass. On turning his eyes 
from side to side say 30° bis visual lines will traverse his 
spectacles at points distant about 15'6nini. from the optical 
centres. If be be viewing a distant object situated 30" to 
the left, in order to avoid diplopia his left eye must deviate 
outwards nearly 31° while his right eye must deviate inwards 
more than 34°. Discomfort may therefore arise from the 3° 
of convergence entailed, but the discomfort will be much 
more distressing on looking upwards or downwards. A dif- 
ference of 1° in the elevation of the two eyes is intolerable to 
most persons. Double focus giasses have been suggested to 
obviate this difficulty, but they are seldom necessary for this 
pui-pose, as such patients soon acquire the habit of turning 
their heads rather than their eyes so that they always may 
look through the central parts of their glasses. 

If double focus glasses are ordered for anisometropic 
presbyopes, so that the upper segment of the glass is adapted 
for distance, while the lower and smaller segment gives the 
correction for reading- distance, it is most important that the 
reading segment should be accurately centred. Since when 
reading the eyes converge 3 m.a., and are rotated downwards 
about 1.5°, the optical centres of the reading segments should 
be displaced 2'fj mm. inwards and 7'2 mm. downwards. 
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CIRCLE OF LEANT OONFUNION. HNM 

Circle of Leait Oonfliilon. A fuw wohIm may Iim 
added about the circle of confunion. W<i hiiv« Himi\ (\i, 1 1 /I) 
that the size 9f the circle of confuNion ditfmiidN on Uim 
cross-section of the reflected or mfriuiUitl \mml\ in I/Im* 
neighbourhood of the bounding mirfiWAu Hut Uim Ml//ii lirid 
shape of this crosH-nection (UtiHtfulH on th^f MiV/^t find Mliii|M( nf 
the receiving Hur£Eice. Practicttlly wa U^vii only Up tutimUUtr 
the cases when a real imajfe in {ormml ni ih^f ^hu^M of nn nyti 
or at the back of a photographii;^ carrM^m. if ifM( )^/<»iU^/r^ //f 
the focal lines ik known, hh witll am itm i\\nUi4$*'M //f iUn 
camera from the bounding i^ur&^;^$ 4in/l Um? my/*, oH if^< MU/f/ 
used for the lenu, the w^^^^f </f th^? dr<rl^ //f c/mtniA^m *mt t^ 
calculated. 

Let u« ounder tlw? wz^ «#^ ff^mti^m '4 it^ ^*4$'^iM >/f 
leaf^T ocmfoiskA in tb^ cai^ r^^ffr^'iimfUUA m V'^, VtA mA %h 
fw aa €?Te ait ^, dMauiX K.P f^ / ff/w^ iA*4? i^/m/^^ '/f U^'A^^^m^M 
of ti*6r aiiJ raj -i^ ti>*? *<;/;5*flr/tri^ f><?***^J *^/mi>AA^*(A, t^^/w ^ 
K '^jh tike radi^a^fc '>f ti^^ puj>jJ ;*> ti*^ jfr>4Mify ^AftA)^. ^K M 
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390 CIRCLE OF LEAST CONFUSION. 

But DP or ^ = ^^^^^^t^^ from (1) p. 113. 

/ Rv^ , Rv^\ 
V1V2 1 - — -, + 



^Vi — I Vj — V _ 2i;ii;a — l(vi-h V2) 

RV1V2 iJVi^a Vi + V2 — 2i 

Also if r be the radius of the circle of least confusion 

av2 4- bvi Vi + Vg — 2r 

The same formulae will be found to hold good in the case 
of refraction. For instance, if in Fig. 63 PR denote the 
axial ray of the astigmatic pencil, entering the pupil of the 
eye at R, and if a represent half the thickness of the 
refracted pencil at P, since RP = I and is negative, 

a ^ R R _ R 

v," F,P -h PR~ F,P -- RP~ v.-V 

. b R 

and — = -, . 

V2 V2 — I 

Therefore as before, 

^1 + ^2 - 2i Vi-i-Vi — 21' 

In health the value of R, the radius of the pupil, varies 
from about 1*2 mm. to 2*8 mm. The pupil contracts on 
exposure to bright light, and during accommodation for near 
objects. Knowing the size and position of the circle of least 
confusion, we can easily find the size of its image formed on 
the retina. This has an important bearing on the manu- 
facture of optical instruments. In a fine instrument the 
circle of least confusion corresponding to each point of til* 
object will form an image on the retina, th* ' 
than the sectional area of a retinal c 



QUEMT10N8. 

(1) Two bypermebnipps require + ri/> fur wtnlriu diHMiintt^ 
test types at a dietanoe of H in. Tim iiy|)enii'itr<Jii)ii of A in iIlN 
to a. defect of curvature, that of H in ilu" Ui ii il«fn(jt of luiifflili, 

Compare the nizea of their retiiiul imnmii*. 

(■2) A fragment of glasH u imlxMJilMl per|H)ridi(;uUrl)' In 
Titreous. The media are clear onough fi»r tlm fiill'>wiii({ ii\f 
senation t« be made with the upiMia.infjmtpt. 'J'tm fuiKJu* U 
distinctly seen with + lO, exv^^pt tlut p»rt MtUul Uw iflajw wliivli 
reqaires + l-SA 

Estimale the thickneMi of the i^am if iU iudM <^ ntr» 
is 1-54. 

(3) An axial myupe raqaire* -30// (tf OWTMl' Ww 
disuDOQ. After IIm r«M>fsl «< hit law ivbut wrw rt iwg 
wQl be re>}uir« for djifnr^ ■winning tfast Uw eWfAtW* 
eonu liaa nnderfp'jDe no alteratiMi aft«r tb* «iy w «fc«B, 

(4) IthMlM«d<>cbu«dtbMbw«f JiVfU»'«MtclttU»tww 
be» am vttb Ue «iHid«l <^ U iUm i/ftkaif fmMtl 
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I'd t^M 




• •ft U tljtim. *»•• rm^ wmr Im t 

m a » <fa ii. [<li ■ i. .titk fa » *t 

" -| ' I" ■ 




MISCELLANEOUS QUESTIONS. 



MISCELLANEOUS QUESTIONS. 

(1) The equation y — asin-r-(vt~x) represents a wave c 

turbanee in which v is the velocity of propagation, A tli»l 
wfbve-length, i/ the displaoement of a particle from its position^ 
of rest at the time (, and x the distarice from the origin of the 
same particle. The amplitude of the vibration is denoted by a, 
it ia the greatest displacement of any particle from its position of 



Prove that such i 
me. (p. 3.) 

(2) A myope who can only a- 
I ins. sees an image of his eye 



disturbance is periodic both i 



space s 

; a distance c 
Tiirror of foe 
or, and what ii 



length 5 ins. What is 
the size of the image \ 

(3) Where must a hypemietrope whose far point ia — 2i ina^ 
be situated in order to see an image of his eye i 
mirror without exerting his accominodation 7 What is the eize o 
the image 1 

(4) A convex lens of focal length/is placed at the centre o 
curvature of a concave mirror of radius r ; so that t 
the two coincide. If light diverging from a point at the distance 
p from the lens, after refraction through the lens, reflection an 
the mirror, and a second refraction through the 1 
a pencil of parallel rny^, prnvp that 

' -■-■,'.- 0. 



\ 
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(5) The focal leDgtb of a l»ixmi»ve lisns. whow rwftwctiv 
mdex is J, is 5 ins. Prove that the dUt«iic« fnuu the )oua «>( tha 
image of a distant object formed {i) by raflwtion »b th« fintt 
surface is 2J ins., (li) by rofleotiou at the atwuid wrfaoo ant) 
refraction at the first surfaoo is - IJ ins. 

(6) Trace the caustic formed by the rcfraolion of a pltms 
wave-front of light by a + IQD pltuiospherical leiii, of which ll\e 
thickness is 6-4 mm. and ^ = 1*54; (i) wlieii the pliuio NUi'fKUQ 
faces the incident light, (ii) when the curved aurfaco (wotw tlie 
incident light. 

(7) Trace the caustic formed by llie iiifnuitlon of a )ilana 
wave-front of light by a + 10/> biconvox (/i = 1 ^4, t - Sfi'll umi.), 

(8) The punatum proximum is 100 ctii, fiijiii tlie nntdrinr 
nodal point in a hypermetropic eyu and 6 cm. from tim hiuii« 
point in a myopic eye. Give the magnifying powm' of a + lO/J 
lens placed 1'5 cm. in front of the nodal point in imuli awti. 

(9) If in the laat example the pwictum rmwtum of tha 
hypermetrope is 25 cm. beliitid tlie nodal point, and tliu jmnetum 
remoliiJti of the myope is 7 cm. in front of th» nodal point, givs 
the power of accommodation of the two eyes in teniiH of a l«na ■ 

situated at the nodal point. 

(10) Shew that the action of an opem-glaw may l» conip»ra<l 
to that of holding a strong convex leii« at a litlU! dutance from 
a very hypermetropic eye. 

(11) Trace the caustic formed by the refraction of a pJUi 
wave-front of light at a tipberical nuriac« whoat: ndiiu ■ 
enrvature b —5. (/i=J.) 

(13) A boUow spherical tihvil lA f^aes O^-l) U fUled witli 
water ijt= J). 8hew that a peucil of paraJVJ rays it/ter ptuwrintf 
Arough the vhole will ixiuverge at a distauoe fruui tlte tatttjux if 



i r ii tbe radius of tbe sphere lA water. 



39* MISCELLANEOUS QUESTIONS. 

(13) A transparent spliere, radius a, is silvered at tlie bac'&if 
and there is a speak within it, halfway between the centre a 
the silvered side. Shew that the distance between t 
formed (1) by one refraction, (2) by one reflection and i 

refraction is ,-^ vT^— 1\- 

(3 - ^) (/i - 1) 

(14) 8hew that if a star is seen eooentrioally its retinal 
image will cover more than one cone. For instance, suppose the 
radius of the pupil is 1-6 ram., and the angle of incidence is 10% 
find the radius of the circle of least confusion on the retin 
The diameter of a retinal cone (outside tlie macula) is '006 n 




ANSWERS. 



CHAPTER I. 

(1) The aijgular velocity is 2>iir. In t seconds an angle a or Sitirf | 
is described. .-, the pencil of light describes an angle of 2a or 4>ijr(. 
But since this angle is smaJl, its circulaj' measure is approximately 

SS' -13095 _ _ -013065 

SS~ 10 " ■'" ~ 4.i7r ■ 



^ 2RM SnnB3f_ 

t ' ~ -OlSOeS ~ ■013085 



xeiox 



= 299,941,010 metres \iet second. 



L ongi 

L turb 

r 



(2) 1 ■000294. 

(3) Velocity in water, 139825-25 miles per second, in the crtiwu 
glass 1242692 miles pec second. 

(4) -00002315 ins. 

(5) The statements are correct ; the reasoning is unsound. Light 
cannot be said to have colour, until it reaches the percipient organ ; 
and the wave-length of any light on reaching the retina depends on its 
velocity in that medium (I'.a. on the indei of refraction of the percipient 
Btructures) no matter what has been ita previoua couraa 

I (6) Draw pQ parallel to CT, meeting TE in Q. 
■ TV, pQ _pQ pE _CT CE _CT 7^ 

K man EK~ pE- EK^ CE' ED EI)" 7/ 

Therefore the hemispherical disturbance in the second medium 
originating from p will be of radius pQ in the time that the dis- 
turbance in the first medium has taken in passing from K \o E. 
B i.EQp=lETC, 

'■•h is a tangent at T to the circle of radius CT, must also be 
t § to the circle of radius jj^, 
147. 



396 ANSWERS. 

CHAPTER II. 

(1) 46 feet. (2) 70 feet. 

(3) The quantity of light L falling on the surface S illuminates it 
with intensity /; the same quantity of light illuminates another 
surface /S" with intensity /', and L is constant. .'. SI=S'r, 

(4) The electric light is 900 times greater than the gas-light. 

(6) (i) The shadow cast by the gas-flame will be approximately 
8 times more intense than that cast by the electric light, 
(ii) 7200 : 1 approximately. 

(6) 239526 miles approximately. 

CHAPTER IV. 

(1) 1 ft., 5 ft., 7 ft. 

(2) Three images are seen. The third image is due to two re- 
flections and undergoes the last reflection at the mirror remote from 
the object. 

(3) Seven images when a =46°. One image when 0=135**. Two 
images would be seen if the angle subtended at C, between the observer 
and the mirror remote from the object, were less than 60°. 

(4) The last reflection occurs at the mirror remote from the object. 

CHAPTER V. 

(1) A real inverted image 2 cm. in height is formed 30 cm. from 
the mirror. 

(2) 24 ins., - 8 ins., - 56 ins. 

(3) 10 cm. (4) -6 ins. 

(6) The candle is 6^ ins. from the mirror, the image is 11 times 
~ A <sandle. 



ANSWERS. 397 



CHAPTER VI. 



(1) i>j=l^ ins., V2=6 ins., 07=3 ins., /2=| ins. 

(3) ^=''3-, ^=y|. (4) a 5^ ins. 

(6) a =-02025 cm., Z/= -01619 cm. nearly, 72= -00091... cm. 



CHAPTER VII. 

(1) 40M2'28". (2) V2. 

(3) 0<3O°. (5) 1-54. 

(6) Left prism 1° 44' d. edge out. Right prism 2° d. edge out and 
up, its base-apex line inclined at an angle of 30° to the horizontal. 

CHAPTER VIII. 

(3) (i) -01512287. (ii) -014897579.... Totar03001876.... 

(4) (i) -022047244.... (ii) -027649769.... Total -04968944.... 
(6) 6\ 

CHAPTER IX. 
(4) 07 =^^1^=7-5246... ins., r=-0004065 ins. nearly. 

CHAPTER X. 

(1) Whenp<r. 

(2) (i) r=-4Jf mm., (ii) r=9^mm., (iii) 1,=^, 

(2\ g-as — 22 mm., jt?=]65mm. 

2r 

(4) (i) 9'=2r ; i.e. the image is at the distal surface, (ii) 2'= ^ . 

(5) (i) q=r~.2r. The image is at a diameter's distance on the side 

of the sphere nearest the observer. 

,.., lOr 
(u) ?=-y 
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CHAPTER XL 

(1) ^1= -10-8 ins., r2= 10-8 ins. (2) 7-2=54 ins. 

(3) ^=-*»?^ 7-2 ins. 

(4) 2^= - 17-5 ins., i^ - 1-76 ins. 

(5) (i) 48J, (ii) 43i, (iii) 50. 

(6) (i)3|, (ii)3i, (iii)2i. 



CHAPTER XII. 

3/ 

(1) -~i -fin front of the stronger posterior lens. 

3f f 

(2) -J , - ^ in front of the posterior lens. 

(3) H., ^, ; R., ^ . 

(4) /«= -8J cm. ; 5 cm. in front of the concave lens. 



CHAPTER XIII. 



(1) When^>^^4^. 



CHAPTER XIV. 



(1) ^ = 1 



(2) The lenses should be inclined IQ'* 28' 16" from the vertical 
plane the focal length -86'5... mm., i.e. about +11*5.., /). 

(3) - 6 ins. from the centre. (4) 25f , ^ = 7J . 

r 



CHAPTER XV. 

(1) '144 mm. (2) *00144 mm., *108 mm. 

(3) Biconvex of crown ri»-.]lft*«^* » ^^** 
Planoconcave of fli* 



ANSWERS, 

CHAPTER XV] I. 

(1) Using Doodera' reduced eyo, ',, = . 

(2) l-3U68„.mni. (it) +2'll... /J. 

(4) If Jupiter's four fvirtliOMt aatellitea wore sullloieritly Uriglil tliaru 
is no reason why they should nut bo neon with tha nuked uyu. Th» 
angle subtended at the nitdnl point by a fuvoul uono Im fifl'fltT",,, wlioni- 
as the angle subtended by the distance botwoou tliu Itmt Hatalllttt urid 
Jupiter's edge is 3' C-l", 

(5) j: = 9'7966... cm. r = -16447... T;im. 
Radius of retinal imago ■00318 raw. iioai'ly, 

The point of the noodle will therefiiro jip|K3iir hlui'rod. 



ANSWERS TO MISCELLANEOUH QUEHTIONH, 
(I) Lety=j;±X. 



Theiefore the dixturbance im {leriudic iu hjmcx at iiitervalv «f A. 

Let t,^l±~. 

Tfaeo 

Tbertiore the duturbsoae in penodic in time M iutcrvda <A nt T. 

(2) p-30 iiuL or 4 uu. 

If j>— 30 im., an invutad image ou«-£Ali dte bagbt «f tiu i^ in 



•> Itw bciiibt «ril>e cgw !■ MWu. 



ltp=t im., ui «R«t iau^ five ' 

(3; f-eittit 

An lunrUd tnugl! fire tiiuM tlie bd^ u^ itie ey« b Mwn. 

(B) "-C"-*— """ of tbe leoK lor tl>e L r jymft i mn i eye i« i04ti, 

'A 



I 



INDICES OF REFRACnOX. 



Solidt. 



LeadChromate D 
Diamond D 
Lead Nitrate /> 
Baby D 
Emerald /> 
Boclc Salt /> 
Sogar A 


2-5to2ir7 

2-47 to -2^5 

1-Q66 

1-779 

1-585 

1-5441» 

1-535 




6 fQoara 

> 

"« "5 ' lee 

2 =: 1 
i? 

^ i Iceland Spar 

Si' 

« rg. Toormaline 
5 1 


D 
A 

D 
D 


Ord. 
Extraisd. 

Old. 

£ztraiad. 

£xtra(Kd> 
Old. 

Eztnusd. 
Old. 


Tallow, Wax /> 


l-5to 
1-492 
1-45601 
11115 




^ 1 Sodiom Nitrate 


D 


£xtnoid> 
Old. 


Alum D 
Tabasheer 7> 


Topaz 


D 


Max. 

Med. 
Min. 








S? Mka 

>^ - 


D 


Mu. 

Med. 








j i: 


Sitre and 
Potaanom Nitrate 


D 


Max. 

Med. 
Min. 


Seven varieties of optical glass 


; made by Messrs Chance. 




D 


F 






D 


Soft Crown 


1-514580 


1-520994 


Dense Flint 




1-622411 


Hard Grown 


1-517116 


1-523145 


Extra Dense FUnt 


1-650874 


Extra Light Flint 


1-541022 


1-549125 


! Doable Extra Dense 




Light Flint 


1-574013 


1-583881 


! Flint 




1-710224 


Liquids, 












Carbon Bisnlphide 


A 1- 
D 1- 
H 1- 


61136 
63034 
70277 


Alcohol 




A 
D 
H 


Chloroform 


A V 
D V 
1- 


4440 
4492 
4611 


Water 




A 
D 
H 


Gctses at 0"* i 


md 760 mm. for 1 


ight of sodium-flame. 


Air 

Hjdrogwi 

OnlMDioAisid 


1-0002923 
1-0001387 
10004544 


Nitrons Oxide 
Cyanogen 


1-OOW 

1-oooe 


'«aUB 


hu beeo mainly taken 


from Everett's C. O.8. 


System of I 



T J. AXD C. F. OLAY, AT THB UNIVSB8ITY PBl 



^^^^ ^^^ 


AbU 183 


Centre of lens 375-277 1 


Al)erralioii,Iatorall07; longitudinal 


Choroid 328 I 


107 ; OQ reflection at Bpherical 


Circle orieast oonftiBion 107. 112-113, J 




115-U8, 389-390 


Bpherical surface 395-238; throueh 


Ooddington 291-292 


leufl 298-301 


Colour 60-55 
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